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ITPOAOTI'OX

H #pom ovopopd oty avdykn yio ovTtoTe] ovamtuén Kot

Ogperinon ™mc leopetpiog Tov XMPov avayeTonl GE ETOYEC TPOYEVECTEPES
™G GLYYPaQNg TV Ztoiyeimy. Xy "Tloliteio” tov [dtova (5280b) vrdp-
YOUV TETOIEG OVOPOPES. XTO €0AQPIO0 oWTO, GE €ALOEPN amddooT), Ovoé-
POVTOL YOPOKTNPIOTIKA TOL EENG:

"To JaBog opeiletar 010 011 UETG OO TO eminedo uetafikous e
EVOL OTEPED TOV TAEOV EKTELE] TEPLPOPA, XWPIS TPONYOVUEVOS VO
ueietnoovue to ateped oty ko’ ovto ovoia tov. To owaTé dUWS
elval Ueta omo T OevTEP Vo ueletoovue ™y (awdnuévn) tpity
owdoraoy. Kan teroio, vouilw, Ppioxetar ue v adnon orovg xo-
Poug kot oe kGO oynuo. mov el fabog.

— Avta eivou owora. Ouwg, Zwrpary, vouilw ot otnv emioTiun
OWTH OEV EYODY YIVEL OKOUO OVOKOADWELS.

Mrmopei vo. eénynlei kou avtd. Ogeileton o dvo apopués. Tla-
POAO OV 1 EPEVVO, OTIG OTOVOES QVTES EIVOL KOTLWONG, 08V KOTO-
polioviar peydies mPoOoTAOEIES Yio. VEES aVOKOADWELS, ETEION
ODTES 01 OTOVOES O€ YAIPOVY EXTIUNONGS O KOl TOAY. Amouteiton
Aoiov kamorog mov va koboonyel Tovg epevvnTés, allidds ovtoi
oe Bo. umopéoovy va mpowbnoovy Tig épevveg tovg. Eivar ouwg
Kat’ opynv ovorolo vo. Ppebel évag téTo10¢ 00Nyos kar Dotepa,
OTIS OVVONKES TTOV TWPO ETIKPATODV, OKOUO, KOL OV TOPOVOLATOE]
Kamoiog, dev eivar dvvaTov vo, e160K0VGOET amd TOVS EPEDVHTES
OV QoY0L0DVTOL LE QUTA TO. TPOPAUOTA, APoD EIVaL KEVOOIOLOL.
Ouwg, av n moAn ekTiuRoEl TIC OTOVOES AVTEC KAl avoiafel Ty
emomreio. Tovg, TOTE KO 01 gpeovntes Oa mpoBuvuomoinBoiv va
ELOOKOVOOVY TOV 00NY0 Kol Ba yivovv évioves avalnthoelg, mov
fo. amoxoddyovy TIC Gyéoels o1 Omoies oPopodV e OVTC TO.
ovTIKEUEVD. AKOUO. KO TWPQ, TOPA TO 0TI TOALOT KATOOVKOPO-
vIodv Kai vrofobuilovy Tic omovdES aVTES Kol 0L 10101 01 EPED-
VITES 0eV VIEPAOCTILOVTOL T YPHOWOTHTO. TOVS, TAPOAD GUTA TO,
EUTTOO10, 01 OTODOES ODTES EDOOKILODY, YIOTI TEPTOVY KOl PVOIKG,
KATOoTE 01 AVaKaADWEIS TOv Tapa. yivovial o, onuootomoinBoiv”.



H xopdgpwon ouwmg g avartuéng g [eopetpiog tov Xmpov ov-
VETESE e TNV peyoroguio tov Apyndn ko Tig agenépaoteg LebBddovg mov
€Pappoce otov VIOAOYICUO euPadmv Kol Oykwv, Hedddovg mov ovy-
KpivovTol o€ QVoTNPOTITO HOVO LE TO GUYYPOVO ATELPOSTIKO AOYIGUO.

Mo ™ pedém wWiomtev otepedv coudtov enuiletal kot o An-
poxprrog. Onwg capmg avoaeépetatl amd tov Apyndn (ommv elooywyn
™mg "MeBodov” tov), 0 ANUOKPITOG AVOKAALYE TN GYEoN UETOED TV
OYKOV TUPApISOG Kot TPIGHOTOG.

Ta wpoPAnuate wov avakdTTovy Kotd ™ petdfoocn arnd To emi-
1ed0 GTO YMOPO PAIVETOL VO TOV OVTIKEILEVO EKTEVAOV GLLNTHGEWDV KATA
TNV apyYodTNTa, OTMG TPOKVTTEL Kot and To €N ywpio Tov [Thovtapyov,
TO GYETIKO UE TIG AVOKUAVYELS TOV ATUOKPITOL:

"Av og évav KwOVO, 01 KUKMKES TOUES TOL YOpPEOTOVIL

Topaiinia mpog ™ facn tov givor loeg, TS EIvalL TOTE JVVATOV O

K@Vvog vo, dlapépel amd tov kvAvopo, Kai ov, oco avepyouoote

TPOS THY KOPVPH TOD KWVOD, 01 TOUES ODTES OA0 KOl UIKPOIVODY, O

Oo mpémel TOTE N EMPAVEID TOV KWOVOD VO. POIVETOL KAUAKOTI, EVO

n 1010 eivau Aeia, "

Ta prio XI, XII kou XIII teov 2roryeiwv avapépovtal GE Gy LOTO
TOV YDOPOL, JOTPAYLOTEVOVTOL ONANOT] OVTO TOV CTUEPU AEUE XTEPEO-
petpia.

Ta tpios ovtd Pifrio Aapupdvovior o¢ o evotnta, KATL TOL €)YEL
Nnon ovpPel ko pe T avtiotoyo "AplBuntkd” Bipiic. Zopewvo pe avtn
T Bedpnon, ot optopol kot yio o Tpio PipAia TiBevtor oty apyf Tov
Briov XI. To mepieydpevo givar dtopHpmpévo Katd TéTolo TPOTo, MOTE
k6Pe PpAo vo otoyedel o€ cvykekpyéva, HeBodoroyikd dloKPLTa,
anoteléopara. ‘Etot, To Biio XI ap’ evdg Aettovpyel mg cuiroyn Pact-
KOV TPOTAGE®V oL Oa ¥pnoiomombody 6To ETOUEVH KOl UPETEPOV TTO-
povctdlel T obykplon tev mapoAlniemumédowv. 1o Pifiio XII yiveran
GLGTNUATIKN ¥pNon ¢ "uedodov tne eavilnons” ot oOykplon emi-
edVv Kot otepedv oynudtmv. Térog, oto Bifiio XIII Ta mévte Kavovika
oTEPEN KOTAGKELALOVTOL KOl EYYPAPOVIUL GE GOAIPOL.

Y10 tpio awtd Piprio vadpyovv 28 opiouoi ko 75 mpotdoels.
Onmg 1o €yovpe avaeépel ol opiopol mepi€yovior 6ot oto Pifiio XI,
EVO Ol TPOTAGELS KatavEpoviol g e&ng: Ymdpyovv 39 mpotdoelg oto
Brio XTI kan amd 18 mpotdoelg og Kabéva amd to emdueva Piiio.
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Kepalaro 1

BIBAIO XI

H I'sopetpia oto yopo

1. Evcayoyn

To Biprio XI amotereiton omd 39 mpoTdceLs, ol 0noieg Lropovv va
ta&vounBobv dote vo amoTeEAEGOVV TPia EVSLAKPLTO PEPT).

To mpmto pépog, mpotacelg 1 puéypt 19, dwumpaypatedeton to Tpo-
TapYIKA oTolyElo. TOV YDOPOL Kol TIG HETAED TOVG oyéoelc. Ot TPOTAGELS
QVTEG GLYKPOTOVY TO BewpnTikd VIOPabdpo yio T petdPfoocn arnd To emi-
7EN0 GTO YDPO.

To devtepo uépog, mpotdoelg 20 uéypt 27, ueketd Tig Tpiedpec ote-
peég Yovieg, o avTIoTOYKio TPOG TOL TPLYy®VA, KOl TIC EQAPUOYES TOVG GE
KOTOEC KOTOOKEVEC,

210 1pito pépog, mpotdoelg 28 péypt 39, mopovcidleral 1 cvvle-
TIKN Bewpia Tov OYKOVL, M omoln Kol EPAPUOLETOL 0TI CVYKPION TAPOA-
AnAemmed V.

H toxtikn mov akoAovdeital oTig omodei&elg yo ta 000 TpmTO, Pé-
pMN oL KePaAaiov avtov, gival n avaymyn kdbe TpofAqLoToc oe enimeda
oynNuaTa Kot LeTd 1 xprion dedopuévav g Emmedopetpiog mov Exovv non
Katoyvpwdel, og TEMKN avaivorn dNAAdN 1 xpNon NG 1OTNTS TOV TPL-
yovov. Avtd mOavaOg vo amoTeLEl Kot pio S1kaloAoyio Yo TNV omovcia
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dotHmoong Kprnpiov 160TNTeG Yo To GTEPER GYNUATO TTOV AVIIGTOLYOVV
oTo Tpiymva, ONAadN TO TPIYOVIKA TPIGUOTO Kol To TETPAEdPA, YEYOVOS
oV €xel €viova, oyolMacOel amd Tovg GVYYPOVOLG LEAETNTES.

Mo tétolo mpoomdfelo onuepo TPOUTOOETEL GLOTNUATIKY OVE-
wuén TV oyécemv gvbeldv Kol EMmESMV GTO YMPO, KATL TOV dlEKTE-
POLMVETOL OTTOOEKTA GTIC GVYYPOVES BepeMdaELC.

Hopoaparroviog v avamtvén tov Pipiiov XI pe ta Biiio I péxpr
IV g Emnedopetpiog, mapatnpovpe 6tL €06 o€ yivetor mpoomdbeia Ko-
Bopiopov Tov KaTd TOco Eva anotélecpa eEaptdtal 1 Oyl and T Bewpia
TOV OVOAOYIDV. X’ aVTA To TAAICLO AEIMEL Kot 1] LEAETN TOV 1310THTOV
g opaipag, o€ avtibeon e TNV enopkn avaTTLEN TOV 1010THTOV TOV KO-
KAov otv Emmedopetpio. O Mueller mapotnpel 6t avtd mbavdg vo o-
peihetan oy EAlelyn emapkovg Beperinong tov "drotntwy Géong” twv
OTEPEDMV GYNUATOV YEVIKE, apoL M ceaipa giye e£ovTANTIKA ypMoluo-
momBel og aotpovopkd BEpata.

Amo cUYYpOVOLG HeEAETNTEG EKQPALeETaL 1| Aoyn OTL TO TPATO LLE-
pog Tov PifAiov XI avortucceton o avtioToyyio, oKOMO KOl KOTO TNV
apibunon, pe oprouéveg evotnteg tov Pifriov I (uéxpt tmyv 29" npdroocn).
BéBata, avti 1 avtiotolyio VITOKEITOL GE CNUAVTIKEG O0POPEG G TPOG
TO TEPLEYOLEVO, OTTMOC:

» Tnv mAnpn oanovoio pntd eKEPOcUEVEOV aSIOUATOV Yo To

ototyela Tov GLYKPOTOVY TOV YDPO.

= Tn un avaeopd cg KPUTNPLo IGOTNTOGC.

= T un AemtopEPT AVOQOPA TNG TUPUAANAING GTO X(DPO LE TOOT

Aemtopépeta, 6on oto Pipiio L.

TyETIKA UE TIG avTioTolyieg apifunong, 7o motd TnpodvTol avTéEg

TV tpotdoewv 11, 12, 20, 22 xon 23.

2. Opwpoi

1. 2repeo eivar avto mov Eyel pijkog kol midrog kot fdabog.
2. To wépag otepeot eival empdvela.

3.  Evlcia eivar kabetn mpog eminedo, otav cynuaticer ophis
yovieg ue kdle evleia Tov emmédov mov GVVAVTd.
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10.

11.

12.

Eninedo eivon kdbsto mpos eminedo, otav gvleicg Tov evog
EMTEOOV TOV AYOVTAl KAOeTa POS THV KOV TOVS TOUY, El-
Va1 KAOETES Kol TPOS TO dAL0 EMITEDO.

Klion evlcias mpog emimedo eivar n ywvia mwov mepiréyeTon
amo ™y evbeia ka1 ano exeivy Ty gvbcio TOV TPOKVTTEL OG
&€Ng: ovvdéel Tov moda TS KAODETHS mPOS TO EMIMEDD, OV
aystal omo to éva mépag THS (apyikd ocoouévig) evbeciog
KAl TO TEPAS TTOV ONUIOVPYEITAL IOG TOUN THS UE TO ETITEDO.

Kiion emmédov mpoc emimedo eivau n oéeia ywvia n oroio
mepIEyeTal ano evleics mov fpickovrol mavw o€ kdbes éva
07O TO EMIMEOA KAl AYOVTAl KAOETA TPOS TNV KO TOUN
TOV EMAEOOY KAl 6TO (010 GHUEIO THG.

Zebyog emmédv Qo givar opolo. KEKAUEVO OmWG Eva. dilo
Cevyog, otav o1 avricroryes Kiioels eivar uetalt Tovg ices.

Hapaliinla ewimeda eivar avtd Ta 0TOIOL OE GOVAVTOVTAL

Ouoro oteped oyiuoTa Vol oVTd OV TEPIEYOVTOL OO (o0
oo mijfog ouota emineda (cyquara).

Toa kot ouola GTEPED CYNUATO EIVOL AVTH TOV TEPIEYOVTAL
ano ica oto minbos kai to uéyelos ouola smineda (cyfqua-
Q).

2Teped ywvia givar n oVykiion B omoia onuiovpyeitar otav
GOVTPEYOVY TEPIGCOTEPES ATO OVO YPOUUES, Ol OTOIES OF
Ppickovrar oty idra empdveia. A1AGg, oteped givar ) yw-
vio. TOV TEPIEYETAL GE MEPIGCOTEPES ATO OVO EMITENES PVi-
&G, 01 0TOIES O¢ PpickovTal 670 1010 EMITEOO KAl GOVTPEYOVY
670 i010 onucio.

Ilvpauido cival To 6TEPES GYHUO TOV TEPIEYETOL OO ETITTE-
oa, Ta omoio EeKvovY amo Eva emImedo Kol KOTALpovy o€
éva enuéeio.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Ilpicua sivar To oTeped cyua TOL TEPIEYETOL ATO EMITTEIOL
CYNHATO, EK TOV OTOIWV TA HEV OVO AmEVAVTL Eval ica, 0-
Moo Kal Topdiinia, &v@ TO VROAOITA  EIVOl TAPAL-

Anloypounua.

Zoaipa eivar To 6TEPED GYIUA TOV SNUIOVPYEITAL OTAY, EVOD
1] OLAUETPOS EVOS NUIKVKAIOD TTAPAUEVEL AKIVYTY, TO NUIKD-
KAl0 TeproTpépeTon Kol exavépyetor oty Oéon amo omov dp-
X1GE TV TEPLGTPOPI].

Aéovag s opaipag eival n evbeia Tov Tapauivel axivyTy
Kol epi THY 0Tol0 GTPEPETAL TO WUIKVKALO.

To kévipo TS cpaipag Eival To (010 e avTO TOV HUIKVKAIOD.

AwgueTpog tne opaipag eivar pio evlsia mov dyeTal 10, TOV
KEVTPOU (THS GPaipas) Kal EYEl TA AKPO THG GTHY ETIPAVELL
THG oPaipag.

Kawvog gival To 6Tepeo oyijua mov dnuiovpyeital 6tav, evo 1
Hia kdlety wievpd opBoywviov TPIY@VOL TOPOpUEVEL aKivh-
TH, TO TPIYOVO TEPIGTPEPETAL KOl EMAVEPYETAL 6T Oéon amo
OOV APYIGE THY TEPIOTPOPH.

A&ovag Tov kavoo givau i evbeio mov mapauivel axivyTy Kot
EPL TV OTTOlA GTPEPETAL TO TPIYWVO.

Baon tov k@dvov givar 0 KOKA0G OV J10YPAYETOL ATTO THV
mepiaTpePouevy evbeia.

Kvlwopog eivar to 6Tteped cyfua mov onuIovpyEitol oTay,
eved) B uo kdbety migvpd evos oplBoywviov mapalinio-
YPAUUOV TAPOUEVEL OKIVHTH, TO TOPUIANAOYPAUUO TEPL-
OTPEPETOL Kol EMAVEpyeTol oty Oéon ano omov dpyice THY
TEPIGTPOYPI].

A&ovag Tov Kviivopov givar n evlcia TOV TAPAUEVEL AKIVYTH
Kal ePl TRV 0TOlA OCTPEPETAL TO TOPAIINLOYPAO.
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23. Baoeis tov Kvlivopov eivar 01 KOKA0L TOD ONUIOVPYOLVTAL
amo TIG 0V0 TEPIGTPEPOUEVES OTEVAVTL TAEVPES TOV 0pbo-
YWVIOU TOPOIANAOYPAUUOD.

24. Abo kdvoi (1 k6vdpor) eivai 6uoto1 6Tav, TOG0 01 SIGUETPOL
TV facemwy 660 Kat 01 dEovég Tovg gival avaloyol.

25. Kiopog cival To 6TEped cyfpa mov wepiéyetal ano éél ica te-
payOVa.

26. OKTaedpo Eival TO GTEPED GYINUA TTOV TEPIEYETOL ATO OKTM
ioa Kal 160TAEVpa. TPiywva.

27. EIKo6dedpo ival To 6TEPED GYIUA TTOV TEPIEYETAL ATTO EIKO-
o1 [60 Kol 160TTAE0pa TPIYyVA.

28. AWOEKAEIPO EIVAL TO GTEPED GYNUO TTOV TEPIEYETAL ATTO OO~
Jdeka (60, 16OTAEVPO KAl 160YDVIO TEVTIY VL.

ZXOA L OTOUG OpLOHOUC

Ot 800 TpdTOL OpIoOol TPOGSLOPILOoVY TNV £VVOL0 TOV GTEPEOL GM-
uatog Kot Tpdmo mpdyuatt a&lofadocTo Kol GUUTOYT, EVOOUNTMVO-
VTOG TEPTYPOPESG OIACTOPTEG KOl OVIXVEVGIUES OKOLO KOl CTLEPQ GE KAOL-
okd keipeva tov [MAdtova kol Tov Apiototédn. ‘Eva yeyovog mov a&ilet
va gmonpavOet etvar 1 amoevyr| xpnomng g (ApLoTOTEMKG TPOEAEVOT|G)
évvolwg "drdotaon”, K4t wov dev akolovbeital amd Tovg pETOYEVEDTE-
povg ‘Hpova kot Oéova tov Zpvpvaio. Emumhiéov, n yprion tov wéparog
(ovvopov) g emmpoOcheTng TPOCIIOPICTIKNG WOOTNTUS TOV EVVOLDV
YPOUUY, ETIPAVELQ, OTEPED, VTOKPLMTEL Ui mpoomdlela "emaywytkon"
KaB0PIGUOD 1310THTOV YEMUETPIKAOV OVTIKEILEVOV KOl APETEPOV, GOUP®-
va pe 0o, &yl elonynbet o kabnyntig X. I1. ZepPog, pia cagn Tomoloyi-
K1 {POLL OTNV AVTIANYT TOV YEOUETPIKMV OPLOUDYV.

O1 opiopol 3 kot 4, IOV AVAPEPOVTOL OTNY KAOETOTNTO VOEIDV KoL
EMMES®V OTO YMPO, SUTLTOVOVTOL PE GYEOOV GUYYXPOVI OPOAOYid. XTOVG
OPLGUOVG 5 KoL 7 EMLYEPELTOL YEVIKOTEPA. VO, TTEPLYPOPEL CLTO TTOL GTUEPD. ot
Ayape "yovia evbeiog Kou emmédov” | "ywvio 6vo emmédwv”. Tol T0 GKOTO
aVTO EIGAYETOL O OpoC "KAion", oTov OPIGUO 5, TEPLYPAPETAL 1) JLOSIKAGIO
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TPOPOATS Ko LEGH oG avayeton 1 "kAion"” og yoviec. O opiopog 6 odnyel
GE QTO OV GNUEP YPNCOTIOLEITAL G "diedpogs ywvia" kar, dnmg anédelée
o Legendre, emdéyetan yeipiopd peyéboug (Onme ot YmVies).

Ot opiopoi 9 kot 10 agopodv oty 106TNTA KOl OLOIOTNTO GTO M-
po kot gival o1 To oyoAacuévol kot apeispfnmoipot. H mpodtn évotoon
7ov Ba pwopovoe va yivel etvar OTL, ooV 1 16oTNTA opileTal otV apyn
tov BipAiov I pe m dwdwacio g evandBeons Kot countwong (eviaio
Yo OACL TOL GYAMOTA), 1) IGOTNTA GTO YMPO £WKOTEPA Oa TPEMEL Vo TTpo-
KOmTEL. AnAadn], 6Tt ot opiouoi 9 kot 10 Ba éxpene va givor Oewpruaro.
E&dAhov, 1 popen TG S0TOTMOOTG OLTMV TOV OPISUAOV OVAYEL TOV EAEY-
%0 NG opoldTNTag (1] 1I00TNTOG) TV GTEPEDY GTNV opotdtnTa (1] 160TNTA)
eninedv oynudtov Kot £Tct paivetal va enéyovv 0éon kpumpiov. Ipdy-
LOTL, OV TEPLOPIOTOVUE GE KLPTA TOAVEdpa, Omw¢ amédeite o Cauchy,
glvar kprrpia, dNAadn €va Kuptd moAvedpo Kabopiletor TANPOG amd Tig
£0pEC TOV.

O opiopdg 11 swodryer v €vvola TG oTePEqg Yoviag e dvo Tpo-
TOVG, TOL 0 KO €vag amd oVTOVG GTUATOJ0TEL ol OLOPOPETIKT Grmoym).
[Ipdta ypnoyomoteitar o 6pog "kAion"” TOL TOPATEUTEL TNV TEPTYPOUPN
UG OTEPEAC YOVIOG MG CLGTNHLATOS JESP®Y YOVIOV UE KOV KOPLOT.
2TV eVOALOKTIKY] SLOTOTMOT| XPTCLUOTOLEITAL TAATOVIKY] opoAoyia (amd
tov "Tiuaio"), 6mmg vrodnAmvel N xpnomn g Aééng "ovvictausvaov” Kot
gvvoeital 1 oTEPEd YOVIN G OTOTEAOVUEVT a0 EMINEdEG YWVIEG. XTO Kel-
pevo mov okolovbel mapovstalovial HOVOV TPIEdpeC OTEPEEC YOVIES Kol
ommg pmopel va amoderydel, edkd yuo Tig Tpiedpeg, ot dvo andyelg eivar
1G00VVOLES.

Xtovg vrdroumovg optopois (12 €mg kon 28) glcdyovton Kot Teptypa-
(POVTOL GUYKEKPYEVE, oTEPED, oYNHaTo ToL Bo TaPOLGLOGHOVY GTO KLPIWG
Kelpevo, pe Bavpoot otkovopia otn tapovoioor. Ta oteped avtd, opado-
TOOVVTOL G €ENG: TUPAIdN — TTPiopa, oPaipa — KOAVOPOC— KMVOG KO Té-
Aog to [Matwvikd Zteped. To evdlaeépov oToreio edd givar OTL Kupimg yio
™ opaipa (Kot SEVTEPEVOVTMC Y10l TOV KOAIVOPO KO TOV KOVO) ETAEYETOL M
TOPOVGINCT) (O CTEPEMV €K TEPLGTPOPNG (NAadN S10, TG YEVEGEMC) Ko OYL
1N TEPLYPOPY| HECH WBOTNTOG, OGS YiveTar Yo Tov KOKAO (tompelo Tov amé-
youv otabepn andotacn omd onueio). Eidikd 6toug opiopong mov avoapépo-
VIOl G° oTd TOL TPIO GTEPEA KO TOL GTOLYELDL TTOV TOL GUYKPOTOVV, VILAPYEL £VOl
Boowd potifo, To omoio KATE TEPITTMGT GUUTANPOVETOL LE WKPES TTOPOA-
Aoyéc yio voL Tdeovpe 6To TEAMKO Kelpevo.
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3. HHopariiniio Kol KOOETOTNTO GTO YOPO

Mpotoon 1 (XI. 1)
Aev givar dvvatov éva uépos uiag evlecios ypouuns va. fpicketal
AV GE EVa ETUTEOO THS KAl £VaL dIA0 HEPOS THS VA HETALWPEITOL.

Améoaln

‘Eoto 611 t0 puépog AB g evbeiog ABIT Bpioketon mdve oe éva
eninedo mov dEpyetar amd avtd, evd to uépog BT dev avikel 6° avtd 1o
eminedo.

Mo to pépog AB g gvbeiog Ba vapyel cuveyng Tpoéktacn BA,
omoia Bo avriel oto ev A0y eninedo. 'Etot, 10 uépog AB amoterel koo
Tunuo Tov subeidv ABI ka1 ABA.

Zynipoc 1

Tote dumg, pe kévrpo to onueio B kot aktiva to Koo tuipa AB
glvar duvatdév va ypayouvpe KOkAo, 6Tov omoio dvo dtdpetpol mov Ppi-
okovtal whve otig gubeieg ABI ko ABA mpocdiopifovv 600 dvica to&a.

Av10 glvar 0dVVOTO KOl GUVETMS eV VItapyel uépog BIT tng evbei-
a¢ ABI mov Bpicketar ektdg emimédov mov mepiéyetl o AB.

cr o7

0.£.0.

Ipotoaon 2 (XI. 2)
Eadv ovo evbsics téuvovral, keivral emi evog emmédov Kkal Kdbe
TPIYWVO KEITOL EMTL EVOS EMMEIOD.
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Améoailn

'Eoto AB kot I'A 800 gvbeiec mov tépvovrol oto onueio E. Iaip-
voupe méve otig EI' xon EB toyaio o onpeia Z xow H avtictoyyo, kot
oépovpe 11¢ ZH ko BI'. Eriong méve ot BI' maipvovpe to tuyoio on-
peto ® ko K, evad pépovpe 1ic Z0O ko HK. Oa anoderybel mpdTo 611 T0
tpiywvo EBI keiton eni evog emmédov.

Zypua 2

Ed&v oto tpiywvo EBI 1o pépoc ZOI 1 to HBK «eiton méve oto i-
o0 eninedo, evAd TO LTOAOITO TAV® GE AAAO emimedo, T0Te O Keitan pé-
poc kafeac tov evbeidv EI' kot EB ndvo oto 600y eninedo, evad éva
LUEPOG TOVG AV og AAAO emtimedo.

Eniong, edv oto tpiywvo EBI 10 uépog ZI'BH Bpicketar méve oto
000¢v eminedo, evd to vdhomo TAvw o AAlo, Ba givarl pépog Kot TV
gvberwv EI' kot EB mave oto 600év eninedo, evad pépog toug Ba givar -
Vo o€ A0 eminedo, mpdyuo Tov gival dtomo (mpdTaom 1).

Amo to mapandve cuvayetor 0t o tpiyevo EI'B xeitan v oto
010 eminedo. * awtd to enimedo mov opilerarl and 1o tpiyovo EBT, Ppi-
okovtar ot EB kot EI" kot cuvendg ot gubeieg AB kan I'A, 6mtmg kot kabe
Tplyovo tav gubeidv AB kor A Bpioketal Tdvo 6to eninedo mov qvTES
opifovv.

G.£.0.

IIpotaon 3 (XI. 3)

Eay 0vo emimeda Téuvoval, T0TE 1 KOIVY TOUN TOVG Eival gvleia.

Amdoaitn
‘Eoto 611 t0 800 emimeda (BAA) ko (BAD) tépvovton kot 1 Kotvn
Toun Tovg givar n ypapupn BA. Oa amodeybei 611 BA givar evbeia.
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Zynipoc 3

‘Eoto 611 1 BA dev eivar gvubela. Dépovpe mave oto enimedo
(BAA) v gubeia BEA kot tdve oto eninedo (BAD) v gvbeio BZA. O
d00 gvbeieg &xovv koA TEPATA KO GLUVERMG Bol TEPLEYOLY Ll EMPAVELD,
TPAYLO dTomo, apov TOTE O Ba eivan evbeieg.

"Etot mpokntel 611 dev vapyet kKdmola GAAN gvubeia Tov va diépye-
Tt amd ta B kot A, mapd poévo 1 Kotv Topn Tov 000 ETTES®V, TOV Eivat
n evbeio BA.

0.£.0.

Hapazipnon

Ta Aoyucd Pripato g omodekTikig drodikaciog omodidovial g ENg:

‘Eoto 611 n ypouun AB eivor 1 ko toun tov 000 emmédmv.
(BAA) ko (BAT).

Edv n AB dev givon gvbeio, tote opileton oto eminedo (BAA)
evbeia, 1 BEA , kot 670 eninedo (BAT) pia gvbeia, n BZA.

"Eto1 Ba £yovpe dvo gubeieg pe dHo kowd onueia, mov opifovv pe-
ta&0 Tovg pia emeavela. Avto stvor dromo.

Zx6ALa otiL¢ mpotdoelg 1-3

Ot TPpEIG TPMDTEG TPOTAGELG TOV EMIAEYOVTOL Y10, TNV OPYIKN UETE-
Baon 610 Ydpo, enéyovv poro ASlOUATOV OTIG SIAPOPES GVYYPOVES TO-
povclacelg Bepelmong g ZTepeopeTpioc. LTI TPOTAGELS OVTEC, 1 VON-
TIKA yvoot ond v Emuedopetpia "onusiaxn” eoon g gvbeiag, xpn-



22 EYKAEIAH “ZTOIXEIA”

GUOTOIELTAL aPYIKE Y10 VoL TPoGdlopiebel 1 pusloyvopio tov "eximédon”
®G EMPAVELNG, TOV SLEPYETAL OL” QLTNG.

Ot 600 Tepvopeveg gubeieg kabopilovv 6to YdPoO T B€om evog po-
vadKoL emmédov, OmmG T, 000 onueia Kabopilovv oto eninedo T Béon
pog povodikng evbeiog. Me v idwo avtiinym, énwog to onpeio mepvad
070 "duetnTcd" ydpo wg toun dvo gvubelv, €161 Ko 1 gvbeia Tapov-
o1dletar og Topn 600 EMTEIWV.

Ievikd, ot évvoleg Tov onueion, TG evbeiag KoL TOV EMTEIOD TEP-
vouV 610 "doeONTIKE" ¥MPO, APOD TPAOTO PPOVV TNV ATOKAAVYT TOVG
670 "vontikd" To6mo TV popemv toug (LEBeEN).

Mo woAlobg a1dveg oL TPEIG OVTEG TPMTEG TPOTAGELS ATOTELEGOLY
L0 EAOYIGTOTTOEV ETOPKT KAALYT Yo TV ovamtuén kprinpiov Kobe-
ToTTOG €VOEiNG Kot EMmESOL.

IIpotaon 4 (XI. 4)
Eav pa evlcia eivar kabety o 0o svbsics 6T0 KOWO onucio

THG TOMIS TOVG, TOTE &Eival KAOeTH Kol TPOS TO EMIMEOO TWV EV-
Oziiov avtv.

Améoailn

Ywyavoupue evbeion EZ kabet otig evbeieg AB xot I'A , oto onueio
topng Tovg E. Taipvovpe mévo otic evbeieg AB ko I'A ta ica tpunqpota
EA, EB, EI' xau EA.
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Aw tov E @épovpe tuyaio evbeio mve oto eminedo tov AB kot
I'A, mov téuvel ta ocvvenineda tunpate AA kot I'B ota onpaio H kot ®
avtotoiyws. Apkel va amoderybel 0t 1) gvbeio EZ eivon kdBetn oty HO
(opiopdg 3).

Evavovpe to toyaio onueio Z g gubeiog EZ pe ta onueia A, B,

I, A, H xou ©. Exeidn] AE = EB, T'E = EA xau AEA = T'EB (0g katoko-
pvenv) to. tpiyova AEA kar I'EB eivon ica. ‘Etor AAE = EBI, evo

AEH = BE® «ou AE = EB. Yzrdpyovv Aowmdv dvo tpiyove AEH ko
BE® pe pia mhevpd ion Kot Tig Tpookeipeves 6° autiyv yovies ioec. Apa
glvan ioa kou €101 égoope HE = EO® kan AH = BO.

Yta tpiyovo AEZ ko BEZ eivan AE = EB xot ZE xown mAgupd
Kol kdBetn otnv AB. Apa ZA =Z7ZB.

Opoimg mpoxvmter 611t ZI' = ZA |, kou apod AA = BT, éyovpe 611

ta tpiyova ZAA ZBI eivan ica, ondte ZAA = ZBI' .

Eneon AH =BO, ZA =7B xow ZAA = ZBO, 10 tpiyova ZAH
kot ZBO givan ioa, omote ZH = ZO. Emiong, apod HE = E® ko 1 ZE

glvar kéBetn oty HO, tehikd Ba éxovpe 611 ZEH = GOEZ = opbn.

Apa kobepid and tic yoviegc HEZ wor @EZ eivon opbny, omote 1
ZE givan kaBetn oty o tov E tuyaio evbeio HO.
6.£.0.

potaon S (XI. 5)
Eav yia evbsia ivar kalety o€ tperg evbeics mov wepvody ano to

1010 onueio KAl JIEPYeTAl OO TO GHUEIO AVTO, TOTE 01 TPEIS EV-
Ocicg fpicrovral mavw 670 (010 emiTENO.

Améoaln

‘Eoto 011 1 evbeia AB sivon kédbetn otig tpeig evbeieg BIT, BA ko
BE oto xowd onueio toung tovg, mov givar to B. @élovpue va amodeifov-
pe o0t ot evbeieg BI', BA kot BE Bpiokovtot 610 1010 emimedo.

YroBétovue 611 o1 tpeig evbeieg BI', BA kot BE d¢ Ppickovtar oto
010 eminedo ko cvykekpéva 0Tt 1 BI' Bpiloketon ektdg ToL emmédov
tov BE kot BA.
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"Eocto 6t 10 eminegdo tov AB kon BI' téuvet 1o eminedo tov BE kot
BA, xotd v evbeio BZ. Tote ot evbeiec AB, BIT, BZ eivan opoeninedeg,
ommg Ko ot gvbeieg BZ , BA ko BE.

Emeidn n AB eivon kdBetn otigc BA kot BE, gival kdbet oto eni-
1ed0 TOVG KOl GUVENMG Ko oty vbeio BZ mov avikel 6 avto.

‘Eto1 n yovia ABZ &i- A
val opfn, 6mog Kol 1 yovia

ABI' (a6 v  vndbeon). —

Apo ABZ = ABT, evH AB,
BI' xou BZ eivon opogminedec.
Av16 givon dromo. Apa n BI' X\A
ovumintel pe ™ BZ xou cvve- E
TG PplokeTon TAVEO GTO EMi-
médo Tov BE kau BA. Apa n
BI" dev umopei va Bpioketon
eKTOC TOL emmédov TV BA,
BE. Eto1, ot tpeig evbeieg B,
BA, BI" Bpiokovton mévm oto id10 eminedo.
0.£.0.

2o 5

ZxOAiLa otL¢ nmpotdoeLg 4 kat 5

Ot potdoelg 4 kot 5 amoteAobv Kpitrplo. Tov 0pLobeToHv TG dv-
vatotnTeG KafeToTNTOC gVPEiG KOl EMMEOOL GTO YMDPO, COUPOVO LE TO
Yvooto opiopd. ‘Etot, ota mhaicto g kabetdtnrag evbeiag Kot entmédovn,
1 CUUTEPLPOPE TV ATEPOV EVOEIDV HLOC
€I0IKNG KEVIPIKNG Oféoung evbelidv o610 @)
y®po kabopiletar o€ oyéomn pe pio aktiva
() ¢ 6éoung (BAéme oynua 5.1).

Otav ot gubeileg g 6éoung mnv
mg (€) eivon ovveminedeg (mpdtaon 4),
10T€ 1 KaBETOTNTO TNG (€) TPOG TO EMIMEDO
toug eocpariletor pe v KoBeTOTNTA
™G TPog 600 POVO gubeieg TG dEGUNG.

H mpoétaon 4 oamoteiel vmdderypa
EMAYOYIKOD GLAAOYIGHOV, Tov PacileTon
otV "evberoyevy" pHoN Tov eMMESOL. A-
vtibeta, oty TTpoOTOCT 5 YpNnooTolEiTaL

Zynuo 5.1
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n évvola g Kabetdtnrag g evbelag (€) mPog TIG AMEPEG AKTIVEG TNG
déoung yio v eKBEGEL T CLVETITEDT W1OTNTA TOV EVOEIDV TNG dEGUNG.
Me avti v évvola M Tpotact yopaktnpiletoar mg évag "tapaywytkog”
GLALOYIGLOC.

Ipotaon 6 (XI. 6)
Eay 6vo evbcicc civou kabetes oo id10 eminedo, T0Te 01 gv0¢icc
gival waparinies.

Anéoaln
‘Eotm 611 01 gubeieg I'A ko AB eivan kdBeteg 610 1010 eminedo, pe
B ka1 A ta iyvn tovg. Oa amoderybei 6tL o1 dvo gvbeieg I'A kot AB eivan
TOPOAANAES.
Evovovpe to onpeic B A
Kol A tov 600 gubeldv Kot eé-
povpe v AE mdve oto emi-
medo, KaBetn ot BA wat ion pe
mv AB. Emiong oépovpe tig
AE, BE kot AA. A B
Eneidn n AB &ivon xéOe-
™ oto eminedo, ival kdetn
Kol og kdOe gvbela Tov emumé-
dov mov mEPVA amd TO iyvog

‘ Sypiua 6
mg. Apa ol yovieg ABA ot

ABE e&ivoi opBég.
Opoimg, emewdn m I'A eivar kdBetn oto eminedo, ol yovieg I'AB

kol IAE eivon opBég.

Emeidn BA xown kot AB = AE, ta opBoyavia tpiyove, ABA kot
BAE civat ica, omote AA = BE.

Eniong apov AA = BE, AB = AE ot AE xown, ta tpiyova
AAE ka1 ABE givan ioa.

A A

‘Etot o1 yovieg AAE ka1 ABE eivan ioeg ko apod 1 tedevtaio

givar opOn, givar opOn kou . AAE. Apan EA eivol kdBetn otnv AA «oit
(6mag yvopilovpe ) otig AB kat AT
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Yuvenmg ot evbeieg AL, AB kot AA givon opoeninedec, kabdg kot
AB, 0oV to tpiyovo ABA opilet eninedo. ‘Etot, ot AB kot 'A givar opo-

eminedeg kol apov ot yovieg 'AB ka1t ABA eivan opBéc, ot dvo gvbeieg
etvon mapdAinAec.
6.£.0.

poétaon 7 (XI. 7)
Eav ovo evbcics eivon mapdlinies xar Anplody mavew oe kabe
Hl0 a0 avTéS Toyaia onueia, § svbeia TOv 6VVIEEl TA oHUEIR
OVTA KEITAL 6TO (010 EMIMEDO UE TIS OV0 TAPAIINIES.

Amodain
‘Ectw EHZ 1 gubeio mov opiletan amd ta dvo tuyaio onpeia E xot
Z 1oV napdiiniov evdeidv
AB xor T'A avrtictoya. Oa
amodeybel OTL To. onuein E
¢ EZ Bpiokovion oto emi- H
nedo tov evbeidv AB o r
T'A. z
YmoBétovpe 6tL M -
Ocio EHZ 6¢ Bpioketon md-

v 610 £minedo tov AB kot Zyiuo 7
T'A.

A

Tote, av pépovpe enimedo mov mepva and v EHZ, avtd Oo téuver
10 eninedo Tov AB kot I'A katd gvbeia ypopun, v EZ.

'Etot o1 evbeieg EHZ ka1 EZ Oa opilovv pia emeaveia, mpiypo -
tomo. (Avo gvbeieg pe dVo Kowvd onueia, Tovtilovtar).

Apa n evbeio EZ keiton mévo oto eninedo tov AB kot I'A.

6.£.0.

Hopazhpnon:
Me v mpdtacn 7 yiveton pavepd OtL o1 mapdAinieg gvubeieg oto
Y®po Bempohvtol MG OPOETITEDES.
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Mpotaon 8 (XI. 8)
Eav 0b0 evlcicg eivon mapdiinies Kar g pio amod avtés Eival Kd-
Oetny pos éva emimedo, Tote Kar ) diin o eival kabeTny Tpog av-
TO TO EMITENO.

Améoailn

‘Eotm 611 o1 gvubeiec AB kot I'A, mov gival mapdAinieg, Tépvouvy to
0o eminedo ota onueia B kot A avrtiotoyya ko 1 AB givar kd0etn mpog
avtd 10 eminedo. Oa amodeyybei 6TL Kou  T'A givor kabe mpog 10 emi-
1edo.

Evavoupe ta {yvn B kot A tov 600 gvbeidv pe v gvbeior BA kot
pépovpe mhvo oto eminedo v AE kdBetn ot BA kot ion pe v AB.
Eniong pépovpe tic AE, BE ot AA.

Eneion n AB eivan
KkéOetn oto emimedo, elvar A r
KkéOetn ko o kabe gvbeia
TOV €MMESOL TOV TEPVA
ond to iyvog c. Apa ot

yoviegc ABA ko1 ABE ei- B A
vai opbéc.
Engon ot AB kau T'A
glval mopdAinieg ko Té-
pvovtow amd v BA, ot E

yovieg ABA ko T'AB é- Syhuo 8
youv abpoicpa 000 opbic
Kot apov 1 ABA etvon opn, émeton 6t ko T'AB etvor opfn.
Apan I'A givar kdBetn oty BA.
Enedn 1o opBoyodvia tpiyova ABA kot BAE €yovv xown mievpd
m BA ko AB=AE, givai ica, onote kar AA = BE.
Eneidn AB = AE, AA = BE «ot AE kown mhevpd ota tpiyova

AAE ko1 ABE, avtd 0a givan ica, ondte ABE = AAE.

'Etot, agpob n yovia ABE eivai opr, eivar opb1) ko AAE.

Yuvenmg, 1 EA etvan kd0etn oty AA.

Emedn n EA eivar kdBem oty AA kot v AB, givar kd0etn oto
eningdo tov mapdiiniov evbeimv AB kot A,

'Etol, n A etvan ké0etn oty AE.
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Yuvendg, n I'A etvan kaBetn ko otnv BA (0mmg deiybnke), kabog
ka1 otnv AE, dnAadn elvar kdBetn oto enimedo, apod eivar kdbetn og dvo
gvbeieg Tov emumédov mov TEPVOLV amd To {)Yvog TNG.

0.£.0.

IIpoétaon 9 (XI1.9)
Evlcicc mapaiinies mpos tyv idta evbeia kou o1 omoics o€ Ppi-
OKOVTOl 6TO 010 ue OVTHY emimedO, gival HETALD TOVS TAPAA-
Anleg.

Amodan

‘Ectw 6T o1 gvbeieg AB B o A
kol A givon mopdAinieg mpog
v EZ o1 de Ppiokovior OAeg
610 d1o eminedo. Oa amoderydel V4 2 E
otL o1 evbeieg AB won T'A eivan
TAPOAANAES.

[léveo oto eminedo twv r
naporAnAov EZ ka1 T'A ¢épov- K\
pe v evbeio HK kaBetn oty
EZ o€ tuyaio onueio g H. 2yfuo. 9

Eniong, méve oto enine-

60 TV mopaAniov AB kot EZ gépoupe v evbeio HO kdbet oy EZ
o710 onpueio g H.

Emedn n EZ eivar kaOetn mpog Tig 600 gvbeieg HO wor HK, Oa &i-
v KaBetn kot 6To eningdo mov avteS opilouv.

"Etol, apov n EZ givatl kdBetn oto eninedo tov HO kol HK, evo n
AB gtvan mapdiinin pe v EZ, éneton (cOpeova pe v npodtoon 8) 0t
N AB elvar ké0etn oo eninedo twv HO o HK.

Opoiwg, apov n EZ eivan kaBet oo eminedo towv HO kot HK, evd
n A givon mopdAinin pe v EZ, éneton 6t n I'A elvan kdBetn oto emi-
nedo twv HO xar HK.

Apa, epocov ot gubeiec AB ko I'A eivan kdOeteg 610 eninedo TV
evbeiwv HK ka1 HO, eival (copowmvo pe v mtpodtacn 6) uetald toug
TOPOAANAES.

0.£.0.
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potaon 10 (XI. 10)
Eav 0bo teuviueves evbeics eivar avtictoryya mwapdlinles wpos
0b0 teuvoueveg evleics, mov dev fipickovral 6To EMIMEOO TOVG,
TOTE TA OVO (VYN TV TEUVOUEVQY VOOV 0pilovY IoES YWVIES.

Amooailn

‘Eotm 611 o1 Tepvopeveg gubeieg BN kor BA eivar avtictoyo wa-
pAAANAEG Ko Un cvveminedeg pe
TIg tepvoueveg evbeieg EZ o
EA.

[Maipvoope mavem oto. dvo
un ovvemineda Cevyn TV TE-
pvopevav evbeidv to oo Tun-
pato BI' = BA = EZ = EA xo
pépovpe TG gubeieg BE, AA ko
Iz.

®a amoderyfel 6T

ABI' = AEZ.

Enewdn BI' ion xon mwapdh-
nin pe mv EZ, émeton 6T xou M
I'Z etvar ion ko mwopdAAnin pe
mv BE. Opolwg, agod BA ion
Kol TopdAANAN ne v EA, énetan
ot m AA eival ion kou TapdAinAn pe v BE.

'Etot, a@ov o1 I'Z ka1 AA givon ioeg kot mopaiinieg pe v BE kot
d¢ Ppilokovtar oto 1010 eminedo pe avtn, Oa glval, cop@vo pe v Tpod-
taon 9, (ioeg ko) mopdAinieg pueta&d Tovg.

Ta ioa kKou mopdArnio tppoata AA ko I'Z cuvoéovton pe o Tun-
pato AT ko AZ, omdte ko avtd ivor petald tovg TapdAinia Kot ica.
Enopévac, ta tpiyova ABI kot AEZ é¢yoov AB = AE, BI' =EZ «w

AT = AZ. Apa givan o0, ondte ko n yovia ABIT givan {on pe 1 yovia
AEZ.
6.£.0.
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Zx6ALa otig mpotdocesilge 6 - 10

Me T1g TOpAmivV® TPOTACELS EIGAYETAL 1 £VVOLd TNG ToPaAANAlag
evbeldv 6T0 YMpPo, St LEcov TG NON Bepeiopévng kabetotnTog svbeiog
Kol ETTESOV.

H mpoétaon 6 Oempeiton Pacikr, S10TL KATE TNV OTOOEIKTIKN NG
Swdwkacio eEacparileTor oTL dVo kabeteg evbeieg o€ emimedo eivar mpod-
TIOTO, OMOETITEDEG KO PeTd apdAinAes. To yeyovog autd eVioybETOL e
mv mpdtaon 7. 'Etot, 10 611 600 mapdiinieg evbeieg sivon opoeminedeg,
dtver tn duvatdTa 1 KabetdtnTe TG Hog o€ €va EMIMEDO VO, GLVE-
whryeTan kol Tnv Koo TNG AAANC 68 anTd (TpdTacn 8). Me ot tov
TPOTO g1GhyeTOL O)L pPNTd, OAAL LTovooueva Kot 1) KabeToTNTa dVO EmML-
TES®V.

H moporiiniio 600 gvbeumv oto dpo, mov gival TapdAinies Tpog
TPITN, AmOdEIKVOETAL LIE T YPNOT TOV KAOETOV EMITESOV, OTMG KOL 1| O~
porAnAia 000 gvBeidv mapaAliAwv Tpog Tpitn 610 eminedo omodekvie-
TOL e TN xpNom TG Kabetng gvbeiag (mpoTaon 9).

Téhog, N mpotaon 10 evidocetan oty EVOTNTO TOV TPOTAGEMY TOL
avopEPOVTOL otV Toporiniic evbeidy oTo YMOPO, Kol TOPOLGSLALEL TNV
100TNTA. SVO YOVIOV LE AVTIoTOYYO TOPIAANAES TAEVPEG, AAAG E10GyEL KoL
TNV ToPoAANAln VO EMITES®V TTOL dampaypateveTon 1 TpoTaon 15.

Ipétaon 11 (XI. 11)
A7o 600%v onueio mov fpicketal ekTos evog emmédov va oybfet
evleio ypapuun kabetny mpog to eminedo.

Améoeidn

Ddépovpe Tuyaio evbeia
BI' mdveo oto 806év emimedo
Kol omd 1o 600év onueio A
v kdBetn evbeior AA emti g
BI'. (To onueio A xor n gv-
Oeia BI' opilovuv eninedo).

Edv n AA eivon kéBetn
010 000év emimedo, 10TE EYEL H
axfel amd to onueio A «xd-
Betn o710 eminedo.
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Edv n AA dev elvar ka0etn oto d0Bév eminedo, pépovpe TUV® GTO
eninedo v evbeia EA kabetn o BI' 610 onueio A. Eniong, mdve oto
enminedo v tepvopevov evbsidv AE ko AA @épouvpe v AZ kdéBetn
omv AE. Télog, mave oto dobév emimedo @épovpe v gvbeia HZO mo-
pOAINAN Ttpog v BI'.

Emedn n BT etvan kéBetn ko otig 600 gubeieg AE ko AA, Ba givan
KAOeTN Kot TPOg To Mimedd TOLG KoL apov 1 HO givar mopdAinin pe v
BT, 6o etvor ko avt (oOpemva pe v mpdtacn 9) kdbetn oto eminedo
tov AE kot AA.

H evbeia HO wg kdBetn oto eminedo tov AE kot AA eivor kd0etn
o€ k@Oe evbeior otV TOV EMMEdOL MOV OEPYETAL 0md TO {yvog NG Z.
"Eto1m HO eivon kdBetn ko o6t ZA.

Yvvenmg, n ZA eivol kabetn 1660 omv EA 600 kot oty HO,
omote givon KaBetn Kou 6To eMinedd TOLG, OV gival To 000EV emimedo.

0.£.m.

Ipéraon 12 (XI. 12)
Amo onueio To omoio fipicketal oe éva eminedo, va vy wOel Kdle-
TH TPOS TO EMITEDO.

Amooailn

Oecwpovpe éva  TVYOiO A
onueio B ektdg 00 S00EVTOG B
EMTESOV.

And to B @épovpe v
KkéBetn evbeio BI' mpog 10 H0-
0év enimedo (cOppova pe v
npotaon 11). A

210 eminedo tov onpeiov
A ot g evbeiag BI' pépovpe r
v gubeia AA mapdAAnAn mTpog
v BI'.

Eneidn n AA eivar mo- Syiua 12
paAANAN mpog v BT, ko 1 gv-

Osia BI™ glval kaBetn oto 600y emimedo, émetan OtL Kou 11 AA givan np {n-
Tovpevn KaBetn mpog 1o dobév eninedo (mpoTaom ).
0.£.m.
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IIpotaon 13 (XI. 13)
ATo éva onucio evog emmédov Ogv givar dvvaTov va vywBhovy

000 KABOeTeS IPOS TO EMITENO AVTO, 01 OTOIES Va. fpicKovTal TPog
70 1010 pépog tov emmédov.

Amdéoaitn

‘Eotw 6T givan duvatov
amo 1o onueio A tov dobBévtog
EMMEOOL VO, VYMOOOVUE OVO I
kGBetec AB o AT mpog av-
16, ol omoieg va Ppiokoviot
KOl TPOG TO 1010 WEPOG TOL
EMTESOV.

To eninedo tv gvdermv
AB kot AT" Ba tépvel o 000év
eminedo katd pio evbeia, £6TM
v AAE.

O gvbeieg AB, AT kot
AAE eivon cuverninedeg, evd
I'A xoau n BA givan kdBetec
010 d00év eninedo. Etorn I'A ko 1 BA elvan kéBeteg oe kébe gvubeia tov
000£vtog emumédon mov diépyeTan amd TO VoG TOVg A, KOl GUVETNDG GTNV
AAE.

]

Zynua 13

A A
Apa n yovia BAE etvor optn, omwg xor n T'AE, eved Bpickovton
Tve 610 1010 eminedo. Avtd eival adhvVaTO, Kol GUVERHOG Ol dVO evbeieg
AB xot Al ovpmintovv, ondte dev gfvan duvatdv vo vymBodv 600 kabetes.

cr o

G.£.9.

IxOAiLa otLg mpotaoceLlg 11 péxpt 13

Ot 1pelg TPOTAGELS KOADTTOUVY T duvaTdHTNTA KATOOKEVLNS gv0eiog
Kk@0eTNg Tpog Eva eminedo amd £va onueio eKTOC EMMESOL 1 TAV® G Q-
0.

H mpdtaon 11 amoterel v awbevtikr] popen Tov yvootoh Bem-
pnuatog "twv iy kobétwv" (Prére 1. oto oynpa 13.1), to onoio otig
GUYYPOVEC TAPOVGLICELS TNG XTEPEOUETPlOG eNPavIleTOL Kot UE TIG Lop-
¢ I1. won IIL.
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A I A I A I

II

2ymuo 13.1

Mopon 1.

{A & (1), BT C (1), zA C (1), ZA L BT, AA L BI'} = AZ 1(II)

Mopon 11
{A ¢ (), Br C (1), AZ L (IT), ZA L B[’} = AA 1 BT

Mopon 111
{A ¢ (1), BT C (1), AZ L (IT), AA L B} = ZA L BT

IIporaon 14 (XI. 14)

Ta emineda exi Twv omoiwy n id1a gvleia civor kdbeTn sivar ue-

ta v ToVS TOpdiinia.

Améoeidn

‘Eoto 611t n gvubeia AB ei-
var KaBetn wpog Vo docuéva
emineda. Oa amodeyybel OTL T
enimeda avtd eivorl TapdAinia.

Edv 1o eminedo dev eivon
TopAAANA0, TOTE (TPOEKTEVOLEVEL)
B TépvovTon Kord guBeia ypopn,
éoto v HO.
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ITave oty gvubeia HO maipvovpe tuyaio onpeio K kot pépovpe Tig
evbeieg AK kou BK mov Bpickovrol avtictoyyo move oto 600 dobévta
eminmeda.

Eneidn n AB eivon kéBetn ota dvo emineda, Oa eivor kdbetn ko
ot1; evbeieg AK kot BK tv 600 doBéviov emmédmv.

A A
"Eto1 610 1piydvo ABK ot yovieg KAB kot KBA eivatl opBég, mov
etvar advvarto. Apa To EMimEdH OEV TEUVOVTAL KOL GUVETMG ivol TopaA-
AnAaL.
6.£.0.

IIpotaon 15 (XI. 15)
Eav 060 teuvoueveg evbsics sivar avticTorya mapdlinies Tpog 6vo
TEUVOUEVES V0¢les Kat O PpioKovial TAvw 6To 010 ue AVTES ETI-
TEDO, TOTE TA EMITEIA TOY 001DV AVTOV givan Tapdiinla.

Amodan

‘Eoto ot tepvopeveg gubeieg T
BA xou BI', mov eivor avtictoya B<
TOPAAANAEG TPOG TIG TEUVOUEVEG ! A

evbeleg EA wor EZ xou dg Ppi-
OKOVTOLl 0TO 1010 eminedo UE OLTEG.

B0 omoderybel 0Tl TO, eMimeda TTOV E Z_x

opifovtar amd Tig BI', BA xau EZ, H

EA avtictouyo, sival TtopdAinio. A ®
Amo 10 onueio B pépouvpe v

Kka0etn evbeio BH mpog 10 eminedo 2ytuo 15

TV TEUVOLEVEV gubeldv EZ kot EA.

Amo6 10 H @pépovpe 010 eminedo twov EZ xar EA tig evbeiegc HK
kot HO, napdiinieg mpog tic EZ ko EA avtictotyo.

Emedn n BH eivan ka0et oto eninedo tov evbeiwv EZ kot EA, ei-
v k@0etn ko otig evbeieg HK xar HO avtov tov emmédov, mov diépyo-

vrot amod to iyvog c. 'Etot, ot yovieg BHO kot BHK givor opOéc.
A@ov 6umg ot gubeieg BA ko BIT givonl mapdAinieg mpog 1ig HO

A A
ka1 HK avtiotoya, 1600 ot yovieg BH® ko1 HBA, 6c0 kot ot yovieg

BHK «or HBT" éyouv d0poispa 0o opbés.
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'Etot ov yovieg HBA wotr HBI' givan opBég, omdte n BH givon xéi-
0etn o1 dVo TeuvOuEeveg evbeieg BA kot BI'. Apa n BH givan kéfetn kot
610 eninedo TV Tepvopevev gubeldv BA kot BI'.

Yuvenmg, (cOpemva pe Ty Tpotacn 14), aeod ta 600 enineda TV
tepvopevov gubeidv BA, BIN kot EA, EZ givan kdBeta oty 1010 gubeia
BH, ta 600 avtd eninedo eivon TapdAnAa.

6.£.0.

potaon 16 (XI. 16)
Eav 0v0 mapdiinia exineda Téuvovral amo éva emITedo, TOTE 01
KOIVES TOUES TV EMTENWY avTAY gival gvlsies mapdiinies.

Amooaitn

‘Eoctm 011 0 800 mapdAANA Emi-
meda Tépvovtol amd 1o eminedo EZOH E
Kkatd T1c evbeieg EZ won HO. Oa amo-
derybel o0t oo EZ a1 HO® eivon mo-
PAAANAEG.

Edv ot evubeieg EZ won HO dev ei-
vl TOPAAANAES, TOTE TPOEKTEVOUEVES
ent tov emumédov EZOH Oa téuvovtan
TPOG 10 PEPOC TV Z Kor ©@ 1 mpog To
uépog tov E ko H. _fe

"Ecto 011 Tépvovtal mpog to é-
pog twv Z kou O, oto onueio K.

Emedn ot gvbeiec EZK ka1t HOK K
etvan evbeleg mov avikovv avrtictoyo Syiuo 16
6T OVO TOPAAANAO emineda, EmeTon OTL
ta Vo emineda Exovv Koo orpelo to
K. Avtd 6umg eivan dTomo, yiotl ta 600 enineda eivorl TapdAinio.

Apa o1 ovveninedeg gvbeieg EZ ko HO dev tévovTon Kot GUVETMG
glvat mopaAAnies.

0.£.0.
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IIpotaon 17 (XI. 17)

Eav 0vo evbcieg téuvovrar aro mopdiinia exineda, Qo téuvovral
o€ uépn avdioya.

Anéoatn

‘Eotw 611 o1 gvbeieg AB ko I'A tépvovton and to mapdiinia emi-
neda I, P xou ¥ otaonueio A, E, B xou I', Z, A avtictoyo. Oa omo-

., AE _TZ
deyfel 0TL — = —.

EB ZA

Dépovpe Tig gubeieg AL, BA kot AA, kot €0t 0TL 1 AA Tépver To
eminedo P oto onpeio E. Pépovue étortig EZ ko EE.

Enedn 1o mopddinio emi-

nedo P xon ¥ tépvovtan amd 1o r/
eninedo EEBA, o1 topéc EE ko AB ,’B A
elvor mapdAiniec. —
Opoimg, emewdn To TOPAA- P e
Ao eminedo P won IT tépvovron Z, /E
amnd 1o eninedo EZI'A, o1 topég EZ -
kot AT eivon moapdrinlec. 5 _I,’
>10 tpiyovo AAB m evbeia '
ZE eivolr mapdAAnin ue v AB, A B
, E _AE
ondte: — = :
EB EA Zynua 17
Eniong, oto tpiyovo AAT 7
C e . ., AE _TZ
gvbeio ZE elvar mapdAAnin pe v T'A, omodte: =—.
EA  ZA
Eto1 épovpe — = —, omote 01 Vo gubeieg TéUvovTOL amd To
EB ZA
mopaAAnia eninedo og pEPN avaroyo.

8.£.5.

Zx6ALa otL¢ mpotdoetlg 14-17

O1 mpotdoelc avtéc eotidlovral oty mopaAiniio emuédwyv. [oapd
10 yeYovog 0Tl umopel vo amoderyfel n dmapén Kot povadukotnTo Emt-
TEOOV TOPAAANAOL TTPog d00EV emimedo, mov Vo, diEpyeTal amd onueio &-
KTOG 0UTOV, TO OMOTEAEGLLE, OVTO O€ SLUTLTTAVETOL EVOEWS WG TPHTAO.
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Amd 115 mopamdveo Téooeplg TPOTAGES Ol 000 TPMTEG YPNOL-
HOTO0VY otV amddelEn Tovg TNV Kowvn Kabeto S0 TapuAAA@Y emt-
TEOWV, EVA Ol OV0 EMOUEVEG EMKEVIPMOVOVTIOL GTNV TAPOAANAIL T®V TO-
OV 300 TopaAMAV emmEdmV and Eva Tpito eminedo.

Ipotaon 18 (XI. 18)
Eav gvlcia sivar kdbsty mpos éva eminedo, 10TE 60 TO EMIMED AL

Ta omoio o1Epyovtal amo Tty vbeia avty Ba civar emions Kdbeta
POS AVTO TO ETITEDO.

Amooeln

‘Eotm 611 m gvbeion AB &i-
vat Kabetn mpog Eva do0Ev emi-
eSO KO OLEPYETOL OO AT TO
toyoio eminedo I1. ®o omodet-
x0et 6t 10 emimedo I1 eivon xd-
Ogt0 mpog To 600<V eminedo. E

To II téuver 1o dobev emi- 7
nedo Katd tnv gvubeia ['BE.

[Have omv I'BE maipvov-
pe éva tuyaio onpeio Z kol Q-
povpe whveo oto eminedo I1 v
ZH xa0etn oty I'E.

Eneidn n AB &ivor kabetn 610 d00év emimedo, eivar kabetn kot o€
Ké0e gvbeia Tov emmédoL MOV dEPYETOL OO TO {YvOS TG, ondte M AB
glvan kéBetn ot 'E.

Zynuo. 18

A A
‘Eto1 m yovia ABZ eivai opnj, eved givar opbn| kou n yovie HZB ,

omote o1 evbeieg AB kot HZ tov emmédov I etvon mapdAiniec.

Yuvenmg, apod N AB eivar kdBetn oto d00Ev eminedo, Ba elvar kd-
0 o’ 10, OTTMG Ko 1 TOPAAANAN Tng HZ.

Enedn 600 emineda eivar kdBeta dtav ov kdbeteg mov dyovtan,
TPOG TNV KOWI TOUN KOl TOV OVIKOLV GTO €ve, OO ovTd eivon kdfeteg
Kol 6t0 AAAo (opopodg 4), énetar 6Tt 10 eminedo 11 eivon kGBeTo 6TO S0BEV
eninedo. Emeidn opolo amddeiln yiveror ko yio kdbe dAlo (tuyaio) emi-
7ed0 1OV O1EpyeTan omd TV evbeior AB, To {ntoduevo amodeiyOnke.

0.£.0.
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IIpotaon 19 (XI. 19)
Eav 000 teuvoueva smineda sivar kabeta o¢ éva emimedo, T0te 1
Kowij toun tovg Ba givar emions Kabetn mPos avTo To eminedo.

Amooeln

2ynuo 19

‘Eocto o011 ta emineda BA kot BI' givon kédBeta mpog éva d00év emi-
medo kat 0Tt BA givail n kown toun toug. Oa amoderybel 6t1 1 BA givon
Kkd0etn mpog to d0BEv eminedo.

Av n BA dgv givan kd0etn oto 600¢v eminedo, pépovpe tn AE tavm
o10 eminedo BA kaBetn ot AA, ko v AZ ntdve oto eninedo Bl kabe-
) ot Al, ondte n AE Oa givan dapopetikn amd ) AZ.

Emedn 1o eminedo BA eivar kdOeto oto 6004V ko @épape svbeio
AE tov gmmédov BA kdfetn oty tour AA tov 600 emmédmv, netar 0Tt
(opioudc 4) n AE givon ka0etn oto d00€v eninedo.

Me 6powo tpoémo mpokvmtel 0Tt Ko | AZ givon kdBetn oto 600év
eminedo.

Apa and to 110 onueio A tov d00évtog emmédov vydVovTal 600
Kk@0eteg Tpog avto, ot AE kot AZ.

Av16 givon dromo (mpodtaom 13), ondte n povadikny KAOeTog OV
umopei va vymbel amd to onueio A mpog o eminedo eivan 1 AB, wov amo-
TEAEL TNV KOWN TOUTN TOV 600 TEUVOLEVOV EMTEd®V, T Omoia eival KaOe-
T 670 000€Vv emimedo.

6.£.0.
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Zx6ALa otLg¢ mpotdcelg¢ 18 - 19

O1 Vo mpotdoels avopépovion oty Kabetdotnta enmédmv. H mpo-
taon 18 mapovoialel my kdbet evbeia Tpog Eva eminedo g Popéa. oG dg-
oung kaBETev emmédmv mpog avtd, evd 1 tpdtaon 19 amodewviet 6t kébe
Cebyog tepvopevav emmédnv, kabétmv og dobév eminedo, opilel Kot pio gv-
Oeia kdBen TPOC TO d0BEV emimedo, OV €ivan 1) TOUT TOLE.

Tynuo Ketavopg Tov npotdcsov 1 - 19

Apyxn petdfaon 6to ydpo, GYETIKEG BEoelg 3 tpotdoers
€VOEIDV Kt EMTESWV.

Kofetotnta evbeidv kot emmédwv 2 TpoTacElg
[opaiiniio evbeidv oT0 YDPO. 5 mpotaoeig
Koabetomta gvbeiog o€ eninedo 3 mpotdoelg
amd onueio ektOG 1 €l TOV EMTEDOV.

[MopaArniio emmédmv. 4 TpoTacELS
Koberotnta emmédav 2 TPOTAGELG

4. Tpiedpeg oTePEES YOVIES KL 1] YP1OT] TOVG
OTNV KOTUOKEVT TUPUAIMAETUTEO OV

20UV UE TIG OOUTHOELS TV optopucdv 9 kor 10 Tov Bifriov XI,
T oTePe oynuorta kabopilovton mAPMG and T EMIMESD GYNLLOTO. TOL TO
nepiparriovy. 'Etot og o tpiedpn oteped ymvia ot £dpeg Bempovvton Tpiym-
VoL e KOPUYEG TNV KOpLuen| g tpiedpng Kot 1 Péon g tpiedpng etvon tpi-
Y®OVO pE TAELPEG TS Paoelg Tov edpmv ¢ tpiedpne. Eml mhéov, ot axuéc
voolOvton g (Temepacpéva) evbuypoppa Tppata. o va cvvdedel Aowdv n
TPEYOVGO. TPOKTIKT LLE OTEG TIG OTTOLTIOELG, TPEMEL TAVM OTIG (U1 CLVETinE-
dec) ouvrpéyovoeg nuevdeieg OX, Oy, Oz va AapPdvovtor onpeia A, B, T
wote va onuovpyndei n tpiedpn O.ABI. Mg avt) v ontik, 1 Tpiedpn
€ival T0 avTIGTOL(O TOL TPLYDVOL 610 YMPOo. Elvar Aoumdv evieAdg puoikod, vo
avo{ntOobdy oyéoelg petald Tv otoyEinv pog Tpiedpng Kot vo SloTumm-
Oovv KaTackeLOOTIKG Kprpla. Avtd yivetol otig mpotdoelg 23 uéypt 26,
OOV JLUTLAOVOVTOL TO. ATOAVTOL ATOPOIT T ATOTEAEGLOTO Y100 TV KOTOL-
OKELT TOPUAANAETITES Y, OV Yivetal oty TTpdToot 28. Kdmoleg mpoektd-
GEIG TMV GLUTEPAGUATOV, OGS Kol KAmoleg peténeita Oewpnoels, mapatife-
VTOL VIO HOPPT] GYOAMMDV.
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IIpotaon 20 (XI. 20)
Av pia 6Teped YOVIA, TEPIEYETAL ATO TPEIS EMIMEIES YWVIES, TOTE
01 dVo amo avtés, omws Kal va Aplovy, Eyovv dlpoicua ueya-
AvTepo tis Tpitis.

Amodeién
"Eotw n tpiedpn oteped yovia pe kopuen A, mov mepiBaiieton amod

TIg eminedeg yovieg xAy, yAz,

A
zAX. Oa omoderydei 611 T0 G-
Opoopa Twv dVo and avtég ivol
TOVTO LEYOAVTEPO OO TNV EVO-
Topévovoa, Tpitn.

H npotoon mpopavag 1-
oYVEL OTAV Ol TPELS OVTEG YOViES
etvar peta&d toug ioeg.

‘Ecto Aoutdv o611 dev eiva

OAeg ueta&h Tovg ioeg Kot 1) yovia
A Zynpo. 20
yAZ givol 1 o peyaAn amd ov-

téc. Tote, apkel va dgiovue 011 yAz < zZAx +yAx. Xopic PAGPN ¢

YEVIKOTNTOG, Umopovue vo vtobécovpe 011 YAZ > yAX . Osmpodue on-
peio A g AX Kou evidc g yoviog yAz onueio E, tétolo dote

yAE= xAy ka1 AE = AA. Téloc, amd to E ka1 evtog e yoviog yAz
dyetar n evbeia (€), TOL GuvavTA TIC gvbeiec Ay kot Az ota onueio B kot
I' avtictoyya.

Ta tpiyova AAB kor ABE givan ioa, agod éxouvv v AB «ot-

v, AA = AE xau AAB = BAE (am6 katackevn). Emopévag ot (Baoeig)
AB xor BE givan ioeg, onladn AB = BE.
Ao v Tpryovikn avicotnta 6to piywvo ABIT éxovpe AB + A" >
> BI'. Opwg, apod BI'=BE + EI' ka1 BE = BA, 6a 1oy0et 6Tt AI' > ET".
Axorov0wg, to tpiyova AAD kot AED éyovv AA = AE, v AT

kown kot AI' > ET". Enopévamg Ba 1oyder n oyxéon AAT > EAT .
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Ouwg, n yovia, AAB anodeiydnke ion mpog ™ yovie BAE , onote

AAB + AAT > BAE + EAT = BAT', nhadn xAy + xAz>yAz.

Me 6p010 TPOTO UTOPOVUE VO KAVOLUE TNV OmOOEEN Kot Yol TIg
VIOAOINES TEPIMTMOGELG.

6.£.0.

poraon 21 (XI. 21)
Kabe oteped yovia mepiéyetar ano smimedes ywvies, To dpoicua
TWY OTOIMWV EIVOL PUIKPOTEPO ATLO TEGTEPIS 0POE.

An6oe1En X
‘Eotw o611 m 1piedpn oteped r
yovio pe Kopupr 10 A mePEYETOL
ond TG eminedeg yovieg BAT,
IF'AA xoar AAB, 6mov ta onueia B, A

I" ko A €xovv AneBei (toyoio) Tévem
oTIC aKpEC kot €yovv aybel ov B,
I'A xou AB. ®@a amodei&ovpe ot

A A A B A
BAT + I'AA + AAB < 4 op0éc. / z

H oteped yovia pe xopoen y
t0 B mepiéyeton and tpeig eminedeg
YOVIES, Y10 TIG 0Toieg T0 ABpoIoHaL,
d00 omolwvonmote and avTég glvan peyalutepo amod v Tpitn. Emrouévag,

2o 21

0o 1oydet: FI%A + A]ABA >T ]gA . Ta tov 1010 AO0yo Bo €yovpe OTL
F&A + AAB >T AB , OIS KoL BIA“A + AIA“ A > BIA“A . ®¢tovtag Aomodv
(AF = F]%A + A]%A + B1£A +A1A“A + F3A+ AZB, €yovpe:

cAs> F]%A + BIA“ A+ FgB . Opog ov yovieg T’ ]%A, BAI‘, BIA“A (¢ yovieg
Tov Tpry@vov BI'A) éxovv abpoispa dvo opbéc, emopévmg cAs > 2 opbéc.

Opoimg, k6B éva amd ta tpiyova ABI, AI'A, AAB &gl 4Bpoicpa
YOVIOV 000 0pOES, EMOUEVMG LOYVEL:
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I'BA + AI'B + BAT" + ATA + TAA + TAA + AAB + ABA + BAA =
=6 opbég, nhadn o + BATL + TAA + BAA = 6 opbég
Onwg, apob &yovpe o > 2 opbég, Oa mpénet va eivat:

BAT + TAA + BAA < 4 opbéc.
0.£.0.

Hapatypyon

Mropei eniong va amodetyfel 6TL To GOPOIGHO TOV ETITEIDY YOVIDV
™G KOPLPNG Tuyaiog oTe-
pedg (ko Oyt uovo Tpi-
€dpng) yoviag dev pmopel
va vrepPaivel Tig T€ooePIC
opBég. Avtd yivetan Aap-
Bavovtag vdym 1600 TV
OVIGOTIKT] GYECT Yo TIG
eminedeg yovieg tpEdpov
mov  uoM¢g  amodeiynke,
0G0 KOl TO OTOTEAEGUO
Yo T0 GOPOIGHO TV EC®-
TEPIKDOV  YOVIDV  KUPTOD
TOAVYDOVOV. Ag oNUEIWOEL OTL AVTO TO YEVIKO AMOTELEGLLO, OV KOl OEV dla-
turmvetat TovBeva ota "2roryeio, ypnoponoteiton oto Pifiio XIII (BAéne
Yvumépocpa petd v apotacn XIILL18).

O

2ynua 2lo

Amooen

[pdypatt, yio ) oteped yovia O. ABI'A, émov ta onpeia A, B, T,
A, ... givar ovvernineda, onuedvoope O,,0;,0, ..., Ti¢ (eninedeg) yovi-
g6 TG Kopvens, (A,B,), (B,.I3), ..., 1 yovieg tov tprydvev OAB,

OBI, ... kau A,B,T", ... 115 Yovieg Tov (KupTOV) TOALVYDVOL ABTA . . .
(BAéme oynpa 21a) ko B€TovpLe:

A A A
o= ch +O[’) +Oy +



HTEQMETPIA £TO XQPO 43

Y=B+T+A+..+A = (2v-4) opbég

A A

op= Op + A1 + B2 = 2 0pbéc, 6, = Op + Bi +T'2 = 2 opbé, khn.

Am6 10 avtiotoyo amotéleoua (mpdtacn 21) yia Tig Tpiedpeg yo-
vieg B.AT'O, I'BAO, . .. éyovpue eniong TG avicoTIKEG OYECELS:

B<Bi+B;, I'<I'i+I3,...

Tehkd, Aappavovtog voyn o mo whve, Ppickovpe (pe TpochHe-
o1 KOTA PEAN):

2Qv—4)opbég =2 <(A,+A,)+ (B, +B,)+...=
=(A, +B,)+ (Bi+I2) +...=

=2 opBéc— Ou) + (2 opbég— Op) + ... =(2v) opbéc — o,
omoTe TPOoKLTTEL OTL 6 < 4 opbEc.

Ipétaon 22 (XI. 22)
Av 00000y Tpeis emimedes ywvies, yia TIG omoies To dbpoicua dvo
OTTOIWVONTIOTE OTTO OVTES EIVAL UEPOAVTEPO THS TPITHS KAl TAVQ
oTIG TAEVPEG TOVS AnPBovy ioa Tuguata, TOTE £ival dSvvaTov va
KoTaoKkevaoOsi Tpiywvo mov va Eyel wg mAsvopés TIS fdoels Ty
TPIOV (160GKEADV) TPIYHVWY TO OTOIA. TTPOKVTTOVY.

Amooailn

Ac Bempnoovpe Tpelg eninedeg yovieg pe kopveég B, E, O, kat ag
Katookevdoovpe ta (1oookeAn) tpiyova ABIL, AEZ ka1t HOK pe miev-
péc BA =BI'= EA =EZ =0H = 0K, 7y ta onoia ioydet:

ABT + AEZ > HBK, AEZ + HOK > ABI', HOK + ABI' > AEZ .
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B 0
%A\\ E /\
A I A Z H K

2xnua 22

®o amoderybel 611 Ta evBVOYpappa tuqpate AN, AZ ko HK propet
VO OOTEAEGOVV TTAEVPES TPLYDVOL, OTL dnAadT| To dBpotoua dvo €& av-
TOV eivol HEYOADTEPO TOL TPITOL.

A A A
Av ovyovieg ABI', AEZ , HOK eivan ioeg, t0TE glvan pavepod Ott
kot ta tufuota AN, AZ, HK elvan ioo kot amd avtd kotackevdleton (1-
cOMAEVPO) TPiy®VO.

, . , , ®
Eotw 6t o1 yovieg dev eivan

OM\eg loeg peta&y Tovg Kot OTL KOTO-
okevdletor n yovio KOA, epebng
m¢ HOK ko fon mpog ™ yovia

ABI'. To onpeio A éxer Anebet 1ol
wote OK = OA. Oépovpe Kot TIC €V-
Oeieg KA, HA. Ao v 16610 T0OV H
pryoveov ABIT ko KOA mpoxvmtet

ot AT =KA.

2ynuo 220

Agpobv ABI' + HOK > AEZ kot ABI'= KBOA, Ba gival kot
HOA >AEZ (BMne mapatipnon petd to 1éAog g amddetnq). Ta tplywm-

va Aouov HOA ko AEZ éyouv ®H = EA, ®A =EZ xau HOA > AEZ.

Emopévag Ba eivor kow HA > AZ.

Ouwg, oto tpiyovo HKA givar HK + KA > HA, dpa 0o, givar kot
HK + KA > AZ.

Ouwe, apod KA = AT, Ba givar kan HK + AT > AZ.
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Opoiwg pnopei va anodeydei 6T Egovpe AZ + HK > AT, 6mwc kot
ot AI' + AZ > HK.

Emopévac, givar duvatdv va katackevacei éva tpiyovo pe miev-
péc toeg mpog T1g Al', AZ ko HK .

6.£.0.
0 E 5
H K A z A 1
A
Zynuo 228
Hopazipnon

Mo moapopola amodelln emttvyydvetal, vrobétovrag OtL po amod
TIG Yovieg, m.y. n yovia ABIL, givor i uéyiom (BAére oynua 22p).

pdypat, apod ABI' = HOK v ABI' = AEZ, Ba €yovpe:
ATl = HK ka1 AT" = AZ. Apket howov va. amodei&ovpe 6Tt AZ + HK > AT,

210 gomtepkd g yoviag ABIT ¢épetan n BA, €161 dote va oy0-

g1 HOK = ABA, omov &yet Anobei BA = AB = BI' ko éyouv ayBei ot
AA xan TA.

Ao v 16610 TV Tpry@vov HOK kot ABA, tpokintel 611
HK =AA. Eniong, uropovpe vo mopatnpricovue ot

ABI' = ABI' - ABA = ABI' - HOK < AEZ, ondte and ta tpiyova AEZ
kot ABIT éxovpe AI' < AZ.
Me ypnion Tptyovikng avicdtntog 61o tpiyevo AAL, mpokvntetl Ot
AT <AA + AT =HK + AT' <HK + AZ,
onradn 6t Al' < HK + AZ, omdte pmopel va Katackevochel tpiyovo pe
mievpég AL, HK, AZ.
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IIpotaon 23 (XI. 23)
Na katackevacOsi oTeped ywvio amo TPEIS EMMEIES YWVIES, Yl
TIG omoieg 10 dfpoicua 0vo € avTV, 6mMS Kal va Anplovy, sival
TAVTO PEYOAVTEPO amo TNV TPiTY. Ouwg mpémel to dlpoicua kor
TV TPLOY POVIOV VO, EIVAL HIKPOTEPO TWY TEGGAPWY 0pOcv.

Amodaitn

A A A

‘Eotw 611 o1 doBsiosc yovieg eivan or ABI', AEZ, HOK ot 611 10
dBpotopa Twv dvo €& avtdyv, OMWS Kol vo. Anebodv, eivar Tavtote peya-

AOTEpo amd Vv Tpitn, Kot emmiéov eivan ABIT + AEZ + HOK < 4 opbéc.
[Ipémer Aowdév and tpelg yoviec ioeg mpoc tig ABIT, AEZ, HOK va

Kotookevaoel oteped yovia.

B

A r A z H K

Zynuo. 23

"Exovtog 1on AaPer 1ig mhevpég AB, BIT, AE, EZ, HO, BK iogg kot
oépovtag Tig Al, AZ, HK eivar (emo-
uévmg)  duvvatdv  vo  KoTaokevooOel
Tpiymvo, mov va &xel mAevpés 1oeg TPog
g AT, AZ, HK (mpotaon 22).

‘Ecto® AMN 1o 1plydvo mov Ka-
tackevaletal, ovtwg wote Al = AM,
AZ = MN kot HK = NA. Qsmpodpe 10
Kkévtpo O tov mepLyeypopupévov KHKAoL
oto tpiyovo AMN kot 11 aktiveg OA,
OM, ON.

Ioyvpilopaocte 6L AB > OA.

2ynua 230
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Av dev 1oyvel avtd, 1ote o Enpene va ovuPaivel eite AB = OA,
gite AB <OA.

"Eoto 611 1oy0el 10 TpmTo, (dniadn 6Tt AB = OA). Tote ta tpiymva
ABI ko1 OAM éyovv BA = OA, BI'=0M « ioeg Baoeig AM = AT, dpa

B etvor kou ABI'= AOM . I'ia tov 1810 Adyo Ba eivor AEZ = MON kot
HOK = NOA.

Tote duwc Eyovpe:

ABI' + AEZ + HOK = AOM + MON + NOA =4 opbéc.

Av10 gival dtomo, apod amd TNy vdbeon 1oydEL

ABI' + AEZ + HOK < 40pbéc.

Enopévac, ot BA kot OA dev pmopet va gtvon ioeg.

‘Eoto AB < AO. Tote pmopodpe va mapoope OX = AB, OT =BI'
Ko vo, eépovpe v XT. Apov BI' = BA, 0a givar kow OX = OT, AX =
= MT, omote n £T 0o givor TopdAANAN mpog v AM kol GUVER®S TO

piyovo AMO 0a eivar woydvio mpog 1o tpiywvo XTO. 'Etol woyvet

OA = E, amd oOmov Aopfdveton oA = A—M(:161(')mw EVOALAE).
AM 2T or 2T

Opwg AO > O, onote Ba &xovpe AM > ET. Agod duwmg elvar AM =
=AT, 0a givon kot AI' > ZT. Xta tpiyova ABI kot OXT eivan BA = O,

BI' =0T xan XT < AT". Apa, Ba givor Kot A}ABF > Z(A)T = A(SM .
Me o6powo tpdéno amodewkvoetar 0Tt Ba gival AﬁZ > MéN Kot
H(:)K > NCA)A :
Enopévac ABT + ABZ + HOK > AOM + MON + NOA = 4 opdéc.
Avtd gtvon dtomo, apod A]ABF + A]AEZ + HéK <4 opBéc. Apa, dev

umopei va givar AB < OA. Ouwg, éxet amoderyBel 6t1 dev umopei va gival
ovte kou AB = OA. Enopévag 0a eivar AB > AO.

Yyovetor topa o evBdypappo tunpa OP kdbeta mpog to eninedo
TOV KVUKAOL, 670 onpeio O, £T61 MoTE Vo, 15YDEL

OP? = AB? - AO?
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Ko pépovrtar T PA, PM, PN.
Apod n OP givon «dBetn
TPOog 10 €minedo Tov KOHKAOL, GYI-
potiCer opBég yovieg pe kabe pio
amo TG gvbeieg AO, MO, NO. Ta
opBoydvia tpiyove AOP , MOP ,
NOP éyovv tic kdBeteg mAevpéc
TOVG {0€¢ o mPog o, apo givot
ica, omote PA =PM =PN.
Axoro00mg, apov to Tpiymvo
AOP givar opBoymvio, Egove:

AP?=0A?*+ OP?* = Syiua 23B
= 0OA%+ AB? - AO? = AB2.

Opoimg to AB eivat ico pe kdBe éva and ta BI', AE, EZ, HO, OK, kot 10
PA ic0 mpog kabe éva and ta PM, PN. Enouévog kan kdbe éva amd ta
AB, BI', AE, EZ, HO, OK ¢ivai ico pe kébe éva and ta PA, PM, PN.

Y10 tpiyovo APM kot ABIT o1 mhevpéc AP, PM egival avtictoryo
{oeg mpog 11§ mAevpéc AB, BI', 6mwg ko 1 faon AM egivon ion mpog ™)

Baon AT. Emopévamg, o eivar APM = ABT . T tov 1610 Adyo Ba givan
MPN = AEZ xoau APN = HOK.

Apa katookevdoOnke oteped yovio pe kopven to P mov nepiéye-
o and T1g eninedeg yoviec APM , MPN , APN , o1 omoieg givor avri-

ooty ioeg mpog Tig eminedec yovieg ABI', AEZ , HOK .
0.6.m.

Anfppa r
To evOvypappo tunua OP,
umopei va Aneblei étel ote va,
1oyber: , , >
OP’ = AB* - A0".

Amdoaitn
‘Exovtog 611 AB > AO, pe 614- 2o 23.y
uetpo AB ypaeeton MuIKOKAO, GTO
omoio pmopel va Anedel yopon Al = AO, apod n AO dev givor peyarite-
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pn g dapéTpov. Pépovpe kar v I'B.

H yovio AT'B eivan eyyeypoppévn oto nuucokio AI'B, édpa eivor
opB7 ko emopévog AB® = AT? + BI'2. Apa 0o givar kon B[ = AB? — AT
Agov givar AT = AO, 0o 1oydet B['? = AB? — AO% AauBdévovtag Aowmdv
OP = BT, égovpe OP? = AB® — AO?.

Hopaztipnon. (H anddeitn g mpdroonc 23 ot E101KEC TEPITTMGCELS).

(o) Av 10 Kévipo O 10V TEPIYEYPOUUEVOD KDKAOD PpIoKeETOl TAV®
g€ uio. omo TS mAEVPES Tov Tprywvov AMN, wy. oy mlevpd
MN, tote kou wak Oo 1oyver AB > AO.

[pdypati, og vroBécovpe TpdTa
ot pmopet va woyvet AB = AO. Tote Oa
&ovpe MN = 2A0. Apod opmg sivon
MN= AZ xou AO = AB =EA =EZ, ct0
tpiymvo AEZ Ba 1oyver AZ = AE + EZ,
oL givar advvatov. Aev pnopet Aomdv
va, éyovpe AB = AO.

INa tovg dovg Adyovg, av cup-
Baiver AB < AO, Ba mpoxvyel 1 oyéon
AZ > AE + EZ, wov givor kot T 0d0-
Vato.

Apa, mévtote &yovue: AB > AO, Zyniua 230
omote vyovovtag v OP kdbet oto
eninedo 1oV KOKAOV Kat £T01 GoTe va 1oyder OP? = AB? — OA?, ptévoupe
TNV GOVOEST TOV TPOPANLOTOG.

B) Av o xévipo O tov mEpryeypoLEVOD KOKAOD O¢ Ppioketon oTo0 &-
owTePLKo 10V TPLyvov AMN, tote kou woii Oa 1oyver AB > AO.

[pdypati, ac vrobécovpe TpdTa
ot umopet va 1oyvet AB = AO. Torte, ta
tpiyova ABIT kou AMO egivon ioa, 0nmg
kot ta tpiyova AEZ kor ANO.

Enopévmg éxovpe:

ABI' = MOA xov AEZ = AON, and
T1G omoieg TPOKVTTEL OTL

ABI' + AEZ = MON , yovia 1 oroia

Zynuo. 23e
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BéPara etvarn ion mpog ™ yovie HOK . 'Etot ptdvovpe ot o6t ta

ABI' + AEZ = HBK , mov odnyei oe dtomo. Emopévag dev pmopet va
wyver AB = AO.

Av vroBécoupe 011 1oyvel AB < AO, 101¢ g EMYEPNUOTO TOPO-
poo Pe autd TG Kupimg amdoelEng (dniadn| Le xp1ion OUOI®V TPLYOVOV)
UTOPOVLLE VO KOTOANEOVUE OTMOG TPV GE ATOTO.

Zx6Aio. Kataokeun tpLédpou
pe xphHon avantiypatog

Mo (cvvtoudtepn) KATAOKELN TPLESPOV, OV KIVEITAL OTO 10l
mhaiow pe avtd g mpdtaong 23, pumopel va yivel g eENg:

Me dedopéveg Tic eninedeg ywvieg o, B, ¥, Yo TIG 0oieg 10YDOVV 01
oxéoeic: o + B+ vy <4 opbég, B < a + vy ka1 vroBétovtag 6TL M P elvon M
UEYLOTY], KOTOOKEVALOVLE TIC YOViEG TPMTO d10d0yIKES Le kKopuer O Kot
pe m oepd o, P, y Ko katdmy enikevrpes. Adym g ocuvOnkng at+P+y<
<4 opBég, oev emkalvmteTon 1) TEPLPEPELa (PAEme oynqua 23.1).

)

2o 23.1

Koataockevaloviag A; kot A; ®@ote o1 yopdéc AA; kot AA; va &i-
val avtiotoyo kdbeteg otig aktiveg OB ka1 O, pmwopei va. amwoderydei
otL ot AA; ko AA; tépvovton og éva onpeio K evtog tov khkiov, dSniadn
OK < OB.

Yydvovtag kafem KT oto eninedo, étot dote KE? = OB? — OK?,
mpoxvmtel n tpiedpn O. XBI, mov pmopel vo amodeyBetl otL givan m -
TOOUEVT).
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[potaon 24 (XI. 24)
Av éva eéaedpo mepiéyetar petal wapdiiniwv ava 060 emimé-
OV, TOTE 01 ATEVAVTI EOPES TOV EIVAL TAPAIINAOYpouua. ioa.

Anodailn

Ag Bewpnoovpe oteped (e£Gedpo) mov mepucheietarl amd To {evyn
mopaiiniov emmédov (P, = ABITA, P," = A'BT'A’), (P, = ABB'A’,
P, =TAAT") xon (P3= BIT'B", P3" = AAA’A’). Oa amodeiovpie 0T
01 aEVOVTL £OPEG TOV OTEPEOD tvar TapaAINAdYpappe, netald toug ica.

A

O1 topég v emmédwv Py, Py pe 10 P, Ba sivon moapdiinieg (mpo-
taon16), onradn AB // A'B’. Opoiwg ot topég tov P3, P3” pe 10 P, Oa
glvan mopdiinieg, Sniadn AA’// BB'. Emopévmg 1o tetpdmicvpo ABBA’
givar TapoOAANAOYPOLLULO.

Me tov 1010 akpidg TpoOTo amodekvdeTaL OTL KOl Ol VITOAOITEG £-
dpeG TOL GTEPEOD EIVOL TAPUAANAGYPOLLLLOL.

E&aAlov or yoviec BAA, B'A'A"  éyovv mievpéc mopdiinhec,
apa givar ioeg (mpotaon 15). Ta tpiyova Aowwdév ABA, A'B'A’ givan (o0,

apov 1oyvovy ot oyéoelc AB = A'B", AA = A'A" xouu BAA = B'A'A’
(mpotaon 1. 4).

Oumg to maparinioypappo ABIA givor SimAdclo Tov Tpy®@vou
ABA xor 10 mopoAnAoypoupo A'BTA’, dimhdoio Ttov TPLy®dvou
A'B'A’. Apa kot to taparinAoypappa ABIA, A'B'T A" elvau ioa.

Opoilmg amodevVETAL OTL KOl 01 VTTOAOUTEG £0PEG TOL GTEPEDD i~
vat {oeg.

6.£.0.
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Hapaznpnon

210 Zroryeio Tov Eukdeidon n dwotdmmon g mpdtaong 24 ovopé-
peTOL Og VYO0 oTEPED Ko Oyt o€ €Ededpo. TIpopavmg, kTt T€T010 dev
umopel va 1oyvet xwpig dievkpivicels, m.y. o€ Tpicpo pe PACEL KAVOVIKA
eEaymva.

E&dAdov, Ommg €ytve pavepd amd TNV omddeEn mTov TponynonKe,
LE TOV 0PO 1GOTHTO TWV ATEVAVTL E0pV E0M EVVOOVUE Oyl LOVO 1oepuPfadt-
K6 0AAGL KOL CUUTTMOGLLOL GYTLLOLTOL.

[pétaon 25 (XI. 25) A,
Av éva mopalinieninedo Tun- K
Osi omé  eminedo mopdlinio tL A

TPOS OVO ATEVAVTL EOPES TOV,
TOTE TO OVO TAPAIINAETITESOL

o7, 0T0l0. O10IPEITAL TO APYIKO A, =
givar  avdioya twv fdoswv
TOVG, OV 0pPIovTal TAVW O6E Aj A -
1
Kdmola diiny E6pa Tov apyikod. Al
N B M
v
Amodaién = -
®cwpovpe o tou KAMN
I ’ \'
mopaAANAn ot Paoelg AiBilhA, A n
A"1B"1I"1A"; evog maporiniemmédov. A .
1 1

Acg ovpporicovpe pe V, V' 1a
mopaiinieninedo KAMN — A;BiIA;, Ay
kor KAMN — A" B IA"; avrictoyo.
Téte apkel vo, dei&ovpe OTL:

vV _ (KAAN)

V' (KAAN) Al

As

[Have otig nuevbeieg KA, NA Y
Bempovpe ta A oto TA00G ioa petagy
tovg evBiypappa Tufpote KA;, AjA,,
A2A3, ey Ak-l Ax Kot NA]_, AlAz, an’lua 25
Aoz, ..., My, avticToya Emiong,
mvo otic nevdeieg KA, NA' ta p ioa tuqpoata KA, AA;", Aj'Ay, ...,
A’ ATy ko NAy, AA S, A Ay L Ay avtioTorya.
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Ta mapordnieninedo pe mopamnievpeg akpég ta tuqpote KA,
A1As, AjAs, ..., Aj Ay kot Baoelg ioeg pe v KAMN  givan ioa pe to
V, evod 1o moporinienineda pe mopdmigvpes axpés KA;", AA',,
Ay Az, ... ATaA ko Baoeig togg pe Ty KAMN eivan ico pe to V.
IMopatpodpe axkdun 6TL 1GYVOVY 01 GLVERAYWOYEG:
A (KAlAlN) > o8 (KAerer) =
= (KAAN) > (KA, A'N) =
= KA, >KA,/ ' =A-V>p -V’ D
Opoimg
A (KAlAl N) < 58 (KAerllN) =
=LA V<p-V I
Ko
A (KAlAlN) =H (KAerer) =
=\ V=pV (I11)
Ondte, cOUE®VA UE TOV 0pIcd 160TNTaG AOY®V Katd Tov Evdoto
(V. opiopog 5), Oa éyovpe:
vV _ (KAAN)
V'~ (KAJAN) Al A

8.£.0.

Hapathypyon
Ot ovvenaywyéc 1, 11, 1II g npdta-
ong 25 (X1.25) mpoxdnTOLY AV TAV® GTIC Ay
nuevbeieg KA, , NA, mapovue tunuato
KA",= KA’ , NA”,= NA", oavrtictoya,
omoTE A, A,
(KA, A"N)=(KA,/A/N) «Am

Zynuo. 250

IIpotaon 26 (XI. 26)
Havew o€ docuévy evbsia kou ue Eva onueio TS WS KOPLPI va.
KAaTAOKEVAOTEL 6TEPED. YOvia (TPiedpnm), ion ue docuévy oreped
ywvia.

Anodaln
Aivovtar  nuevbeion AX kor n Tpiedpn Ai.X1Y1Z1. Oswpodue Tv-
yoio onueio Ay ™g Aiz; kot v TtpoPforn tov A’y 670 Eninedo X1A1Y.
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Zynuo. 26

A

A
Kartaokevdlovpe yovia xAy ion pe v x,A,y, Kot tédve oto emi-

nedo XAy ) yovia XAt ion pe v X,AA], étol dote ot Ay, At va é-
YOLV MG TTPog TNV AX TNV 101a 0€om oL €xovv ot A1y, A1A;” ®g Tpog TV
AsXy (mpdtaon 1. 23). [Tave omv nuevbeia At Bewpovpe to onueio Z',
Tét010 Mote AA™= AjA’1 xou to Tpuque A'A = A;"A; kdBeto oto emimedo
XAY (npoétaon 12). 'Ectw Az n nevbeia pe apyn A mov mepiéyetl to A.
®a dei&ovpe 0TL 1| oTEPEd YOvia A.XYZ glvar ion pe TV A1.X1Y1Z;.

ITave otigc AX, AiXi Bsmpodpe ta onpeio B, By avtiotoiywg étot
wote AB = A1B; . [lpopavag n A1A’; givanr kaBet otig A;"Ag, A1'By
ko AA” kéBetn otic A'A, A'B.

Ta tpiyova AjB1A;" kot ABA™ éyouv A1B; = AB, AjA;" = AA’

koar B,A A} = BAA'. Apa givar {oa (pdtoon 1. 4), ondte
A]_'Bl =A’'B. (1)

Ta opBoydvia tpiyova Aowmov AjA;'B; , AA'B €yovv tic kdbeteg
mAgvpég Toug foeg o wpog piar (B1A;'= BA™, AjA;'= AA"). Apa givon
ico, omoTE

BlAl =BA (2)

Opoimg ta opBoydvia tpiyeve AjA1A1°, AAA™ éxouv Tic kdBeTeg
TAELPEG TOVG 1oeg o Tpog pia (AjA;'= AA” , AJA;" = AA"). Apa givon
ico, omoTE

AlAl =AA (3)
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Amo s oyéoeis (1), (2), (3) mpoxvmrer 1) wwdm T TOV TPLYyOVEOY A1B1A;

kot ABA (éyovv tpeig mhevpéc ioeg a mpog pio). Apa B, A A, = BAA.
Evtelmg avdroyo, av AdPovue vmoyn pog OTL KOl Ol YOVIEG

AlA)y, , A'Ay givar iogg (og aBpoiopata 1 S1popés icwv yovidv) Ko
Bswpnoovpe mhvo otig Ay, Ary: ta onueia I, Iy, étor owote Al = Ajly,

A A
pmopovpe va deitovpe ot I'A A, =TAA.
O tpiedpeg Aomdv mepiéyovion and eninedeg yovieg ioeg Kot opoi-
¢ keilpeveg, omodte Oa eivar ioec.
6.£.0.

Mpétaocn 27 (XI. 27)
Me doouévy axun va KatacKkevaoTel moPaliNleninedo opolo Kal
OUOIWGS KEIUEVO TTPOS OOCUEVO TLAPAIINAETITEDO.

Amooain
Aidovtor To Tupo AB kot To mapoadinieninedo
A1B1F1A1 - Alr Blr Flr Alr.
®éhovpe vo kataokevdoovpe mapaiinieninedo ABI'A — A'BT A’
OLL010 KOl OLLOIME KEILEVO TTPOC TO dOGUEVO.

2o 27

2Oupova e v Tpotacn 26, LTopolLLE VO KOTACKEVACOVLLE Tpie-
opn yovia A.Bxy ion pe v A1.B1A;"A;, tétoln dote:

BAx = BA A/ (0)
XAy =AA A, B),

kaw  BA A, = BAy (7).
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[Téve omv AX opilovpe to onueio A’, étol dote

Al1B1 AB
= D (1)
AlA1  AA
(mpopavag To AA” hapupdvetal oG TETAPTN avaA0yog TV guBhypaUI®mY
Tunudtov A1Bi, A1A;°, AB).
2 ovvéyewn Tave oty Ay opilovpe opoimg to onpelo A, étol wote
AA  AA’
Pt i S il (2)
AA  AA

Amo TG oxéoeic (1), (2) ue epappoyn tng wiotnTeg "ot icov" (npod-
taon V. 22) 1, pe onuepvods 0povg, TOAAATAAGIALOVTOS KOTE UEAN,
TPOKVITTEL

A B, _AB

SR 3
AA  AA ®)

OempovLEe TO TOPUAANAETITESO LE TPELG GUVTPEXOVGES OKUEG AB,
AA’, AA, éotm to ABTA — A'BT'A’. And 115 oyéoeig (a), (1) mpokd-
TTEL N opoldtNTa TV Topaiinioypappov ABBA', A;BiB;"A;". Opoimg
ano g (B) , (2) n opodNTa TOV AAA’A", AjA1ATT A ko amd Tig (),
(3) n opowdTO TOV ABI'A, A1B1I1A; .

Emopévag kot ta {gbyn tov icmv mTpog auTég amévavtt 5pav gival
emiong oot kot opoig keipeva mapoAAnAoypappa. To moapal-
AnAeninedo Aowmov ABI'A — A'BT’A”  givon 6poto kot opoimg Keipevo
TPOC TO SOGUEVO.

G.£.0.

5. Zyo6Mo TAvVO 6TIS TPLEdPES YOVieg
5.1. Kpum)pro 100t Tas TPLESPOV YOVIAV.

Q¢ 1piedpn oteped yovia Bewpnoape to "oyfua’ TOV YOPOL TOL
TPOKVOTTEL O TPELG PN cvverimedeg Nuevbeieg (OX, Oy, OZ) kowng ap-
s O. Kopua atoyyeio g tpiedpng otepeds yoviag ival ol Tpelg emine-

dec yovieg g (xOy, yOz, zOx) «xor ot Tpelg diedpeg ywvieg g
(@, B, 7).
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V4

(x—Oz—y)[A3<—>]A3(x(A)y)

B
(y-Ox-z)qA(eIA“(y(ADZ) T a__y
O Py ~
A A A A\ B Y
(z-0y-Xx) a < A(XOZ)
X
Zynuo. 5.1

Ytc tpiedpeg otTePEg YWViES
umopel va amoderydel 611 o1 eminedeg
yovieg &xovv TV 1010 oelpd. peyEBovg e TIG amévavTt diedpeg Ywvies Kot
avToTpows. 'Etot, ta kupla ototyeia g tpiedpng kabopilovron Kot do-
Tdocovtol "UETPIKE" 0TO YMPO ava dVO.

Meta&d Tov onueiov Kot Tov gubeldv 610 eninedo VIAPYEL Lo o-
VTIGTO{YNOY 7oL CNUEP KATAVOEITAL (O¢ dvikoTNTA. AV 0€ Kdbe TPO-
Taon N 6€ Kabe oynuo evarlayodv ol AéEeig "onueio” ko "evbeia”, "kel-
Tou" xon "otépyeran”, "téuvovrar” kan "evvoéovrou pe" KA., TPOKOTTEL L1l
véa "mpotoon” 1 éva véo "oynua, mov KaAEiTol dvikn | OviKO TOL apPyL-
koV. 'Etot m.y. 10 a&lopa "dvo onucio ovvoéovrar ue uia povadixy evleio”
&xel g OViKd to "alopa" "dvo svbeics Téuvoviar oe Eva. HOVOOIKO OHUEL-
0" Kol avTIeTPOPM®G,.

[Mopduotla kot TV petdfoacn 6To y®Po Kot TAtl ot AEEelg "onuei-

"non ) )

0", "kopopn", "evBoypoyo tunua”, "tievpd" xon "enimedog yowvia", avti-
otorovv ue "svbeia”, "axun", "eninedos ywvia", "édpa” xar "diedpog yw-
vio" KA.

"Etot, peta&o tpiedpng otepeds ymviog Kol Tprydvov, [e ¥pon Kot
g OLIKOTNTOG SNUOVPYEITAL W10 EVVOLOAOYIKT] GLUGYETION.

TPII'QNO ABI' TPIEAPH I'QNIA O.ABI

mievpd AB eninedn yovia AOB

eninedn yovia AI'B diedpn yovia A - OT - B
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Kat’ avtd tov 1poémo pia oxéon 16otntag 600 TplEdpov Tov Ko-
Bopiletarl amd To aAANAOEEAPTAOUEVO KVUPLOL GTOLXELD TV dV0 TPESPOV,
pmopet vo cuoyeticbel evvolodloyikd kot va "avokoAvedel" amd ta kpiti-
pla 16oTNTOG OV0 TPLYDVAY, apkel vo Eexabopiotel TOGO Kot Ol GTOl-
¥€la aprobV Yo Tov TANPT Kabopiopd pag Tpiedpng.

12 12 18

Zynuo. 5.2
* T 000 piywve tov oyfuorog 5.2 gxovv 0vo mhevpés ue uetpo. 12 kou 18
HLOVOOES.
1 18 27 ALAA
*  Elvoi duoio, apod — = E = E =15 onote w =1 ,p = A, kou

A A
0 = B alla o1 ywvieg dev Eyovv v idio. didzaln (dev eivau ioeg "uia

zpog pia".

Axopa, €vvoleg OTMG mapomAnpmwuotiky ywvio, PTopodV Vo, ENe-
KTo0o0V 6TO X(DPo, ondTE Ol eMimedeg ywvieg (oG Tpiedpng yivovron die-
OpEG TNC TOPOTANPOUATIKNG TNG. Telkd, amd To OE@pLOTO KATOTKEVTG
pog tpiedpng amd Ta otoryeio TG, TPOKLTTEL OTL glval duvatdv pe €En
docuéva Kouplo atotyeio, 1 Tpiedpn mov KaTaokeLAlETOL VO UV Eivor po-
vadikn. Avtd dev TPEMEL VO PAVEL TTEPIEPYO, OTOV OKOLO KO 1) KOTOGKELT
€VOG TPLY®VOL amtd TEVTE doouéva oTol el umopel va punv etvar povodt-
K1, av ANeOoVV vITOYN aTAUTAGELS SIATOENG TV GTOLYEIDV KOl TPOGOVAL-
TOAIGHOV GTO €Mimedo.

Mo mv anddeién g un povadikng tpiedpne amd to €51 KHpla
ototyeia yivetal enikAnon g Katd Kopuen Tpiedpng.
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O1 600 Kot KopvEN TPiEdPEG EYOLV:
xOy =x'0y', yOz=y0z, zOx =z0x" ko
X-0y-z=x-0y-7’
y-0z-x=y'-0z"-X’
Z-Ox-y=2"-0x"-y’
Oum¢ umopet va etvar 10€g 1] GUUUETPIKEG,.
(Mmopei vo. amoderyfel 6t yivovtal ioeg (: ouunTOoIUES) OTAY dVO
eminedeg ywvieg Tovg etvat i0€G: 100GKEANG TPledpN Yovia).

Zynuo. 5.3

7-0x-y=2-0y-X, x0y = x'0y’

Z-0Ox-y=z-0y-X xOy = x0y’

Tehkd, To. Kproplol 166TNTOG 600 TPLEGP®V JLOUOPPMOVOVTOL OG EENG:

* Edv 600 tpiedpeg yovieg Egovv pia £dpa ion Kot TIG TPOoKEiIE-
veg 67 oty diedpeg avd pia ioeg, TdTe aVTEC givor ioeg 1 cvp-
LETPIKES

* Edv 600 1piedpeg &govv 000 eminmedeg yovieg ioeg pio mpog pia
Kol TIC TEPLEXOUEVEG OE aTEG diedpeg avtioTorya ioeg, TOTE -
TéG elval 10€g 1 CLUETPIKEG.

* Edv 800 tpiedpeg yoviec €xovv TIC eminedec yovieg ToVg i6€G
pia wpog pio, TOTE AVTEG Elvan i0€G 1) GLUUETPIKE,.
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¢ Edv 000 1piedpec yovieg £xovv Tig diedpeg ymvieg Tovg ioeg pio
TPOG pio, T0TE aVTEG eivan i0€g 1| CUUUETPIKES ((OPMG TpiywVa
pe 3 yovieg ioec glvat ica 1 dpowa).

Amd v mopdbeon amoteleCUATOV TOL TPONYNONKE UTOPOVLLE
va amoeavlovpe 6Tl 800 Tpiedpeg oTEPEES YWVIES e TIG EMIMESES YWVIES
Tovg ioeg Kot opoimg Keipeveg etvar ioeg, ONANOT GOURTAGIUES, OTMOC
aKxpidg emtdocovv ot opicpoi 9 kot 10 Tov Biiiov XI.

5.2 Katd kopvpnjv Tpicdpeg ymvieg

a) H évvola g 106ttag 600 tpiEdpwv cLUTInTEL «droncOnTId»
HE TNV avOpdTIVT SuVATOTNTO TAVTIGNG TOVG,.

Onwg mpokimtel amd v Tpotacn 22, Tpelg Avices eninedes Yovies
TANPOVV TIG TPOUTOOEGELG KATAGKELNC HIOG TPIEDPNC YOVIOG OTOV:

i) KkoBeud givor pkpdtepn omd o Abpoicpa TV V0 GAA®Y Kot

il) to aBpotopd tovg givon pukpdTeEPO 0o 4 ophéc.

Orav xatackevdoovpe tpiedpn yovie O.ABIT and tpeig doopéveg
€0peg (emimedeg yovieg) OAB, OBI kot OAT’, kot mpoekteivovple Tig aKpEG
g, Ppickovpe kat TV Katd Kopueny g tpiedpn yovia O.A'BT" (Zyqua
5.4). Zta "Zrorypeia" opmg M tpiedpn kobopiletar avotnpd omd TG £0peg
7ov TV wEPIPdALovy, ol omoieg givar tpiywva. [poryodvror dniadn &Ev-
VOleG, OTMG KATE KOPLPIV, TOPOTANPOUATIKES K.AT.
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O1 Yo tpiedpeg Aowmdv mov TPoLKLYaV, £0VV iceg £0peg Kot GG
Oiedpeg, oALG eivon dviceg, pe v évvola OTL OEV UTOPOLV VO, HETO-
Kwnbobv pécw pag "otepeds” Kivnong kol va yivouv cuoprtdotpes. Oa
emyelpnOel pio emomTikn dlepediviion Tov TPOTOL Kivnong Kot Tng ov-
LTTOONG.

B) Emed] o mapoatmpntig Ppioketal oto ydpo, pmopel va Oempel
axivnn v tpiedpn O.ABI kot va kwvel v O.A'BT yia va, eAéyEetl av
ovumintel pe v 60bsica otabepn tpiedpn. Yrdpyovv dpwg, o€ avtiBeon
UE To, TPOPAN LT 0TO EMiMEdO, TOAAEG SVVATOTNTEG VOl YIVEL OUTH 1) OTE-
ped kivnomn o1o Yhpo.

Zrpépovtag my. ™ yovia OAB’ katd 180°, dote va cvunécel

He v OAB , N OI'" mepvd amd Tov NUIYdPO Tov PPIoKOTAV O TPOG TO
eminedo A'B’OAB otov nuiyopo mov Ppiocketonn O (Zy. 5.4).

To av n OI'" Ba cvpnéoer 1 Oyt pe v O e&aptdral and 10 av M
yapa&n pog nuevbeiag and to O mov va oynuatifel doouéveg yovieg pe
T1g OA xo1 OB givor povadikn o6to ympo.

Olec o1 muievbeieg mov
oynuotiCouv pe v OA yovia ion

pe v A6F Bpiokovioan mavo
oTNV EMEAveLD EVOG KOVOL UE G-
Eova OA (Zyx. 5.5).

Opoimg, ot muievbeieg mov
oynuatitoov pe v OB yovia ion

ue ™ B(A)F Bpiokovial méve otnv
EMEAVELD. €VOG KOVOL pe GEova
OB.

Ot 600 K®VOL TEPVOVTOL KAT
dvo gvbeieg OK; kot OKy, apov

AOI' + BOTI' > AOB.

'Etot, amod Tig €dpeg AOTT ko

BOI' oymuatiCovtal 600 tpiedpeg, 2ynpa 5.5

ot O.AK;B xot 1 O.AK;B, ondte 1

akpun O ¢ katd kopvenv Tpiedpng dev cvumintel pe v axun O
™G APYIKTG.
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2nyucioon

To eninedo mov diépyetan and v AB kot tépvel tovg 600 KhvVovg
Kot eAAelyelc, ypnoipononke yio exomtikovg Adyovs. H mAnpng pe-
AETN TOL TPOPANUOTOS OTOLTEL TN YPNOTN HETOCYNUOTICUDV GTO XDPO,
KTl oV ypnolomnoinoe cvotnuatikd o Euler ot pedétn g xivnong
&vOG OTEPEOD CAOUATOG,.

v) Zm ovvéyewn Ba vrodeyBel pia dudkacio Tov enekteivel 6To
Y®PO TN S10d1KOGi0 Yo TNV COUTTMOON GTO €RNiNEdO 6V TPIYOVAOV LE ioa
Cevyn opdloywv mAgvpdv Kot mov Oevkpwiler T dvvardOTnTO GVOU-
TTOONG 000 KOTA KOPLPNV IGOCKELDY TPLESPOV.

dépovpe ™ dyoToU0 XY TV Katd Kopuen edpdv OAB ka1t OA'B’
ko enimedo (IT) kabeto oto eminedo tv edpav OAB, OA'B’, mov va 10
TépveL katd v Xy (Zyx. 5.6). H tpitn axpn O ko ) Tpoéktacn g Ppi-
okovtal 6€ dVo dtapopeTikovg nuydpovg (IT) - B kat (I1) - B” avtictoyo
(av n axpn I'OI Bprokdtav ent tov (I1), n tpiedpn Ba NTav 160GKEANS).

Ddépovpe v evbeia z kabe
oto (II) oto onueio O. Av otpé-

yoovue ™ yovio OA'B" katd 180°
610 XOpo YOpw amd tov d&ova (z,
®ote M nuevbeio OA” va coumécel
pe v OB kow n OB” pe v OA,
totE M 0T0bEPT| Katd Béom (oTO Y-
po) OI'" Ba EovaPpedel otov id10
nuyopo (IT) - B” mwov ftav apyucd.
‘Etol, 1 OI'y” mov amoteAel ) véa
0éon g OI', d¢ cvumintel pe v
OI', agov Ppickovtal ce 6v0 do-
(OPETIKOVS NULYDPOVG.

Oo mopotnprcovpe OTL P
avaloyn dodikacioc oto  eninedo Zynua 5.6
odnyel mhvto oty TawTion 6o Tpi-
YOVOV OV £YOVV TIG TPELS TAEVPES TOVG avtioTolya ioeg (Ywpig vo Aapt-
Bavovtal vToyY”n amaTGEIS TPOGUVOTOAMGHOD). Edd dumg ypetaleton va
Byodue é€m amd To emimedo Yo va avomTuybel 1 TawTion otov mEPPAA-
AovTa yodpo.
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6. Métpnon mopoiiniemmEd v
KOl TPLYOVIKOV TPLGRATOV

H ovykpion tov guddypappov oynudtov oto eninedo evtdooetal
670 AoYKo oxnuo: leotnta — oporotyTa — epfladov.

Oupovo pe out v KAdkwmor, étav 0o oxfuote ogv gival oo-
UTTOGO, UTopel vor givar Opota Kot 0T OgV EUTIMTOVY GTIC OTOLTOELS
™G OUOOTNTOG, UTOPOVV VO GLYKPLHOUV MG TTPOG TIV EMUPAVELL TTOV TTEPL-
KAgiovv. H opBomTo avtig g emhoyng Sikoudvetol amd avtd Tov orLe-
pa gtvar yvooto og 10 "aroiyeimdes e Gewpiog tov eufodod atny exineon
Tswuetpia, ko mov omodeiydnke pog oto téhog tov 19” ardva.

H oyetikn Bempio Bepedverol Kol avamTOCOETOL EXTVYDS OTA
Bra I kon IT tev Zroiysiov. H enéktaom kot avamtuén Tov avticTtolyov
GYNUOTOG GTO YDPO, CLUTEPIAALPAVOVTOS TNV £VVOLL 6YPKOG, TAPOLGLALEL
avunépPAntec dvokoiies. Opmg, ov mePLopIoTOVUE O TAPOAANAETITEDQ,
avamTOGGETOL Lo IKavoromTiky Bewpia, oe mANPT avoloyia [e TO emine-
00. AVTO akpPOC Elval Kol TO AVTIKEIUEVO TV TPOoTacewv 28 péypt 39.
e ouTd To TANIoLO 1] 10OTNTO OTEPEDV, OTAY OEV €Vl GOUTTMOT), EVVOEL-
ToL O¢ 16oTNTA OyKV, dniadn "teodvvapia”. 'Etol amodeikvietal 6Tt "O
Aoyog (v oykwv) 000 ouoiwv mapallnieminédwy givor o kKOLog Tov Ao-
yov ouoiotyrog” (mpotoon 33), dnwg kot 0Tl "2e dvo ioa (iowv Oykwv)
wopodinienineda o1 faoels eivor aviioTpopws ovaloyes Twv vyav" (Tpod-
taon 34).

Me onpepwvi| oporoyia 6 aT TN S1THTOOT] EUTAEKOVTOL TO. LLEYED
"unrog”, "euPodov”, "oykog”, mov oyetilovron pe evbvypapo TURHOTO, ETTi-
7edo, Kol oteped oynuato avtiotoryo. Télog, mpémel vo onueimbel | omov-
olo. cuUTEPOCUATOV TTOL amoTeEhOVY orjuepa "dueon" yvdon o mPocey-
YIOEIG OV EMKEVTPAOVOVTAL OTI UETPNOT), OTTMG T.Y. OTL GE £VOL TOPUAANAE-
miwedo to yopevo eufadov Paong kot Vyovug etvar otafepod.

IMa va yivel katovonti 1 SLTPAYUATEVCT) TOV EVVOLMV GTIC TTPO-
Téoglg mov akoAovBohv Bo TPEmMEL VO KAVOLUE [0l COVTOUT ovadpoun
OTOV TPOTO YEPIGUOL TOV gUPadol TV evfdYpapUmy eTiTed®V oyNUd-
tov. O anapyés pog ovvBeTikng avantuéng g Bewpiag Tov Eppadod
yio To, emineda oynuoto Bpickovratl 1o oto Pirio I tav Zroryeiwv (uetd
v npdtaon 35). Exel cvykpivovion maporlinidypoppa pe v idwa Bdon
Kol ico VYN Kot akolovBeital (Le oOyypovn oporoyia) 1 e&ng dodikacia,
OOV €VTOG TOPEVOEGENS GNUELOVOVTOL TA YWPI0 TOV EMUTEOOV TOV LTTO-
OMNA®VOVV T AVTICTOL O YPOLLLOTOL.
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7 A E r z E A r
(T)
0
A B A B
a4 2o B

2V tpdn mepintwon (Zy.A)

I1, = (ABT'A), IT, = (ABEZ)

T =(ABEA), T,=(ZAA)
T, = (ETB)

IL,=T,+T

Hz = Tg + T,

Ouwg, tpiyovo (ZAA) =
= tpiyovo (EI'B),

omote T1 =Ty, ko €tor I =11,

X1t dgbtepn mepintwon (Zy. B)

I, = (ABT'A), T =(EAO),

T,=(EIB), T'=(AOB)
T,=(ZAA), II,=(ABEZ)
L+T=T,+T,

Hz +T= Tz +T

Opaog, tpiyovo (EI'B) =
= 1plyovo (ZAA),

ontote Ty = Ty, ko étol I =11,

Ta, o whvew vrodekvhovy OTL T0 EUPadOV UTOPOVLLE VO TO XELPL-

oBovpue wg péyebog, omOUL:

(0) Toa oynuoto Exovv ica epPada.

(B) To euPadov eivar Betcd kot mpochetikd pe v e&ng Evvou:
Ortav éva oyfuo SIpePIoTEl KaTd 0modekTo TPOTO, TO EUPUOOV
TOL GYNUOTOG TPOKVTEL MG TO AOPOIGUN TV EUPAUSMOV TV OYI-

UAT®V NG SloUEPIONC.

H apyn (B) Aettobpynoe oty mepintmon mov PO TOPOVGLAGTIKE

ue 800 TPOTOLG:

(B1) loodioywpioua yowpia,

omov to {nrovuevo euPfadov mpo-
éxoye omd  dBpowopo  eppadmv
iowv oynudtov (Zy. A)

(B2) looovurinpaoiuo. ywpia,

omov 1o {nrodpevo euPadov mpoé-
KOWE AoV TO CYNUO. CUUTANPO-
Onke, ®oTE Vo TPOKOYEL AOpOICHOL
towv oynudrtov (Xy. B)
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O1 dodkacieg (o) kot (B) umopodv e Tig avaykoieg mapadoysg va
enektafodv oe (Kuptd) TOALVYOVIKE y®pia, 0TdTE 00NYOVV GE TOADY®VOL
100010} PICILE KOl GE TOADY®OVO 1GOCLUTANPAOCIUN. XPNOLOTOIOVTOG
TPLYOVOTOMWOELS Kot TNV apyn Tov Apywmdn-Evddo&ov, pmopel va amd-
detyOel OTL Ta 1G0OYOPICILO XOPI0 EIVOL IGOGVUTANPMCILO KOl OVTL-
OTPOPWG,.

H petdfaon ot pétpnon omoitel TNy KOTUOKELT WOG OVVAPTHONS
gufoocod. H 1déa yuo v Kotookewn g Ppioketar otov opioud tov gufo-
800 TpOTO GTO TPIYOVO Kol KATOTY TNV €mékTacT (Tpocbetikd) oto ToAv-
YoViKd yopio, péom Tprymvoromoewy. Ilpdypatt, autd emtuyydveton mo-
POTNPOVTAG OTL GE £VOL TPLY®VO TO YIVOUEVO UI0G TAEVPAG KoLl TOV OVTi-
oTOYOL G’ aVTAY VWYoug &ivarl aveEaptnto omd TN Oempovuevn TAELPA.
Torte opilovpe to euPaddv ota Tpiyva HES® TOL YVOOTOD THTTOL:

. 1 .. ,
eupadéy = = (Baom) - (dyog).

Mmropovpe €161 va, vtoloyicovpe To eUPadOV EVOG TOAVYDOVOL ®G
70 GOpoicpa TOV EUPASDOV TOV TPIYOVOV UING TPIY®VOTOINoTS, apov Bé-
Bowa amoderyBel 0TL elvan aveEdpTnTo amd TV TPLy®VOTOinGo).

H Bewpio Tov gupadod oto eminedo mOL AVOTTVCOETAL UE QVTOV
TOV TPOTO €Vl OTOLYEIOINS UE TNV aKOAOVOT évvola: AVo ToAvy®VIKA
yopia gival woepPadid axpifmg ToTe, av givol icodloympioa (dpa Kot
ICOGUUTANPOPIUR). ZE [0 OTAT, EVIVTOGLOKT (0AAL 16030vaun) SloTd-
nwon: losufadika moivywvika ywpio (xwpio ue 1o idto eufiadov) umopodv
vo. d1opeptoBodv otov 1010 apluo oV PIYOVHV.

H avantoén pog avtiotoyng Bempiog pétpnong oto ydpo mTapov-
o1dlel duokolieg kot TeEMKA amodeiydnke 6TL dev pmopel va vapEel 6Tol-
YEWWONG Bewpia dyKov 610 YDpo. Mia chvVOyT TG OANG KOTACTACTG EXEL
g NG

(1) Zto ovvBeTikd PEPOG TNG TPOGEYYIONGS, AVTIKOOIGTAVTOG TO TPi-
yovo, ue teTpdedpo amodeiydnke (to 1943 oamd tov Sylder) 6t 16o0v-
UTANPOGILO TOAVESPO. £IVOL KO 160010 ®OPICTLLAL.

(2) Ocov apopd o1V KATOGKELT] LG GLVAPTNONS OYKOL, aLTd &-

. , , . 1 .
mruyydveror opiloviag Tov OYKo GTO TETPAESPO MG TO 3 TOV YVOUEVOL

Tov gUPadol piag £0pag Kot TOL avTioToyov 6° avthiv Dyovug. Katomy,
eMeKTEIVETAL GTO TOADESPA LLE YPNOT| OLUUEPIGEDV GE TETPAESPQ.

(3) Avt N KoTOoKELT £XEL WG GLVETELD, TapaAlnAenineda (1] Kot
picpota) pe icovg dykovg vo gival 1oodympiotua Ouwmc, 0nmg omo-
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dewkvietar pe ypnon omotereopdtov tov M. Dehn, éva kavovikd tetpd-
€0po dev umopel vo eivar 1oodaywpicipo pe évo kKOPo tov idtov dykov.
(BAéme xan oyOAM0 petd v mpodTaot 39).

Emopévag, n Beopio pétpnong 610 y®PO TOL OVOTTOCOETAL KT
avTd TOV TPOTO OEV Elval OTOLXELDONG, TEPOV TV TTplopdtov. Mo o
GUGTNUATIKN LEAET amoTovvTal uéfodor eCaviinans N xpnon g opxns
tov Cavallieri (dnhadn anelpooTikdc AOYIGHOG).

To a&obavpacto éykettal oto yeyovodg 6t to XI Bifiio twv 2roi-
xeiwv (Tov STPOYUATEVETOL TN GVYKPLIOT| TOV TPICUATOV) CTOUNTO EKEL
aKpPdg mov amatteiton 1 aAlayn TV pebddmv, eved N weébodog s eéa-
viinong epapudletal oto Pipiio XII.

IIpotraon 28 (XI. 28)
Av mopoiinieminedo TuNOEl arxoé to emimedo To 0moio JIEpyETal
amo TIS OlOYMDVIEG OVO ATEVAVTI E0PMOV TOV, TOTE OLAUPEITAL GE
Jovo ioa (: 1600Vvaua) npicuara.

Amooain

Bewpolle TO TOPUAAN-
Aeminedbo ABI'A — A'BT'A’
Ko Tig dwydvieg AL, AT dvo
Baoewv tov. Ta mpicpata ABI'
- A'BT" xauw AAT — A'A'T’
etvar ioa, a@od ol €0pec TOLG
elvan (o Tpog pia iceg ko mo-
paAAnAeg N TowTiCOMEVEC.

Zynuo 28

Hapazipnon

O poérog g mpodTaong 28 eivor Bepelidong o 6,11 akoAovOel.

Onog tovicnke n Bewpio g oVYKPIONG TOV TOPAAANAETITES DV
KOl TOV TPICHATOV OVOTTUGGETAL G TANPT aviiotoryio pe v Bewpia
GUYKPLONG TOPUAANAOYPAUU®OV KOl TPLYDVOV 0o TO TpdTo PiAio, pE TO
EMTAEOV YEYOVOG TG GUOTNUOTIKNAG XPNONG OYECEMV OHOLOTNTOG KOl Ol
VOAOYL®V TOV 0T GUVETAYETOL.

Yy elcay@yikn mpotoon 28, éva mapaiinieninedo dwpeitar o
00 Tpryovikd mpicpota, OTmMG €va TopaAANAOypappo daipeitar (amd
pia dtrydvio) o€ 600 (ica) Tpiywva. Op®c, To TPIGLATO TOV TPOKVTTOVV,
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OVTOGC CUUUETPIKA, dev umopel va sivar ovurtwoiue. 'ETol 10 anotéhecuo
OV TTPOKLITEL OPEIAEL VO epUnveELDEl oTa TAaicla Tov BETeL 0 opiopdg 10
KOl LE OMUEPVONG Opovg Vo amodobel wg 1godvvauia, dNAAdT 160THTO
OyK@V.

O 1pdmOC pE TOV 0moio ePUPUOLETAL TO CLUUTEPOCUO EIVOL KOTOAD-
Tkog. Emtpémer o ovvBetikn mpocéyyion g Bempiag tov dykov, 6mmg
&yve Kot Ue 1o guPodoV Kot TEAKA TV OVTILETMOIOT TOL ®¢ peyéboug.

Me v mpotaocn 34 oloxkAnpaveratl n Oswpio yia ta Topoiinie-
Tmeda, apov Le xpnon g propel vo amodeydel 6t o€ Eva TopoAinie-
minedo 1o ywouevo g Paong Kot Tov HYOLS TOL AVTIGTOLKEL G° aVTY| &i-
val otafepod.

potaon 29 (XI. 29)
Av Vo mapaliniemineda Eyovy uia fdon Kowij, To 010 VYWog Kal
0l AKHES TOV JIEPYOVTAL AT TIG KOPVPES aUTHG THG Pdons Ka-
TaAfyovy oTIg id1Es evbsics, ToTE eivat ioa (: 1600Vvoua).

Améoailn

OeswpodUe TO TOPUAAN-
Aemineda ABI'A - A'BT'A” ko
ABI'A - A”B"T"”A”, mov wo-
VOTOoOV  TIC TPOUTODESEIS TOL
Beopiuotog. Tote amd ta mo-
poMnAdypoppo. ABB'A” ko
ABB"A"" &yovpe:
A'B"'=AB=A"B" (1.34), on6- )
e A’A” =B'B’’ kot 0pod AA'= 2yuo 29
= BB’, AA” = BB"’ ta tpiyova
AAA’", BB'B” Ba givan ica (§govv Tpelg mAeupég ioeg pia mpog pia).

Opoimg ta tpiyova AA'A”, TT'T" eivan ioa, kabmg Kot T Topoh-
MMAOYpappo AAAA”, ATT'B™".

Téhog, ta tetpamievpa A’A'AA’” koau B'T'T'B’" etvon ioa (€-
oLV T1g mAevpég ioeg pia mpog pia, kabmg Kot Tig ymvies Tovg).

Ta npicpota ooy AAA™ - AA'A” xaw BB'B” - TT'T" etvan
ioa. Av mpootebel 67 avTd TO0 6TEPEd TOL TEPIKAEiETAL OO TIC EOpEG
ABTA, A'B"T"A’, AAA'A’, BIT"'B”’, Ba mpokdyet 1 106t ta (15odv-
VOUIO) TOV 0PYIKOV TUPUAANAETITES V.
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IIpoéraon 30 (X1.30)
Av 0vo mapoliniemineda Exovv Koy fdon, To idlo Dyog Kat ot
AKUES TTOV JIEPYOVTAL ATO TIS KOPVPES AVTHS TGS Pdons oev Ka-
TaAfYovy o7Is i01£5 evbeicg, ToTE gival ioa (: 1600Vvaua,).

Amooaiin r
®ewpovue 1O TO- I T
paiinlenineda  ABI'A- ~—7 B,

-A'BT'A” xoau ABIA -
-A”B"TA”", mov 1ko-
vomowovv TIg mpoimofé-
o€l T0v  Bswpnparog.
‘Eoto I'; 10 onueio toung
tov AT xau BT’, B;
T0 onuelo TouNg TV )
A"B” xoau BT’ avtictot- 2ty 30

xa. Opifovtor ta onpeio

Aj ka1 Ay, ondte mpokvntel To oteped ABI'A — AjBilMA;.

Xoppova pe v tpodtaot 29 éxovpe (ABI'A - A'BT'A") =
= (ABI'A - A1BiI'1A;), a@od ot axpég Toug mov S1EpyovTal amd T KOpL-
0éc ¢ Paong ABI'A kotoAnyouv 611G id1eg evbeieg A'A°, BT .

Emiong, (ABI'A - A”B"T"'A”") = (ABI'A - A;BiI1A;), agod ot
OKUEG TOVG TTOV dEPYoVTaL amd TIC KOpLeEg g Paong ABI'A  katon-
youv 011G 101eg evbeieg A”'B™, I""A"".

Apa (ABTA-A'BT'A))=(ABI'A-A"B"T"A").

G.£.0.

—

IIpéraon 31 (XI. 31)
Av dbo mapaiiniemineda Eyovv ioes PAcGEIS Kal Ta Vyn 7oL O-
VTIGTOLY0VY 6’ aVTES ioa, TOTE avtd &ival ica (:16000vaua).

Améoeidn

Bewpovpe ta maporinAeninedo ABI'A - A'BT'A” kot KAMN -
K'A'M’'N’" pe Baoeig ABI'A = KAMN «xot 1o en’ avtdv Hym ico. @Erlov-
UE VO amodei&ovpie OTL TO. TOPUAANAETITES D QT ETVOIL 1GOOVVOLLAL.

a) YnoBétovpe apykd 6ti ta mapaiinienineda givor opHd, dniaom
AA’L ABTA xau KK” 1L KAMN «an, yopic PAGPN Tg yevikdTTag, OTL
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AB // KA.’ Eoto BTZP naporlinAdypappo pe to onpeio T otnv mpoékta-
on ¢ nuievdeiag BA tétoto, dote TBP = KNM ka1 BT = KA.

Tote ta maporinroypappe BTEP kor KAMN givat ico Kot 6pota.
®ewpovpe 10 Taparinieninedo, BTXP-B'T'X'P’.

Agpov B'BT = K'’KA (=1 opbny) kar BB'= KK’ (g vym TV ap-
KOV ToparlinAemnédmv), o opboydvia maparinidypappe BTT'B’,
KAA'K’ Ba glvar ico Ko 0010, (COUTTOGIUA,).

T'a tov B0 Adyo ta

BB'PP , NNKK givon N M

foa kot dpota. -
To, maporidnieninedo

Aouév BPET - BPXET

A NANT ot A
kor KAMN - K'A'M'N” &i- g
; , .. Vi a)
o1 oo Kon Opot, apov OAEG K A
ot £€dpeg Tovg etvar ioeg Ko

OLOLEG K01 TO EMIMED TOVC

A T Z

mopéddnha éva mpog Eva /o /|
(apod AB // KA xon ! ; z
AA’ //KK"). 1A B’

"BEoto O 1o onpeio to- ST 74.\\—_—
g tov BIT, PX kot 1o ma- A 5 f = T
poAdnidypoupo BTHO. Av L
Z 10 onpeio Toung mg I'A pe AN S
v TH, 16te 00 TOPOAAAE- an
minedo. BOHT - B'GH'T’ © P
kouw BPET - B'P'ZT” etvon S

xiuo 31

ioa (mpotaom 29) , ondte Ha
gtvon Ko
(BOHT - BO'H'T") = (KAMN - KA'M'N’) (i)
Al givon (BPET) = (BOHT) (mpdtaon 1.35), dpa o Exovpe kot
(BOHT) = (ABT'A).
(ABra) _ (BOHT)
(Brzt) (Brzr)

Emiong, apov 1o eninedo BB'T'T givatl mapdAinio otig Pdoelc tov
naporinienintedov AA'A'A - TT'Z'Z , copowva pe v tpodtaot 25, Oa
glvat:

Ouwg woyvet (mpotaon V.7) 1)
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(ABra) _ (ABIA - ABT'A’)
(Brzr) (BrZT - BT'Z'T')

)

Evteddg 6pown, aov to emimedo BB'T'T eivon mapdAinio otig
Baoeig tov maparinieninedov OHH @'- 'ZZ'T", Ba £xovpe:

(BOHT) _ (BOHT-B'®'H'T)

(Brzr)  (Brzr-BT'Z'T)

®)

Amo g oyéoeig (1), (2), (3) mpoxvmtel 6T
(ABI'A - A’'BT’A")=(BOHT - BOH'T"), emouévmg o Exovpe Kot
(ABTA-A'BT’A")=(KAMN - K’A'M'N"), Adyw g (i).

N’ M’
1 1
K& N 1
N AN
X \ !
ooy No ] N
’ 1 M
Nl/:"\‘\—/ —————— M}
s K R 7 A
K A
1 1
Zynuo. 31 a

B) Av 1o mopoarAinienimedo dev Nrav Kot To VO 0pfd, dnAaoT|:
AA’ dev gival kGBetn oto ABI'A 11 KK’ dgv givar kd0etn oto KAMN,
101e mpoPdAroviag opfd T Edpeg K'A'M'N” xou A'BT'A”  eni tov
KAMN, ABT'A avtictoyo, dnuiovpyovpe ta opbd mapoiAnieninedo
KlAlMlNl -K'A'M'N’ xon AlBlrlAl -A'BT'A".

Opwg, (KiA;MiN; -K'A'M'N") = (KAMN - K'A'M'N") xo
(A1BiIA; - A'BT'A")=(ABI'A - A'BT’A") (mp6taon 30) ko
(KiA1M;iN; - KAMN) = (A1B1l1A; - ABT'A) copgwmva pe v mponyov-
pevn mepintoon twv opddv mopaAANAETTES V.

Apa ko oA Bo Eyovpe

(ABTA-A'BT'A")=(KAMN - K'A'M'N").
0.£.5.
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Mpotaon 32 (XI. 32)
AVo mapalinlenineda ue oo dwn &ivar avdioyo Twv Bacedy
TOVG.

Amooaitn
Ocopovue ta moparinienineda ABTA - A'BT'A” koaw KAMN -

K'A'M'N’ pe ioa vym mov avtictoryovv otig Bdosig ABI'A, KAMN. @¢-
Aovpe va dgi&ovpe 61t givar avaloya tov Bdoemv tovg ABI'A, KAMN.

A X N’ M’ T
1 1
I | I ,
AL K (- WA
1 B’ 1 A 1
1 I ]
|A 1 IM
1 1 ]
Fo--1- Irmmm oo - t-p---1-,T
) r //N J
A B K A )
Zynuo. 32

Bewpovpe 10 TaparnAoypoppo MAXT ico pe 1o ABI'A, 6mov 10
2 avikel otV mpoéktactn tng nuevdeioag AK (mpotaon 1.45), ko ov-
UTANPOVOLUE TO GYNUO BOTE VO TPoKLYEL Topaiinieninedo MAXT -
M'A’Z’'T’ ico (iwoodvvapo) pe to ABT'A - A'BT'A’, cbupwva pe v
npdtacn 31 (€xovv 160d0vapeg facelg Kot ioa Dym).

AoV 10 eminedo MAA'M’ gival mapdAinio otig fdoeig Tov mo-
paiiniemumédov KNN'K” - XTT'E’, Ba €yovpe:

(KAMN-K'A'M'N') _ (KAMN)

= dtaon 25).
(MAST-M'A'E'T)  (MAZT) (mporaon 25)

AMG Exovpe (MAXT) = (ABI'A) ko
(MAST - M'A’S'T") = (ABFA - A'BTA).

(KAMN) _ (KAMN-K'A'M'N')
(ABrA) (ABTA-A'BT'A’)

Apa Ba 1oyvet

8.£.0.
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IIpotaon 33 (XI. 33)
O 16Y0¢ 000 opoiwv wapaliniemmédmwy 1600Tal Ue T0 L0Y0 TOV
KO wv TV 0H6A0Y0V OKUOY TOVG.

Amdoatn

Bewpovpe to dpota maporinieninedo V = ABI'A - A'B'T A" kan
Vl = AlBlrlAl - Aerllrerlr, OTov (AB, AlBl) . (AA, AlAl) . (AA',
A1A;") etvon to Cedyn T@V OLOAGY®V OKUAOV TOVG.

3
. , . AB
®&lovpe va deiEovpe 0TI — = (—)3
Vi (AB:)
A r N, A} Iy
1 1
I 1 !
’ B’ Ki |
Al f— .' AT B
I I IK’
: AR |
1 [ Al)_____ _
SR ”f?*"")N ; b
/ 17
Aotk A B,
Ap
K
1
I
I
YR
M’ P’
2xnua 33

ITpoekteivovpe Tig nuevdeieg Tov axpmv BA, BI, BB’ katd BK=
= A;1B;, BA = AjA;, BM = A; A;’, ondte dnuiovpyohvtol To Topaiin-
Aemtineda BKPM - AK'P'M” kou A1B1IA1 - Ai'B1'T1"A¢’, Ta omoia givar
foa kon opota (cvumtaoipa), cOHE®va e TV TtpdTact 24, apov ta evyn
(BKK,A, AlBlrlAl) . (BAM’M , Al Aererl) Ko (BKPM, AlBlBerll)
ToL omoio Ketvton £l emmEdmV oV givol avd 600 TOPUAANAL, oToTeEAOVVTOL
oo 160 TUPUAANAOYPOLLLLOL.

®cwpovpe ta mopaiinieninedoa BKK A - B'KijK; 'A; kot 'BKN -
I"B'KjN; .

AB AA AA’

= = ~ (mpdtoon VI.1) kou
AiBr AilAr A A (p " )

A@ov 1oy0eL
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BK =A;B;, BA=A; A;, BM=AjA;’, Oa £ovpe kot
AB _ AA _ AA' , SAadH BA _BL _ BB
BK BA BM’ BK BA BM
. BA _ (ABra) Br _ ('BKN) BB' _ (BKK:B')
AG —— = = , = :
BK (FBKN)' BA (BAKK)' BM (BKPM)

, . (AaBra) _ (rBkN) _ (BKK:B')
Enopévac Ba 1oydet ( ) (BAK’K) = (BKPM) .
(ABrA) _ (ABrA - ABT'A)
(rBKN)  (I'BKN - I'B'KiN:)’
(TBKN)

(BAK'’K

Emumhiéov €yovpe

(TBKN -T'B'K,N,)

) (BAKK - BAKK) '
(BKK,B) _ (BAKK - B'AKK,)
(BKPM)  (BAKK - MMPP)

Av 6upmg téoocepa peyeédn a, B, v, & Ppiokovtal ce cuveyn avoro
yio, onAadn oyveL o _P_Y

5’ T6TE 0 AOYOG TOL TPMTOL TPOG TOV Té-
Y

TOPTO 100VTOL e TO AOY0 TOV KOP®OV TOV TPAOTOL Kol TOV OEVTEPOV, O
3

Aadn % = g—s (V, opiopog 10).

[[Ipdypoartt, ov °= E =Y
P
3

=>g:}\,3 :(E) :_]
5 p p

(ABTA - ABT'A")
(BAK'’K - MM'P'P)

A, t0tEa=Ap =22y =2% =

_ (ABrA - ABT'A)
TBKN - I'B'KiN1)?
( )

_ (aBray _ (AB}

_ (aBy
(rBRNY  (BKY * T Vi (AB)

6.£.0.
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Ipotaon 34 (XI. 34)
Av 0vo mapalinlenineda gival ioa (:16000vaua), Tote 01 fdoels
TOVG EIVAL AVTIGTPOPOS OVILOYES TOV VWAV TOVG.
Av o1 fdcerg 600 mopaliniemméowy Eval avTioTPOPMS aAvdloyes
TOV VYAV TOVG, TOTE TA TOPAIINAETITE) A Eival [6a (:1600VVOUQ).

Améoeign

Bcwpovpe To Taparinieninedo Vi = ABI'A - AjBilA; kot
V; = KAMN - Kb A;MoN; pe dym vy, Uz, TOV OVTIGTOLXOLV OTIG PACELS
ABT'A, KAMN.

(i) YmoBétovpe apykd ot to moporinieninedo ivar opBa, dnia-
on AA; L ABTA ko KK, L KAMN.

a) Agyouaote 60Tt Vi =V, kai 06Aovue va dei&ovpue Ot

ABI'A _ v,
KAMN v,
ABI'A _V,
Av v = vy, to1E! =_1:1=D_2
KAMN V, v,

Av vy = vy, T V1 <Dy, TOTE B VIApyEL petasd tav K, Ky onpeio
K’ této10 dote KK'=v;. (Zy. 34).

N2 M2
All F] K2 E A2
A, . B T N_L M
: " L, s T
L e
Fro-1- ' !
g r l N l
/L__._
A B / M
K A

2ynua 34

®ewpovpe 10 moparinieninedo V" = KAMN - K'A'M'N’.

V, \Y
Apov Vi =V,, Ba éyoope — = —= 1
¢ 1=V, YOV VARRY: 1)
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Emiong, apov v; = KK’ Ba £&yov SL_M (2)
ne, ag 1 KOV V! (KAMN)
V KK, N,N KK
Bz 2 = (GNN) (KK, _ v, )
v (KK'N'N) KK' v,
(ABra) _ v
Ano ¢ oxéoeic (1), (2), (3) mpoxvmrel OT1 +—h = —=,
s oxéoeg (1), (2), (3) mp (KAMN) ~ v,
ABTA) _ v
Agyouaote 0Tl (— = —2 kot 0éhovpe va deiéovpe Ot
P) Agyop (KAMN) ~ v, it Eoop
Vl = V2.

Av v = vy, 10t ABI'A = KAMN, ontote V1 = V..

Av v = vy Y. V1 < Dy, T0TE Be@pivTog To Tpicpa Vi, 6nwg ta
KOTOOKEVAGALE TPONYOLUEVMG, B Eyovpie

(ABra) _ KK, @
(KAMN) ~ KK’
, (ABra) _ wi
AMG (AMN) v, (®)

aeov &yovv ica vym (tpdtacn 32).
Eniong, (mpotaom 25)
V2 _ KKz

!

6
Vi KK’ ©

And 11¢ oyéoelc (4), (5), (6) mpokvmTel ('m% = % , onote Vi = Vs
1 1
(i) Ac vmoBécovpe Tmdpa OtL dev givarl kol To VO TAPUAANAE-
nineda opBa, onAadn eite 0Tt 1 okun AA; Ogv givon ket ot Pdon
ABTA, eite 6tin axun KK, dgv etvan kdOetn ot fdon KAMN.
®ewpovpe 101 TIG 0pBEc Mpoforég A'BT A", K'A'M'N” twv
AiBiIMA; ko KoAoM,N; otic amévovtt £dpeg avtiotoya (Zy. 34 a).
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Zynuo. 34 a

‘Exovpe V; = A'BT'A’- A1B1I'1A; ko V, = K'A'M'N'- Ko ApMoN,
(mpotdoeig 29 ko 30).
a) Agyopaote 6tTL Vi = V; ko Béhovpe va deiEovpe ot
(ABrA)

= 1)_2’ omov vy = AjA” ko v, = KoK
(KAMN) v,

INo ta opbd mpicpata A'BT'A” - AiBilMA; ko K'A'M'N’-
KoAMpN, obpeova pe tnv mponyoduevn nepintwon (gvbv), Ba Eyovpe:

(AlBlrlAl) = KZK, = D—Z, OTOTE Ko —(ABFA) =02
(K,A,M,N,) AA v, (KAMN) v,
B) Agyduaocte Ot ABI'A =2 v 0élovpe va dei&ovpe OTL
Ul
Vl = Vg.
TINa ta opbd mpiopato A'BT'A’- A;BiI1A;  wor K'A'M'N'-
A'BT'A'
KsAo:MboN, Oa éXODMS % = D—2 , OmOTE
(KAMN') v,

(A'BT'A’- AiBiINA;) = (K'A'M'N’- KoAoM3N,)
(oOpemva pe v Tponyovuevn mepintmon, (i) B).

Apa kot Vi =V,
8.£.0.



HTEQMETPIA £TO XQPO 77

Hoparyproeis otis mpordoeis 28 - 34

Me v npotaon 34 olokinpdOnke n cVVOETIKY| TOpOLGINGT TNG
Bewpiog Tov Oykov Yo Ta Toporinienineda. Apyilovtag pe ) Bepehm-
on mapatinpnon g npdtacng 28 yio TV OlaipecT TUPUAANAETUTESOV
amo £va dloymvio emimedd Tov Kol cLVEXILOVTOG UE EMLYEPTLOTO OLOLE-
PlONG KOl CUUTANP®ONG €VOG TAPOAANAETITEOOV, KOTOANYOLUE OTNV
wpotacn 34, amd Ty omoia pe chyypovn opoloyia umopei va amodderydei
otu 2 éva mopaiinieminedo 10 yivouevo piag PAonS kol Tov DWovg mov
avtiororyel o’ avty eivol arofepo.

H dwdikacio kot 1 ogpd mov axolovdnbnke givor ayoyn, Opwmg
dev mpoopépetar o€ vroAoylouovs. O Legendre gionyndnke ) coyypovn
Bewpio Tov 6yKov, aAAGLoVTOG TN OEPA TNG TaPOVGINCTG G EENG:

AxoAoVO®OVTAG TO YEVIKO OPIGUO TNG IOOTNTOG OTEPEDV GYNUAT®V,
pmopel va anodetyBei 6tL 6v0 mpiopata To. oMol £XOVV TIG £3PEG  LIOG
uévov otepeds Toug Yoviag ioeg kKot opoing keipeveg gival oo (GupmTo-
oa), ondte opBd (M KoAoPd) mpicparta pe ioeg Pacelg Kot ioa Dyn givon
oo

AxorovBwg, éva TAdylo Tpioua gival 16odbvauo e Eva opbd mpi-
opa oV €yl ®¢ Paomn o kGBeTn Topn TOV TPIGHOTOS Kot VYOG L 7o-
PAAANAN aKun TOV.

XpNoHonotmdvTag avtd akpimg To |
OTOTELECUO UTOPOVUE VO, amodeifovpe OTL
éva dlymvio eminedo dwopel 10 TOPOAAN- '
Aeminedo og dvo wwodvvapa picuata. [Ipd- L. L
YHott, KGOe €va amd To TPIGHOTO TOV TPO- A 7
KOTTOLV €ival 10000VALO HE EVO TPLYDVIKO '
apiopa Tov £yel ¢ VYOG TV TapdmAevpn !
KU TOL TOPOAANAETTEOOL KOl ¢ Pdom T L
éva omd to. (ioa) Tpiyova, ota omoia 1 dio- , 7
YOVIOG Olupel TO TOPOAANAOYPOUUO TNG
k@0etng tounc. ‘Etol @tdvovue otn Oepe-
M®on mpdtaon 28.

2y 34 B

Ipotaon 35 (XI. 35)
Av 0Vo emimedeg ywvies eival i6eS Kal amo Tig KOPVPES TOVG ayfovy
000 evlgies EKTOC TOV EMMEOWY TOVS OV GYHUATICOVY HE TIS O-
VTIGTOLYEG TAEVPES TOVS I6ES YWVIES, KI av mpofinbodv dvo Toyaio
onucio Ty v0s1dy mov PPIcKOVTOL EKTOS TOV EMTENWY OTA ETITTE-
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oa TV apyIKOY YWVIAY, TOTE 01 £0BEIES TTOV OpPIOVTal amo TIS TPO-
POIES TV oHUEIWY OVTOV Kol TIS KOPVPES TOV YOVIDOV GYH-
Hatiovy ioes ywvies ue Tis vbeieg o1 omoics dépyovral ano Tig Ko-
POYES TOVG KAl KEIVTOL EKTOG TWV EMTEODY TOVG.

Améoedn

A A

Oewpovpe 115 loeg yovieg xOy,x,0,y, mdvo ota erineda (P),
(P1) avtictorya, kot tig evbeieg Oz, 0125 KTOC TOV EMMEd®V OVTOV, TE-

A A A A
toteg wote XOz = X,0,z,, yOz = y,0,7, . Ocwpodue emmréov o onueio
Ay, Ty Tave otig Oz, O;2; avtictoya Kot Ti Tpoforég Tovg A', T'y” v

ota (P), (P). @éhovpe va deifovpe 6ti: AOA" =T,0,T .

Z4

2xnua 35

[Mévo otv Oz Bewpovpe onueio I, 1€1010 dote O = O ko v
IT /] AA".

Apod AA'L (P), Ba eivarkon IT” L (P).

Av T"A L Ox ka1 'A; L Ogxq, 161€: (OI")? = (OA)? + (AT)? kat
(AD)? = (AT")* + (IT")?, ondte (OT)* = (OI")* + (I'T")* =
= (OA)* + (AI")? + (IT")? = (OA)? + (AT')2. Apa. OAT =1 opy.
Oupoiwg Bpiokovpe O,A I, =1 opbn, ondéte OAT = O AT .

Ta tpiyova Aowmdv OAT, O1A1I1 éxovv O’ = O1I7; kot AOT =

= A O[T, OAT = O,AT, (=1o0p0n). Apa eivarico , omote OA = O1A;.
Evtedmg 6powa, ov I'B L OY , I'1'B; L O1Y7, Ba €povpe:
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OBI' = O,B,I, =1 optn xor OB = O;B;. Ta tpiyova rowdv OAB ,
01A:B; eivan ioa, agod OA = O1A;, OB = O;B; kow AOB =A 0B, .
Apa AB=A;B;, OAB = O,A,B, ka1 OBA = O,B,A, ondte kon

I'AB =T/A,B,, I'BA =TI/B,A, ®¢ GOUTANPOUOTIKEG GOV YOVIDOV.
Ta tpiyova ABI kot A;BiI'; " €povv mhéov AB = A3B; ,

I'AB =T/AB,, T'BA =T/B,A, . Apa givat ica, ondte ['A = T'1'Ay,
I"B =T11'B; (mpdtaon L. 26)
Ta tpiyova OAT” koar O1A1" éxouv OA = 0,A;, A =T71"A; kon

OAT" = O,AI (=1 opbn). Apa givar ica, ondte OI'= O4I';.

AMG OI'= 0T, = (OI")? = (0.)° =
= (OI)* - (IT")* = (OaT')? - (T4Iy)? = (IT")? = (I4Iy)? = IT'= T Ty’
(oot O = O4I'y). Ta tpiyove Aoutdv OI'T” kow OII;" éyovv O = O4I7y,
OI'=04I"1" kan IT'=T1I";". Oa eivon emopévag ica, omote

ror' =r,o,r .
BES8.

Hopazipnon

H anddeién Ba propooe va cuvtopevtel asbntd pe m yp1on tov
Osopnpatog tov tprv kabétov. EEdAlov, pe ta kpitiplo 1o6TTOg Op-
Ooyaviov tprydveov pumopodue vo amo@hyoLUE TNV EXAVOACUPBUVOUEVN
yxpnon tov [Mubayopeiov Bewpnparog.

Téhog, katd v ekp@dvnomn ot gvubeiec Tpémel va exkinedodv g 1-
pevdeieg mov Keivion TPog 1o 1010 PHEPOG TOL EMUTEOOV TOV YOVIDV.

Mopropo
Av dvo erimedeg ywvieg eival ices Kol ayfovv aro TiS KOPYPES TOVS
EKTOC TV EMTEIWY TOVS U0 (o0 TA.AYI0. TUHATO, IOV GCYHUATILOVY
I6ES YOVIES UE TIS TAEVPES TV OPYIKAY YOVIDV OVTICTOL(0 TOTE TA
JKPO AVTOY TV TAAYIWV TUIHATOV IGOTEYOVY OO TO. ETITEAD TWV
POVIODV.

Améoeidn
[pdrypati, oty Tponyoduevn mpdtact, émov eiyope kot O = Oy,
deiéape ot IT'=T4I".
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IIpotaon 36 (XI. 36)
Av Tpia Tuquata givar avdioya, oniaoy covIGTOVY GUVEXL OVa-
Aoyia, TOTE TO MAPAIINIETIMEDO Ue TAEVPES AVTA TO TPIA THI]-
Hota evar ico (:16000Vauo) ue 10 160TAEVPO TAPAIINAETITE)O
HE TAEVPA. TH HEGI OVIAL0Y0 KAl LGOYHVIO TTPOS TO TPATO.

Améoeidn
a_P

Oswpodue Tpio TUNMaTA O, B, Y TETOO OOTE — = — 1)
Y

®&lovpe va dgi&ovue 0Tl 600 160YDOVIN TOPUAANAETITEDA, OO TO
omoio 10 TPATO &xel MAEVPEG L,
B, v o1 To debtepo eivarl 106-
TAgLpO pe TAELPA B, elvart 1G0-
dvvapa.

Ag vmoBéoovpe 6t TOL TTO-
poAAnAertineda ABI'A - A'BT A’
kot KAMN - K’A"M'N” éyovv
AB = a, AA =y, AA'= B ko
KA = KN =KK’'= B, eva

BAA = AKN, BAA'=AKK'

kot AAA" = NKK'.
Amd ™ oyxéon (1) éyov-
AB KN , 2ynuo 36
pe: —— = ——, dnhadn 1o €v-
KA AA
Ovypappa tufuata AB, AA givar avtiotpdemg avdroya tov KA, KN.

Apov 1o mapolnAidypappo ABTA , KAMN éyovv T1g yovieg

BAA , AKN {ogg kal Tig TAEVPEC TOVG AVTIGTPOP®S oviloyes, Ba glvan
oodvvapo (togpfodikd) (rpdtaon VI. 14).
Kot chpemva pe to mponyovpevo ndpicpa, agov to tuipote AA’,

KK’ oynuotiovv ioeg yovieg pe tic mhevpég tov yoviov BAA, AKN a-
vtiotoya, ot amootdoels A'A; , K'Ky tov onuelov A’, K and ta enineda
ABI'A ka1t KAMN 0o givar ioec.

Ta maporinieninedo Aowwov Al ko KM™ éyovv 1c0d0vapeg Bd-
oelg Kot ioo Hy. Apa eivot 16060vVapa.

0.£.0.
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Mpotaon 37 (XI. 37)

Av téooepa Tufuato Eivar avdioya, TOTE Kol Tad ET° AVTOV OHOLO
Kal 0uoimg avaypapousva mopoiinienineda (Oniaon to xapal-
ANAETImEOA TTOV EYOVY TA TUUATA AVTA WG OUOLOYES OKUES) Ei-
vai avdloya.

AV Ta Nl TECOAPOWYV TUNUATOV OUOLO, KAl OHOIWMS AVAYPAPOUEVOL
ROPOIINAETITEO A EIVOL OVALOYA, TOTE KAl TA TECCEPA TUNHOATA
gival avdloya.

Amooeln
a) 'Eoto 611 t0 tuqpata o, B, y, 8 glvar avdioya, onAadn cuvi-

GTOLV TNV avoAoyio %: % Bewpodue T0. OUOW TOPOAANAETITES L

V1,V,, V3,V pe opdroyeg axpég 11§ a, B, v, O avtiotoyo. Oéhovue va

V,
deitovpue 611 —+ = 2,

e
)

2ynuo 37

3
Vv
[pdypatt, apov ta Vi, V; givor opota, Bo Egovpe Vl = %) (po-

2

3

\Y%
taon 33). Eniong, apov ta V3 kot V, givon opowa, Ba yovpe 734 = (%) .
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i
V2 V4 B
. B

v
"Exovpe xo ot t1g cxécatg% = (E) , — = (1) . Onorte
Vi _ V. ’
M_Vs (e} (r)y Loy
V2 Vs B ) B o

O\
o
o

IIpéraon 38 (XI. 38)

Av o1 Tevpés dvo amévavtl edpav kvfov dryyotounlovy kar aro
TIS TOuES 01EA00vY emimeda, TOTE N TOUN] TV EMTEOWY Kol pio

J1ayavios Tov Kvfov diyotouovvrai.

Amooaitn

Bcwpovpe ta péoa K,AMN
TV TAsLp®V TG £dpag ABI'A evog
Kofov Ko To avtiotoyo  péca oY
K, A’M' N tov meupdv mg ané- K’
vovtt £0pag tov A'BT A", Ta enineda A

tov  mopodnioypdpupcoy KMM'K’ o
kot ANN'A” tépvovtor katd v €v- A
Oelo @O°. Av O 710 onpeio Topng g A NN
B0 ue ™ dyovio A'B tov kOBov,
Ba oeiCovpe 611 OO = 00" kKon OB =

=0A". 3
Ta tpiyovo OAN, OBA é- ’
yoov AN = BA, NO = OA ka Lynua 38

A

ANG® = OAB, o¢ &vtog evaArdE Tov mopaAlnlov AA, BT, mov téuvo-

vror amd v NA (mpdtaon 1.29). Apa eivar ica , ondte NOA = BOA .

Enopévog:

A A A A A A
A®B = AGN + NOB = BOA + NOB = NOA =20pbég,
omoTe T onueia A, ©, B givar cuvevbelokd.
Opoimg Ta onpeio A’, ®°, B” glvar cuvevBeioxda.
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AMG 0 AA” glvan io0 kot TopdAinio mpog ta. BB, AA’, omdte
ta BB" kou AA” glvan ica kon mopaAinia (tpdtaon 9) kai amd avtd mpo-
komtel 6t ta AB kot A'B” glvan ica ko mapdAinia (mpdtaon 1.33).

Ta tpiyove Aomdév OBO kot OA'®” £yovv BO = A'®’ (0¢ pod

icov Tunpatwv), OBO = OA'O’ (wg evtog evalldé tawv mapoAAiiov

AB, A'B” mov tépvovton and thv BA") ka1 ©0B = O'0OA’ (w¢ kotd ko-
pveny), (mpotaon 1.15).

Apa gival ico, omOTE £Y0VV KOl TIC GAAEC TAELPEC TOVG 1GEC UiaL
npog pia (rpdtaon 1.26), dniadn OO = 0O’ kot OB = OA”.

6.£.0.

Mpétaon 39 (XI. 39)
Av 6€ 000 TPIYWVIKA TIpicuaATO HI0 TOPATAIEVPY E0PA. TOV PO~
TOV &val Sumldoto amd T fdon Tov SEVTEPOV, KAl 1) ATOCTACH
THS ATTEVAVTL AKHIS ATTO AVTH THY TOPATAEVPY EOPO TOV TPADTOV
gival ion ue T0 VWog TOV JEVTEPOV, TOTE TA TPIouATA EIval ioa
(:1codvvaua).

Amooeiln

Bewpovpe ta tpryovikd tpicpoto ABI - A'BT” kot KAM - K'A™M,
tétol dote 1 €dpa BI'T'B” tov mpdtov va givon duthdolo and ™ Pdon
KAM 1tov devtepov ko o vyog KK; tov dgbtepov va givor ico pe tnv
amootoon AA; ™g akpng AA” and v £dpa BIT'B” tov mpdtov. Oa a-
TodEIEOLIE OTL TOL TPIYOVIKA TPIGUATA, EIVOL IGOSVVOLLAL.

K’
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ZOUTANPOVOVUE TO TPICUATO, OVTA ONUIOVPYOVTOG TO SUTAACL
tovg maparinieninedo ABI'E - A'BT'E" koau KAMT - K'A'M'T’ avri-
oToy.

210 devtepo mapariinieninedo n Pdon KAMT eivor duthdcio amod
™ Pdon KAM tov avtiotoryov wpicpatog, dpa ion pe m Pdon BIT'B’
TOV TPAOTOL TaporinAenmimédov. Ta maparinAeninedo Lomdv €govv 160-
duvapeg Paoeig kot ica vyn, dpa eivar 1wodbvaua (Tpotoaon 31).

Emopévog kat ta apyikd mpicpata Oo gival icodvvapa og picd av-
TOV TOV TOPOANAETITESOV.

G.£.0.

Hopazipnon

H éwatdnwon g tponyoduevng tpodtaong (npodtacn 39) ota 2roi-
xeto amodideton wg e&ng: "Av dvo mpiouata givor 10oDWnN KoL TO v, ExEl
Paon mapaiinAoypouuo eva to dAlo tpiywvo, kol ivor 0 TopaAANAC-
YPOLLLO OITAGOLO OTTO TO TPIYWVO, TOTE TO. IPIoHUaTO, EIvol loa”.

Ouwg éva mpioua pe Pdon mopoAAnNAOYpappo eitvorl TopoAANAE-
ninedo. 'Etotl gaivetot vo ioyvpilopacte 1o e€nNg: "Av éva mopoiiniernine-
0o (: 10 TpWTO TPiouw) Eyel faon dmldaia oo T [ach TOL dEDTEPOV TPI-
YWVIKOD TPIouatogs Koi ta 000 mpiouoto. gival wooby, tote Ba. eivar ioa”.
Eivon 6pmg mpoeavég 01t £va 11010 TapoAAnAeninedo eival dSuthdoto omd
7O JEVTEPO TPIYOVIKO TPIGLAL.

Mo v amoeuyn piog Té€Tolag mapavonong, emiéydnke n mwpon-
yoOuevn SoTHnoN).

7. Lyoha 6t PETPNON TOV TPIGRATOV
7.1 To "un otoryer®oes™ g 0empiog Tov 0yKov

2115 mpotaocelg 28 péypt 39 avapepOnkape oxedov amoKAEIGTIKG
o€ oTePEd OV glval TOPUAANAETITES KOL 1] GUYKPIGT] GLTOV T®V GYNUA-
TOV £YIVE YPTCILOTOIDVTOG SLOSIKAGIES OOUEPIONG 1 CLUTANP®ONG, LE
OTTOTELEG O, VO UWTTOPOVILE VO, LMAGHLE Y10, IGOSVVOLLLOL GYTILOLTOL.

Ta 16odbvapa oyquote (TAnV ToV TUPOAANAETITEd®V) GTO YMDPO
umopel va. unv givar mavto codywpioya. Xpnoyomowmvtag Tt Oe-
peMmon mapotnpnon tov Cauchy, 6t kGBe Kuptd TOAVESPO pmopel vo
dlonpedei o€ TETPAEdPO TOL OTTOL0L £YOVV 10, KOPVPT) KON Kol Ol VITOAOITEG
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KOPUPES EVOIL KOPVPES TOV aPYIKOD TOAVEdPOV, KGBE molvedpo dwopepi-
Ceton oe 1eTpdedpa. Ta 100dVVOUN TOAVESPO UTOPOLV OUMG VO Olople-
profovv 6Tov avTd apPBpd TETPAESPOV TOL UTOPOVV VO OVTIGTOYYNO0VV,
®oTe va dnpiovpyovvton by TETPAEdPOV TOV VO YOV 1600VVapES PA-
oelg Ko ioa vyn!

2royemdng pmopel vo amodeydel 0t Yoo 600 moAvedpa, e die-
opeg yovieg {0y, . .,0n}, {B1, . . ., Pn} , TOL €lvar 1WGoCLUTAN PO (1)
16001y OpioLa) VIAPYOLY aKEPALOL P1, -« - ,Pny A1y - - - 30ny PP 50,
TETO101, MOTE VO, IOYVEL 1] oYEoN:

Prog+... +pon+(P+2p) =P +... +0uPBn +(q+29") .

Av Aowdv vrdpyovv moALESPA 1G0dVuVaLD (fIo®V OYK®V) Yio TO,
omoio avth 1 oYM deV oYVEL, avTd dev pumopet va etvon 1oodtoywpictpla
(M woovumAnpmoipa). Emopévog, n Bewpio 1ov 0YKOL GTO YOPO TOVEL V.
gtvon otoryedons. Avtd axpipdc amodetkviet To akdiovbo Bemprnpa:

Oempnpo. (Dehn, 1902).
‘Eva kavoviké teTpdedpo Kai évag 16000vauog (icov 6ykov) tpog
avTO KOOGS 0y umopel va gival 00T 160010 PIcIo 0VTE 160GV~
HTANpacIua.

Yovroun okwypagion e Anoosidne.

Av 0 glvan n diedpn yovia Tov TETP&dPOL, APov 1 YwVio TOL KO-
Bov &ivai ion pe w/2, N avaykaio cuvORKN YpaeeTaL:

6 12
P, 0+ (p+2p) = qi(f)+(q+2q’)n

Ao ™ oxéom avt mpokvmTEL OTL: IO = Sm (6mOV I,S TPMTOL LETO-

1
&V toug axéparot). Opmg, cuvl = 3 Kat, Onog pmopel va amodetybel, dev

. . . , 1
VTOPYOVV KEPOLOL T, S TETOLOL WOTE r’EOE_,GDV (E = Sm.
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7.2 MoporinAeninedd KOl KOTUOKEVAOTIKA Tpofiqnorta

H mpdétaon 33 amoterel yu 10
¥®Ppo TV ovtictoyn g tpotacng VI. N
23, 6mov amodeikvoetar O0tt "o Adyog N
TV gufodwv dvo opoiwv mopolinl.o- N
YPOUUDY EIVAL 100G UE TO TETPAYWVO TOD R
Abyov opoirétnrog”. a a

"Etol, katd ™ petdpoorn amd 10 o
enMinedo oTo YMOPO Kol awd T0 EUPUdOV
otov Oyko, avaPifaletal n dbvoun Tov
Adyov katd évo (amd 6vo og tpia). O-
U®OG, OMMG TOVIOTNKE KOl OTO E1G0YM- Zyniua 7. 20
Y6 onueiopa, n OAN Kotdotoon oTo
Y®pPo glval mEPLGGOTEPO GUVOETN.

Mio tepintmon mov oyetileton pe v Tpotoon 34 £xel og eENg:

210 BPrio VI ko apéomg petd v mpdtaon 23 tibeton Kot Avvetan
10 e€Ng TpoPApa (tpdtaom VI. 25).

"No. kotaokevoobel enitedo evOdypopo oYRUa OUOLO TPOS KATOLO
000¢v ka1 16eufodiKo TPog KAamolo dAL0".

Ytovg [MvbBayopeiovg amodidetar 1 dwomictwon Ot av dobel Eva
TETPAYOVO TAEVPAS 0, TOTE gival duvaTdV Vo Kotaokevoohsl pe kavova
Kol SPnn éva vEo TETPAY®mVO dTAAGtov uPadod (oy. 7.2a). AoyiKa,
emedn ot [TubBaydpetor acyorodviav Kot pe T peAéTn otepedv, ivor mi-
Oavo va é0ecav to avdioyo mpdPAnua kot Yo tov Kofo.To mTpofinua
avtd BéPara etvan 81K mepintmon g anaitmong: "Na xatackevaobei
OTEPED TOPOANAETITEDO OOLO TPOS KATO10 00GEV KAl 160D OYKOV TPOS
kamoio aAlo", mov Ba amoTeloVGE KOl TN PLGIOAOYIKT ETEKTAGT] TNG TPO-
taong VI. 25 oto ympo.

H Mon avtod 1ov mpoPinpatog dev givor dueon, 6Twg Tov avti-
oTotyov TpoPAnuatog g Emmedopetpiog, kot ot aAlemdAANAEG TPOCTA-
Belec kKo amotvyieg odfynoav otn dnuovpyio BpOA®V Yo TV aitio. Tov
dnuovpynce avtd To TPOPAN UM Yo TOV KVPO.

"AVGELS" Y10, TO SITANGIAGHO TOV KOPoL d00nKay amd TOAAOVG Yem-
HETPES TG apyonoTNTOS, Tov Mecaimva, ko Twv Néwv ypovav. Katd ypo-
VOAOYIKT] GEPA avopEPOVTOL ADGELS : Tov Immokpdtovg, Tov ApydTta, TOV
Evd6&ov, Tov Mevaiypov, tov [TAdtwova, tov Epatocdévoug, Tov Nukopn-
dovg, Tov AmoArlwviov, Tov AtokAgovg, Tov ‘Hpwvog, tov Ildmmov, tov
Descartes, Tov Longchamps ko A wv.
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O Evtokiog (6™ p.X. audvag), mov vanpEe oY0MAcTAG TV EPYmV
oV ApYundn, avagépel apketég omd Tig AVoelg TV apyaiov EAAvav
YEOUETPOV Y10, TO TPOPANLO TOV STAAGLOGLOD TOL KOPOV. TNV 1GTOPIKN
ot Tapovcioorn Tov Abcewv, 0tav o Evtdkiog widd yuo tn Adon tov
Epatocbévoug (276-195 m.X.), avapépel 60tL 0 Epatocévng vréfare
Abon tov otov Pactid g Atydntov IltoAepaio tov I (246 n.X.), pe
EMIGTOAN OTNV 0700, TAPOVGINCE KOl TIC OIAPOPEG EKOOYES TNG YEVVIOTG
tov mpoPinuatoc. Katd pia exdoyn o Mivmag eiye dwatd&er vo Kato-
okevacbel yio to y1o tov "TAavko" tdpog oynuatog kbfov. Otav dpmg
Tov €idg, €kpve OTL "Hrav mold wikpdoc yia évo Pacilid" Ko diétate va
dumhaoiactel. Koatd dAAn exdoyn évag xpnouds enéfale 6TOVG KATOTKOLG
g viieov ARAov va dumhacidoovy €va kuPikd Poud tov Beod ATOAA®-
va, €€ 0v Kot To TPOPAN U TPE TNV ovopocio Aidie Hpofinua.

2 ovyypovn HOONUATIKY JaTOTMGT, GLTO TOV GUVOEETOL UE TO
Anio Ipofinuo elvar 1 dwmictwon 6t O Adyog ddo kOfwv eivar ioog e
70V KOBO 10V L0Y0v 000 GKU@V TOVS, TOL TPOKVTTEL AUECH omd TNV TPO-
taon X1.33.

Oleg o1 Moelg tov "Antiov mpofinuatos” o©T0 TEPACUA TOV YPO-
VOU 0VGLaoTIKA oTnpiloviav otny Tpdt Wéa Tov £dmaoe o Imnokpdtng o
Xiog. Zopowvo pe tov Immokpdn, 10 mpdPAnUa TOL LVTOAOYICUOD TNG
T evpac KOPov mov Ba Exel dumAdolo OyKo amd £va, dobévta kKOPo mhev-
PAG O, OVAYETOL OTNV EVPECT] KOl KOTOOKELT O00 UECHOV OVOAIY®V GE
ocuveyn avaroyio, HeTa&d TV 600 doBEvImV peyebdv o Kot 2a.

Ot Moelg mposavotoricOnkay dAlote otnv "aplOuntucy" q "un-
YOVIKN"  KOTOGKEDT] TOV dV0 UEGMV AVOAOY®V X Kol Y Kot GAAOTE otV
"OVOADTIKY", e TN (PNOT TOV TOUMV S00 KAUTUA®MV.

H Adon duwg mov evapuovilel v amAdtnta Pe T cOyXpovn avoAv-
TIKT] YVAOON T®V KOUTOA®V GYeTileTol pe T dutAr] Avon mov édwoe o Mé-
varypog (pofnmg tov Evddéov kar tov [MAdtwva). O Evtoxiog avagpépet 0Tt
0 Mévaypog emétuye T Avomn pe ) fondeto 600 SUPOPETIKMY KATUGKEVDV,
7ov Pacilovion oTig KoVikéS TOpES (Tapafoin kot vtepPoAn).

Me chyypovn opokoyia, 1 e&icwon X = 2a° mpokbdntet, av omd

, , o _ X Yy , , o X
ovveyn avoloyio — = — = =— Be@pPNOOVUE TIG 1GOTNTEG — = — KOl
X Yy 2a X Yy
X_Y ; , , , . _ 2
Pl Ko yivel amodotpn tov Y petad tov 000 oxécemv ay = X© Kot
y o
20X = y? 70V TPOKHTTOVY G oTEC.
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, . , O X y . , ,
Etol, and ™ popen — = — = b tov Inmmokpdatn €ovpe 1oodvvaua to
X 'y a

akolovba dvo GuoTHuaTO!

oy } (H  xm x* = ay } (2)

y? =20x Xy =2a?

Emopévmg, ot dVo pécot avaroyotl 6pot X Kot y, Hetald Tov peye-
0bv o kol 20, pmopolv va TpokHyouv ®¢ "ol GLVTETAYUEVES” TOV ON-
uetov toung, gite Tv 600 Topafordv (cvatnua (1)), eite Tng Tapafoing
Kot g vepPoing (cuotnua (2)).

y

y

Al
>
g

2o 7.2 B

Onwg éxer avaivtikd avagepbel Kor oyoAlacOel, 1 yeoUETPIKN
KOTOOKELT] OLTOV TOV ADGEDV UE Kavova Kot dtoprtn givat adbvorn.



Kepalaro 2

BIBAIO XII

Oykot kol
N néEBooog TGS EEGVTAN GG

1. Ewayoyn

¥10 Biprio XII dwtvrdvovtal kot omodeikvoovtol 18 cuvolikd
TPOTAGELS, TO POCIKA CUUTEPACUATA TOV OTOIOV £YOVV GUVORTIKA ®G
edne:

Apyikd, otny Tpotoomn 2, amodeikvigTol 6Tt dVO KOKAOL eivarl avd-
AOYOL TOV TETPAYDOVOV TV SAUETP®V TOVG. AG onuelwbel 0TL, pe onpe-
pPVoOVG 0povs, To gufaddv KuKAov AauPdvetol g 6pto TG axolovbiog
(E,. ), mov opilovv to epPadd ToVv eyyEYPOUUEVOV GTOV KUKAO KOVOVL-
KOV ToAvydVeV pe 2" mAgvpéc.

211 GUVEYELN ATOJEIKVVETAL OTL dVO TVPOUIOES (TPIYDVIKES OpY KA.
KO PETA TOAVYOVIKEG) He ioa Hym eivon avidoyeg tov BAoedv Tovg, yia
va kotoAn&ovpe oty mpotacrn 7, amd Omov TPOKLNTEL TO OepueAdOEg
GUUTEPOGUO, COLPOVO, LE TO 0Tolo KAOE Tprymvikd Tpioua dopeitol o€
tpelg ogg (10000vapeg) Tpryovikés mupapides. 'Etot, o Adyog 0o dpoimv
TPLYOVIK®OV TUPAUid®mV avdyetol oe A0Y0 TOPUAANAETITES®V, Yol VO O
modelybel TeAKd OTL 10oVTAL E TOV KVPO TOV AOYOL TV OUOAOY®V OK-
UV Tovg (TpodTacm 8).
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AxoiovBel 1 ohykplon k®vov Kot KuAivopov Le ioeg Pdoelg kot
too Dy, Apykd amodeucvoetan OtL, av 600 KOvol (1] KOAWIpoL) xovv i-
oo DY, T0TE givarl avaroyol Tav Bacedv Tovg (mpdtacn 11). Axorovbwg
OmodEIKVVETAL OTL 0V0 Opolol Kdvol (1 KOAdpol) eivar avdAoyor Tmv
KOP@V TV SOUETPOV TOV PAcEDY TOVG (TpdTach 12).

Me avagopd omnv 160tNTO TOV AdY®V Kotd tov Evdolo, amddet-
KvoeTal 0Tt 600 KOAVdpoL (1 Kovol) pe ioeg PAcelg glvarl avaioyol Tov
VYOV TOVG, KATUANYOVTAG 6TO OTL 000 {501 KOAVOpoL (1 KdVol) Eyouvv
VY1 AvVTIGTPOP®G avaAoya TV PAcedv Tovg aAld Kot avticTpopa (Tpod-
taon 15).

Me onuepvoig 6povg, o dykog V evog KuAivopov kat o dykog V',
evog kavov Aapfavovion g opla Tov akoAovbdy (V,, ) kot (V2'n ), TOL

opilovtar amd TOVg OYKOVS TOV EYYEYPOLLEVOV TPIGUATOV KOl TOVPO-
uidwv avtictoiywe, pe Pacelg kovovikd moAdymva pe 2" mhevpéc.

To kepdioro TeredVeL pe TNV TpdTaoT 18, oy omoia amodskvy-
€70 OTL OVO GPOIPES Elval AVILOYEG TV KOP®V TV SOUETPOV TOVG. Tng
amodEIENGg LTS TPONYEITUL ) APKETE SVGKOAT KOl EVOLAPEPOVGO TPOTO-
on 17, cbpeova pe v omoia, av doBovv 600 opdkevtpes opaipec, TOTE
VIAPYEL SVVOATOTNTO VO EYYPAWYOVUE OTN UEYAAN GPaAipo TOAVESPO TOL
VoL UV €L KOO onUElaL LLE TN LUKPT GPOipaL.

2. H pé0odog tng e€avrinong

210 BpArio XI ot cvykpicelg TapaAANAemmEd®V Kol TPIGUAT®V €-
ywov pe Baorn T GLUTANP®ON N TNV JWUEPIOT] TOV GYNUATOV OVTOV,
MOOTE VO, TPOKVYOLV {50 6TEPEC.

210 Bipiio XII mapovcialetar n avaykn va opiobel to gupaddv
oV KOKAOL pE PBdon to guPaddv morlvymvov f o dykog KuAivopov (Kot
KOVOL) pe Pacn tov 0yko mpicuatog (mupapidag). Eniong mapovoidleton
N avdykn vo ocvykptfoiv toupapido kot mpicpa mov Exovv iceg Pacels kot
oo Oyn. e OAEG AVTEG TIC TEPUTTAOCELS KOTAPEVYOLUE otV a&lobavpa-
ot péBodo tov Evdo&ov, tn "uéfodo e eCaviinong”.

Ot apyaiot 'EAAnveg elyav ovveldntd eEoferioel v évvola Tov
opiov Kot Tov ameipov omd TIG ATOOEIKTIKEG TOVG dadtkaciec. Avtd eiye
O¢G OMOTELEGUO. VO KATOPELYOLV og a&loBadpocTtes pev, oAl opkeTd
dugkapunteg peBOOOVG, MEPOUV TNG EVIVIIMGLOKNG TPAYLOTL O10d1KaCiog
7OV 0KOAOLOOVGAV Y10 VoL VTTOWYIAGTOOV EK TMOV TPOTEPMV TNV TN B Kd-
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oG, KOTA KOVOVO YEMUETPIKNG, TOGOTNTOS A, TNV omoia Tpootadov-
GOV VO VTOAOYIGOLV.

Bdon avtg g mpoomddelag mpog Ty TeAIKN amddEEn g 160TN-
TG omoTeELel M| uébodog s eCaviinang, mov ewonyoye o Evdo&og, kot &-
@aproce pe eEapeTIKN emruyion 0 ApYUNONG, 0V Kol eVIOTE UE KATOLES
TOPOAAALYEC.

H pébodoc, pe onuepvi mpocéyyion €xel katd Paon wg eENg:

Bpiokoupe o anéovoa akolovdio (ay) kot po eOivovso axoiovdio,
(B,), étol wote va oydovy oL oyéoelg: o, <A <pB,, o,<B=<p,,VVEN"
Ko

1 .
Byt = Oysr < E Bv-a,), VvEN" (1)
>10 BPArio X tov Lroiyeiwv amodekvieTOl, e CNUEPIVOVS OPOLG
drtvTopévn, 1 €ENG TPOTACT:
Av y1a 0v0 axolovbics (1), (w,) Oetikdv opwv 1eyder: t. =1, - ®,

t . 1
HE ©, = ?V, VvEN", (dniadi tyq < Et\,, VvEN?), t6te V>0,

dp € N téroro, dote va 1oyver t,<e.

Me Bdomn ovt) Ty TPOTOCT], TPOPOVAS Yv®oTh otov Evdoto, 1
oyéon (1) pag odnysi om domictoon o6t V & > 0, ApEN’, té1010 DoTE
va. woyoet: B, - o, <& AAAG,

a<As<Bkma,<B=<pB VVvEN" =
= o,-pBy <A-B=B,-a,,VVEN =
= |A-B| <B,-a,, VVEN’

|A-B|

Av howmdv dgyrodpe 61t A = B, tote Yo e = ——— > 0, B vmdp-

A-B]

et pEN Téro10, DOTE |A-B| = By — 0y < ——, omotE |A—B| <

A-B
< | 5 | , ONAON |A- B| <0, mov givan dromo. Apa Ba Exovpe A = B.
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3. LOykpon 000 KUKA®V
Otav ota endpeva avapepopacte o dBpoiopa, dapopd 1 AdYo
x
dvo oynudtev X; , Xy (ovpforkd X + X, X — X, 2—1 ), Ue cvyypovNn
2

opoloyia gvvoovpe dBpotoua, doeopd 1 AOYo TV ovTicToy®v gufa-
dmv, av To oyfuote eivar emineda, N TOV avticTolyy®v OyKoOv, ov gival
GTEPEA GYNLLOTOL.

Avaroyn mapoatipnon oyOeL Kot Yo TV 100tTo. X1 = Z), EVO UE
VZ; 0o evvoolpE T0 GOpotoHa V-0pav, (Z4+E1+ . . . +Z4), Y10 kdbe VEIN',
Ievikotepa, pe A%y , AEIR gvvoodue 10 A.(X;), 6mov (X1) givan T0o gpfo-
dOV 1 0 OYKOG TOV OVTIGTOIYOL GYNUATOG.

Y10, TAaiolo avTd 1 TPOTUGT oV axkoAlovbel opeilel va evvonOel
g &8¢

"0 A0y0g TV UPOOWDV dDO OUOTWYV TOAVYWOVWY EYYEYPOUUEVDV OE
KDKAODS 1600TOL [UE TO ADYO TV TETPAYDOVOV TV OIOUETPOV TV KOKAWY
ootV

Mpoétaon 1 (XII. 1)
AVo ouola molvywva eyyEypaupivo. 6 KUKAOVS &ival avdioyo
TOV TETPAYOVOV TOV OLAUETPOV TOV KOKAWY AOTOV.

Anddoaln
Acg Bswpnoovpe, Yoo TOPASELYHO, TO EYYEYPOUUEVO OO TTEVTU-
yova ABI'AE, A'BT'A’E’” 6tovug kdkAiovg (O,p) kot (O',p") avtictowya,

Zypo 1
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ue opdhoya Letyn Kopuedy (A, A'), (B, B'), (T, T*), (A, A, (E, E') kat
T1G avtioTtoryeg dwapétpoug BM, B'M’. Oa, amodeybei 6Tt

(BM)’ _  (ABTAE)

(BM'Y (ABT'AE)

N A AB A'B’
Apod BAE=B'A'E’ xon — =—— (VI, opopdc 1), ta tpiyova
¢ 5 ap (VI oponds D), Ta Tpiy
ABE, A’B'E’ 0a givar 1coydvia (npotaon VI. 6). Apa AEB = A'E'B'.
AMG AEB = AMB xaw A'E'B' = A'M'B’, &6t Baivouv ot ica

16&0. Bivon 8¢ ko BAM = B'AM’ (=90°). Ta tpiywvo Aowmdév ABM,
M _ AB ,
BM AR (npétaon VI. 4).
BM\’_ (BM)’ AB\’_ (ABTAE)
ovi) Ty " () TaBTat)
(BM)* _  (ABTAE)
(|3’|\/|’)2 - (A'BT'AE")’

Avaloyn amddeiEn pmopel vo yiver OTOV TO TOAVY®VA £(OVV O-
TO10ONTIOTE APLOLO TAEVPDV.

0.£.0.

A’'B'M’ glvar icoydvio, ondte

Ouw (mpoTa-
Hog p

on V1. 20). Apa

Mpotoon 2 (XII. 2)

Avo KVKA0L Eval avdAOYOL TV TETPAYOVOY TOV OLOHUETPOV TOVG.

Améoeign
Bewpovpe tovg kukiovs K, K’ pe axtiveg p, p” kar kévipa O, O°
avtioTolya.

K
Apxel va deiéovpe 611 — = ﬂ) .
K= \p
2 2

‘Ecto E,# Pl Tore |2 =K omov S =K',
K \p’ ’ S
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Zypa 2

o) Eoto apya S <K',

Av Bewpnoovpe tov apBpo, € = K'= S > 0 t6te, ocdhupova pe 1o
Fevikd Afppa mov avagépeTol oto TEAOC TG amodeltng, Oa vrdpyel mo-
Adyovo E'y eyyeypappévo otov kokio K’ tét010, dote, K'— E'y < &. Apa
K-E',<K'-S, onote

E\>S 1),

Av E, e&lvarl 10 avtioToro Kovovikd ToADY®MVO TO EYYEYPOUUEVO

otov kukho K, 10te, MOy tng mpdtaong 1, Ba Exovpe E,V =(£) =§.

v

Onmg 1oyvet > 1, apov K> E,. Apa 0a &govpe

!
A% v

S>E', )

Ot oyéoeig (1), (2) 0dnyovv ce dTomO, dNACON dEV UITOPET VAL 1GYVEL
S<K".

2
B) 'Eoto topa 611 S > K'. Tote amd ™ oyéon (ﬂ) =
p

2
’ S S _K’ K_S
VOULLE Pl =2 Av woyvel —=—, tote Bo Eyovpe ko —=—>1,
K K T T K

apov S > K'. Apa K > T (BAéne ko To Afppa mov axoiovbel). Eropévac
2

(B) .S ue T <K.
p T
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To mpdPAnua Aowmdv avayetal 6TV Tponyovuevn mepintmon (o)
KOl L€ TOVG 10100g OTTMC TPV GLALOYIGHOVG 0dnyel otig oxéoelc E, > T
kot E, < T, mov avtipdokovv. Emopévog dev pmopel va ioyver S > K.

2

K
Telwka, wyder S=K’', ondte —= (ﬂ) :
K™ \p
8.£.9.

Atjppa
Av éva ywpio S eivar pueyaivtepo evog kvkiov K, tote o Aoyos
Tov S TPog évav dllo kvkio K’ givar ioog ue to Adyo tov K mpog
éva ywpio T uikpotepo tov kvxiov K'. Aniaon, av S > K kot
£=£, tote T<K'
K' T

S _K '
IIpGyuatt, amwd TV — = — mpokdmtel — =— > 1, agpod S > K,
poyp i KT p K ¢
Apa T <K".
Hopazipyon. Mg po 16000VaUT SOTOTTOGY TO ANUUN QVTO EYEL

oG &gNg:
"Av S > K, 1ote apkel va deilovue ot vapyer ywpio T < K’ téroio,

4 _Kll
wote — =—
K T
[pbrypat, £xovpe % >1 xon % =A= % = K?, omov T=—
A
Apa £>1, omote Ta < K’ kot apod §=—’, Bo &yovpe kot
T K T
S K
K T

Koatd mv amodeién g npotaons 3 Pactkd poro émai&e 1 akdAov-
On Bepehmong mopatnpnon, Tov Ba avapépetal ota endpeva wg I eviko
Anjppa.
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Ieviké Afppa:

Av 600¢i apiBuog & > 0 ka1 kvxios K, Tote vmapyel eyyeypopuévo
Kavoviko v-yovo E, , dote 17 d1apopd Tov amo tov kvkio va gival

HIKPOTEPY TOV & Ontaon K - E, <e.

Améoailn

BOewpobpe 10 gyyeypappévo tetpaymvo ABT'A kot to mepryeypopl-
pévo tetpaywvo EZHO otov xokho K. IIpogavadc to ABI'A givar ico pe

K
70 weo6 tov EZHO, dpa. peyoiivtepo amd 5 Apopmvtag Aowmdv amod

Tov KOKAO 10 TETpAymvo ABI'A, 0VGLOGTIKA TOVL OQAPOVUE TOGOTNTA

, . K
ueyoaivtepn omd 10 5

Av Bempricovpe To gyyeypoL-
£V0 KOVOVIKO OKTUY®VO
AMBNIPAXA xot 10 apoapécovpe
amd Tov KOKAO, TOTE OPUIPOVUE OV-
GLOGTIKG OO TO TPONYOVLEVO VLTTO-
rowmo, v = K - E4 10 1plyova
AMB, BNT, I'PA, AXA.

Ouwg, oynuatiovrag 1o mo-
paAinioypappo AA'B'B pe v
migupd A'B’ gpantopevn Tov K-
Khov oto M, mapotnpovue OTL TO
tpiyovo eivol i6o pe to picd TOL
TapoAAnAoypdupov ABBA’, katd
GUVETELD, LEYOAVTEPO OTTO TO KUKAL-
K6 o AMBA.

Zynuo 2.1

Apapavtag Aowmov ta tpiyove MAB, NBIT, PI'A, XAA and to
VIOAOLTO, V1 , APALPOVUE TOGOTNTA LEYAADTEPN OO TO UIGO TOL V1 KOl
Bpiokovpe vaorowmo v; = K - Eg . H dwdwkacio avtr, cOppova e tnv
mpotacn X.1, Oa pog odnynoet og vrorouo v, = K - E w1 pikpotepo

amo Tov aplfud e.
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4. Lyoio 0to Ocdpnpo cVYKPLONS KOKA®Y.

Y10 Zroryeion Tov Eukeidn kot oty podTocn 2 mov mponynonke,

2

vy vo omodeyfel n oyéon ra =(£) , amodeiydnke OtL o1 oyéoelg
p

! !

2 2
E/ < ﬁ/ Kol E, > B{ 0dnyovv cg Gtomo.
K K p

H mopeia dpmg g amddeiéng mov akoiovbeitor oty mepinTmon

2
K
< < (B,) kot Paciletoar oto Anppa, dev pmopel va epaplootel oTnv

2

oo 5)
mepintoon E> = -
p

2 '

K K '
I'a to Aoyo awtd, n oxéon — > B, yphoeton g — < L
K K p
Kol Tote epapudletal n dudikacio wov axolovdnke v 610 KOKAO
K avtitov K.

H gdoymun avt amopuyn tng gubeiog amddeitng yo v mepinto-
2

K

on < > (3,) npokdrece ddpopa oM, avaykalovtag tov Heath va
p

TPOTAEEL EVOL KOO, ATLLOL, TPOKEUEVOL VO EMLTVYEL gVBeia amddeén. To

Mupo Tov Agimel yivetal QUESH PAvEPD, OV OVOYVAOGOLUE TPOCEKTIKA
2

K
TNV TPONYOVUEVT TIEPIMTOON < < (ﬂ,) _
P

2

Exel Béoape (ﬂ) = S’ omote K™ S’ xan domiotdoape 6t

!

p
vapyet v EN dote

K’-E, <K’-§ @
oniadn E,”> S,
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2 2
K K
Topa éovpe — > ﬂ/ , onote av Béocovpe B, = —, Oa &i-
K p p S

vou S > K. T va amaderpBei opmg 1o K aprel va Bpebel oyéon avdro-
v ™¢ (1), mov Ba £xel puowd ™ popen X - K” < S - K'. Eivatl Aowwdv
€bhoyo, 10 X vo ToploTdvel T0 gUPaddV KOVOVIKOD TOAVYMVOL TEPLYE-
YPOUUEVOL 0TOV KUKAO K.

Av cvpPoricovpe pe E, , E,” 100 gufadd tov Kovovikdv ToAvydveoy
mov glvon mepryeypappéva. otoug kokhovg K, K', tote to Afjupa oto onolo Oa
KOTOpUYOLLE Ko TO omtoio mtpdryportt ékove o Heath, sivon to €ng:

"To kabe € > 0 vrdpyer vEN wote E, - K < ¢, (avtiotoya E,- K'< g)".

H amddeién tov dpmg eivon mo dHoKoAT 0d TO TPOTYOULEVO ATLLOL

Zynuo 2.2

1 1
ApyIkd TopoTnpovLE Kot TToAL OTL 2 Es=Es <K, omdte E4,— K < > E..
1t ovvéyea Exovpe Eg - K=E4 - K - (E4 - Eg)
Apxkei Lowmov va dei&ovpe 0TL:

Ey—Eg> E“Z‘K @

[Tpogavag Es - K = 4E, , Eg - K=8E, kot E4 - Es =4 (ABI)
(BAéme oynpa 2.2). Apkei dowwdv avti g (2) va dei&ovpe otL:

4 (ABI)>2E,, q 2 (ABT)>E,, 12 (ABI)> (ABI) + 2E,
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A (ABI)>2E,, | 2(AMI)>2E,, § (AMT) > E,.

[pdyunati, Tpogavag Exovpe 'A =TM < AT ko emeldn to Tpiym-
va AMI', AMI" éyovv kowvd vyog amd To M, Ba 1oy0et
(AMI) _ AT
(AMr) ~ AT
Evtehig avéroya, &xovpe Eig - K=Eg- K - (Eg - Eg) xou T1g oyéoeic:

Eg - Eis> Es

>1, onote (AMI') > (AMI') > E,.

KA. H 1oybg Tov Afupatog givatl mhéov eavepn.

2
K
H oavtipetomon g mepintwong < > (ﬂ,) , Yopic ovaywyn
p

2
K
GTNV TPOTYOVLEVT| TEPIMTWON < < (E,) , Umopel va yivel og e€nc:
p
K K
‘BEoto — > ﬁ, —.Tote S>K’, on61e S-K" >0
K p S

lNo e =S -K" Ba vrapyel, coppova pe to Aqupe, v € N tétoo
wote: E,” - K'<S-K". Apa

E, <S ().
K s _K
Opos s(0) =KL S K
voo\p S E, E,
Emopévac,
S<E/ (ii).

Ot oyéoeig (1) , (i) odnyovv og dromo.

Mio GAAN omodelen g TpdTaong 2 £yve and tov Legendre. H PBa-
o1k 0o ™G amddelng avtng vrdpyel ota Zroryeia, Pipiio X, katd
v anddelEn Tov avTioToyoLv Bewpruatog Yo opaipes (dnAadn Tov Ot
01 YKol 800 GPAPOV glval avaloyol TV KOPwV TV axtivov Tovg). Exel
Aowmdv amodeikvoetar To ENG:

"Av 00000V 000 ouUOKEVTPES OPAIPES, TOTE DIEAPYEI TOADEPO EYYe-

YOOUUEVO OTHYV eCWTEPIKY OPAIPA, TOV OTOIOL 01 E0pPEC OEV EYOVV

KOIVAQ. GHUELO, LUE THYV E0WTEPIKT dPaipa.”.

O EvkAeidng mbavdg Katépuye 6° ovTh TV ETAOYY, EXEON OKPL-
Bodg M epoproyn avtictolymv SladKacIdV UE OUTEG TNG amOdEENG TG
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npdtaons 2, o anoitovoe gyypaen (08 GEAIPE) KAVOVIKOV TOAVESPWV.
Ouwmg, dev vapyel SuvaToOHTNTO EYYPAUPNC OTEIPOV KAVOVIKDOV TOADEIPMV
€ GQAipa, 0POL TA KOVOVIKA TOADEdPa gival wovo mévte (teTpdedpo, &-
£Gedpo, okTdedpo, dmdekdedpo Kal EIKOGAEDPO).

O Legendre Aowmov omédelée 0Tt Yo, 300 OHOKEVIPOLC KOKAOLG 1-
oYVEL TO EENG:

"Yrdpyer KovoviKko moADYwVo EYYEYPOUUEVO OTO UEYGLO KDKAO TOD

Ppioketor ektog 10V LKpPoD, KOOMS Kol KOVOVIKO TOADYWVO TEPIye-

YPOWUEVO OTO LIKPO KOKAO OV fploketor evios Tov ueyalon”.

H xavovikdmra BéRato Tov Tolvydvev gival eueaveg OTL dev &i-
v amopaitnTn. Apkel vo, Oemprcovpe avTioTo o L AVTA OLOL0L TOAD-

yova 610 0e0Tepo kKOKAO (K') K0Td TOV 0moKAElopd NG TEPIMTOONG
2

E F3 B .
K/ p!

H omodeién tov Legendre éxsr miéov wg eé€ng: 'Eotw

K’ K’
Ed®, o avtibeon ue tov Evkdeidn o Legndre déyeton 6t to K™
etvan epuPadov koxAov, v o Evideidng to Oewpel tuyaio epufodov S.
To av pmopet va kataokevaotel Kokhog K™ opoxevrpog tov K pe
aktiva, p”" < p mov va wavorotel v oxéon (3), dev gival kabBoLlov Tpo-
QOVEG.

2 n
£>(£,) =K— (3),omé6te K>K"".
p

2ynuo 2.3
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Av dgyrobue Aowmdv v vmopén evog tétoov KOokAov K’ evtdg
Tov K, pmopovue va Bewprcovpe Kavovikd Tolvyovo A A, . .. A, gyye-
ypappévo otov K extdc tov K™ kot 1o 6po1d tov Kavovikd moAdymvo
A" Ay LAY eyyeypoappévo otov kokAo K.

2ynuo. 2.4

Av E,, E,” 10 avtictorya gpfadd toug, Ba éyovpe:
2

E, :(g) K

E! P K

v

1 1
AMGE, <K" =— > — xaragov E, > K", 0o £xovpue:

v

> — (5).

Ot oyéoeig (4), (5) odnyovv e dromo.

2 "

K K
‘Eoto topa — < Pl = — . Tote K" > K.
K K

!

Bewpovpe Lomdv kokho K opdkevtpo tov K pe axtiva p”’.
Tote p "> p.

Bewpovie kavovikd moAdyovo E, = Ag A, ... A, meptyeypopLpLévo
otov K'” kxou extdg Tov K kot 1o 0potd tov kavovikd moivyovo E,” =

=A;" Ay’ A) mepryeypappévo otov kKokAo K.
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A, A
R
Aj
E K
Tote Oa £xovpe — = (ﬂ,) =— (6)
v K
A E'y>K = — < — ka E, <K', omdte
E K”
< — 7).
E K’ 0

O1 oyéoelc (6), (7) odnyodv ce dromo.

2

K
Tehka Aowov Oa Exovpe < = (B)

!

5. Tpryovikég mopopnidoss Kol Tpicpato

IIpotaon 3 (XII. 3)

Kabe tpryovikng mopauioo oroapeitor 6e ovo mopapioss (6es Kal
OHOIES TTPOS THY GPYIKY KOl GE OVO (60 (:16000vaua) Tpicuata.
To afpoicua Twv dv0 avTOY TPIGUATOV DIEPPAIVEL TO UIGO THS
mopauioog.
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Amooain

Bcopodue 1o péoa A
E,Z, H, 0, K, A t0ov akuonv
AB, BI', TA, AA, AB, AT
™¢ mopapidag A. ABI.

Mpopavag, EO // AB
ko OK // AB (mpdtoon
VI1.2). To ®EBK &ivou Aot-
év  TapoAANAGYpOpHO, O-
note (mpoétoom L. 34) OK =
=EB = EA. Eivon 6poc
OA = 0OA kou ®AE =ABK
(mpotaon 1.29), omote 101

piyova AEO, OKA egivon
foa. "o Tov 1d10 Adyo eivan

Zynipoc 3

foa ko ta Tpiyova AOH, OAA. Ot yoviec HOE, AAK, éyouv mhgvpég
mopaiinieg apa eivon ioeg (mpodtacn XI.10). Eivor oumg ko AA = OH,
AK = OE, onote ta piyova HOE, AAK eivar ica (mpdtaon 1. 4)

I"a tov 010 Adyo Ba eivon ioa ko o tpiyowva AHE, ®AK. H mo-
pauida ooy ®.AHE eivar ion kot opowo pe v mopapida A.GAK
(mpotaon XI.10). Ou otepeég ywvieg Tovg elvon mpopavag icec, apov
oynuatiovion omd mapdAinia enimeda.

Apov BK // AB, ta tpiyova AAB, AGK cival 1coyovia (mpdtao
L. 29), dpa eivar 6powa (VI, opiopodg 1).

INa tov 110 Aoyo givan dpota ta tpiymva ABIT, AAK, xabmg kot ta
AAT, AGA.

Eniong ot yovieg BAI', KOA eilvat icec, apob €ovv mAevpéc ma-
pOAANAEG.

Eivon opmg ko AB =2®—K =% , omote 1o tpiyova ABI, GKA

Al 20A OA
givar opoto (mpdtoon VI. 6).

H mupapida Aowwoév A. ABT givon 6pota mpog v A.OAK, dpa kot
nwpoc v ®.AHE . O otepeég ymvieg toug givor mpopavag ioeg, apod
oynuatioviot TapdAinia enimeda.

Apov BZ = ZI', 1o maparinioypaupo EBZH eivor dimAdoio amod
to tpiywvo HZT (mpodtaon L. 41)
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Av Bempricovpe Kot to maparinroypappo OKAT, tote to mpiopa
OHE.KZB &givar 10 oo tov npicpato¢ HEOT.ZBKA = EBZH.OKAT,
apa. ico pe 1o mpiopa HI'Z . ®KA (npdtaon Xl. 39). Ipopavmg, to mpi-
opo ®HE . KZB givon peyodvtepo and v mopapidoa K. EBZ, mov sivar
ton pe v mopapida ©. AHE, apov éxouvv Tig £€0peg TOvg 10eg Lo TPOg
pio, Kafds Kol TG 6TEPEES YWVIES TOVG.

"Etol Aowmov n mopopida A. ABIT diupéfnie oe 000 mopapideg
A.OAK, ©.AHE icgg Kot Opo1EC TPOC TNV OPYIKT KoL GTO, VO 1GOSVVALLOL
npicpuoata ®HE.KZB, HI'Z.OAK.

AoV kdBe éva amd avtd ta Tpicpato eivol peyaAdTepo amd kale
mopopioa, to dvo mpicuato poli vrepfaivovy Tig dVO TVPAUIdES, Gpa
vrepPaivouy To PO TNG OPYIKNG TLUPAUISAS.

0.£.0.

Atjppa
Av Oswprijcovue ko1 ocvtepy mopouioa icovyy tne A.ABI, tqv
A" A'BT", kau Oswpijcovus Tta avticToyo Héco TV aKudY THG,
tote Ta mpicuata KAO - ZI'H ka1 K'A'O - Z'T"'H’ givou avdioya
Ty facewv ABI' kot A'B'T".

Améoegn

A@o? 10 eminedo KAO 61-
yotouel v AA ko etvon Tapdh-
Anio ot Pdaon ABI, Oa diyoto-
pet ko To Yyog AA; g Tupoapi-
dag A.ABT. Opoiwng, 10 K'A'®’
Ba duyotopel To vyog A'A’; g
mopoapicoag A A'BT”.

Ta  mplopata  Aourdv
KA®-ZTH xaun K’'A'®’- Z’T'H’
0o elvarl 1oobyn, kabmg Kot ta
nopoiinieninedo KAT®-BZHE
kot K'A'T'O@- BZHE". Ta
noapodnienineda Aowmdv  avtd 2o 4.1
Oa elval avdioya tov Pdosmv
KATO kot K’'A'T’®’, mov givon duthdocieg tov KA® kot K'A'®" avti-
ool . AAAG Kot To TapaAANAETineda ovTd givorl STAdoI0 TV TPIGUA-
tov KA® - ZI'H kan K’'A’®’- Z'T"H’ avtictoyya.
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2(KA®-ZI'H) _ 2(KAO)

A ,
pa 1oybvEL 2(K’A’®'—ZT’H') 2(K’A'®'

) , OmOTE €YOovUE

(KA®-ZTH) _ (KA®) _ (zI'H)
K'A'®@-zTH) (K'A'®) (ZT'H)

i(ABF) B (ABF)

E(ArBrl—u) (A/B/F’) '
4

Ipotaon 4 (XII. 4)
To dOpoicua twv mproudTwv cta omoio drapédnke n Topouion
A.ABI' ka1 to dlpoicuo twv Tpicudtwy 6ta omoio Slapéfnke i
1eovyijs tys mopauioa A'. A'B’T’, ebupwva ue tqv npotacny 3
Kot o Ajuua wov Ty axolovOnyace, ivar avdioya twv fdcedv
TOVG.

Amodaln

Onwg deiape, to npicpato EHO - BZK kot E'H'®'- B'’Z'K” givat
avtotoiymg ioa pe ta mpicpata KA® - ZI'H xot K'A'®’- Z'T'H” (PAé-
ne oynua 4.1).

Aol opmg 1oydet ( (KA®_ZFH) = (ABF)

, 0oL gtvon ko
K'A'®'-ZT'H') (A'BT)

(EHO-BZK) _ (ABI)
(EH®-BZK') (ABT')

Emopévac &xovpe

(KA©-zrH)+(EHO-BZK)  _ (ABI)
(K'A'®-ZT'H')+(EH®'-B'ZK') (ABT')
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IIpotaon 5 (XIL. 5)

Av Vo Tprywvikés mopouioss Eyovy ica vy, ToTE Eval avaioyes
TV fdoedv TOvG.

Améoeign
SvpPorifovpe pe V, V' 116 woobyeic tpryovikég mopopioeg A. ABI
kot A" A'BT" xar pe b, b” tig Bdoeig otoug ABI, A'BT” avrictoryo.

V b
®élovue va deiéovpe 0Tl —=— .
It Eoop Vo

2o 5

! ’ !

V b b_V )
"Eoto 611 givan 7#—. Tote Oa 1oyveL —:; pue X=V'.

o) Apykd vroBétoope ot X < V', Torte, omwg deiope, apopm-
vtog omd v mopapida V' dvo mpicpota ico pe to HT'Z'-0'A’K’, a-

QULPOVIE OVOLUCTIKA TOGOTNTO UEYOADTEPT OO > Av epappdcovpe

v dla ddikacio otig mopapicec @ . A'H'E” kot A".O'K'A” wov ané-
pewvav, 10te B0 aparpéoove amd OVTEG TOCOTNTA UEYOAVTEPT] OO TO
Hico ToLG,.

Emopévac, copemva pe to I'evikd Afqppa (mov dtatunddnke petd
v wpdtaon 2), yioe=V'-X>0xorywa P, , Py, ..., P, 1a npicpo-
Ta. oL agatpécape amd v V', Bo vadpéel kdmolo vToLorto

V' =Py +Py+...+P,))<e.
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X <P +Py+..... +P) (1)

Av Py, Py, ..., P, elvon o avtictotyo mpicpaTo TOV 0POIPOVLE
a6 v V, 101 10 mpicpota P, P, k=1,2,... v, mov givon Tprycvi-
K@ Ko égovv PBaoelg Opoteg pe tig b, b, éyovv ioa vVym, omdte Ba 1oydeL
Py

—=— yiok=1,2, ...,

P, bt
P, _P P

'Etot, tehikd 0o éovpe: —-=—2=-..= ,V=£,.Apa Oa etvar ko

P, P, P, Db

P+P,+-+P, b _V X

’ ’ ’ :_/ = » OmotE ’ ’ ’ =

P/+P;+--+P, b X P, +P;+---+ P,

apovV>P; +P,+...+P,.
Emopévac Ba 1oyvel n oyéon

X >P1+Ph+... +P, 2

Ot oyéoeig (1), (2) duwmg 0dnyovdv ce GTomO, APa. OV UTOPEL VO 1-
oyvel X <V,
b X X_V' V_X
B) Eocto X>V' . Tote —=—. Av —=—, 1016 —=— >1,
b vV T T V
apov X>V'. Apa V>T.

Emouévag E:? ue T < V. To mpofinua Aodv avdystot 6Ty

TPONYOVUEVT TTEPITTOOT Kot 0dnYyel otig oxéoelg T< P+ P, +... +P,
ki T> P+ P, +... +P,, oromoieg avtipdokovv. Emopévag dev pmo-
pel va 1oyvel 0bte N oyxéon X > V',

. b_V . . . ,

Apa &yovpe F:V [péner Aowmdv va woyder X =V'.

8.£.0.
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IIpoétaon 6 (XIL. 6)

Ao 16obyeis mopouioss pue facels molvywva ivar avdloyes Twv

Pacendy Tovg.

Améoailn

Ag Oesmpnoovue, Yo TopPAdEYHd, TIC 100DWELS TLPApidES
M.ABTAE kot M. A'BT'A’E" pe Paoeig mevidyova. Oo amoderydel 6t
oYVEL 1 OYEoN:

M.ABIAE _ (ABTAE)

M'ABT'AE" (ABTAE')

.
’v
e,

5
Zynpo 6

Yvpporilovpe pe I, Il , II3 115 TPry@dVIKEG TUPOUIDES LE KOPV-
oM M xon Baoeig Py = ABI, B, = ATA, Bs = AAE «ow pe 117, 11, I3,
B, B2’, Ps° 1O avTioTOLOL GYAUOTO TTOL OVOQEPOVTIOL GTNV m)p(xu{&x

M. A'BT'A’E’. Téte (cOppmva pe v tpotact 5) Oo Exovpe Hl —El
2 P2
dnhadn
I, +11, B,+P
2 _P17 P2 1)
IT, P,
Opoimg Ba woyvet
I, _B
2 P2 @)

I3 By
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I, +10, _ B, +B,
I, Ba

(mpoTa-

Amo t1c oyéoelg (1), (2) mpokdmtel 0Tt

on V. 22). Apa:
IL +11, + T3 _ B, +B, +B; 3)
I, Ps

rrrrr

1} +11,+11, _B; +B) + B,
T B,
mo B @
T +T0, +T1, B} +B) +B}

, OmOTE

AMG o1 Tpryvikég mopapioeg s, TI;"  elvan woobyelg, omdte:

11
I, Ps
Amo g oyéoeig (3), (5) (cvupmva e v mtpotacn V.22) TpokimrTel
1_[l-i_l_[2+l—[3 :B1+B2+ﬁ3 (6)
I B3

II, +11, +11 +B, +
Am6 1ig (4) , (6) mpoxdmtel bT1: ——F——3 b . b 2 b 3
I—Il-i-HZ-i-l_I3 BI+BZ+B3

. M.ABI'AE _ (ABTAE)
naeen M'A'BT'A'E" (ABT'AE')

8.£.9.

Mpotaon 7 (XII. 7)
Kabs tprywviko mpiocua oraipeitar ce Tpeis ices ((16000voues)

TOPAUIOES.
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Améoailn

BOcwpovpue to mpioua ABT' . AEZ Dépovpe tig EA, ET, A, ondte
to mpiopa Swupeiton o tpelg mopopideg E.ABL, E.AT'A, E.ATZ. ®a. d¢i-
Eovpe OTL 0VTEG tvar 1000vVapES, OnAadT| £xovv icovg GyYKOoG.

AoV 1o oyfuata ABEA, ATZE givon mapoAinAdypappio, ot dio-
yoviég Toug AE, T'A ta dtupovv og dvo ica tpiyove (mpodtaon L. 34),
oniaor ABE = AAE, ATA=ZTA. Apo.

E.ABI'=T.ABE =T.AAE=E.ATA=E.AI'Z

Ag@ov ov mupapideg E.ABT, E.ATA,
E.ATZ sivan ioeg, kéBe pio Oa givan ion pe 1o

% tov mpicpatog ABI' — AEZ,

.y (A.ABI) = % (ABT.AEZ)

0.£.0.

Lo 7

Hépopa
1
Kabe tpryovikny mopouida eivar ion (:1600vvoun) ue to 3 T0V

TPIYWVIKOD TPIGUATOS TTOV EYEL TNY [010. fdon Kal To (010 byoq.

IIpétaon 8 (XIL. 8)
ADo OpoIES TPIYWVIKES TVPAUIOES EIVAL AVALOYES TWY KUPWV TV
O0l0L0YV TTAEVPAV TOVG.

Amdoatn
M’ A
|
I
A '
M A N\ | K
A | '\
N\ ! K \\ 1
W\! N
N A
Y AN -~/ E
AN\----/E
B I B’ T
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Bempovpe 000 dpoteg Tpryovikés mopapides A.BI'A kon A".BT A",
Bcwpovye eniong To Taporiinienineda pe Paoeig BIEA, BT'E'A” xou vyn
ica pe to avtioToryo Hyn TV TVPAUId®V amd TG Kopueég A, A’. O omodel-

.. (aBra) _/Bry
xOel oTL = .
(A’BT'A) (BT’)

Tote dnuiovpyovvtar ta Levyn T@v opoimv moapoAAnioypippimy
ABI'K ~ A'BT'K’, ABAM ~ A'B’A'M" xou BTEA ~ B'T'E'A’, agov
AOY® NG OPOOTNTOS TV TUPAUIOWV TO TAPAAANASYPALLLO OVTE €YoV
300 TAELPEG VALOYEG KO TIG TEPLEXOUEVES YOViES 108G,

INa tov 1610 Aoyo ko To amévavtt tov ABI'K, ABAM, BI'EA na-
POAANAOYpoppe ivol Gpoto TPOG To TAPUAANAGYpa Tov Bpickovtal
amévovtt tov A'B'’A’K’, A'B'A'M’, BT'E’A” avtictoiya, apov ava 600
elvan ioa.

Ta oteped BA - KA ko B'A” - K'A” éyouv 11g otepeés yovieg tovg
ioeg Ko mepEyovtat omd 1o id1o TANnboc opoimv moAvydvay, dpo. Oa, sivol
opota. Omote, cvpemva pe v mpdtaor XI. 33, Oa 1oyder

(BA-KA) _(Br Y’
(B'A-K'A") (BT’)'

1
Emumiéov, n mopapidoa A.BI'A eivar 10 3 TOV TPioUTOG
1
BI'A.AKM «xot to wpiocpa BIA.AKM givon 10 5 TOV TOPOAANAETITESOV

1
BA.KA. Tehikd Aowmov 0o éxovpe (A.BTA) = 5 (BA.KKA), 1 (BAKA) =
=6 (A.BTA)

Emopévaog Oa 1oydet:

6(ABra) _ ( Bl

3
6(A'BT'A") BT') > nhodiy

(ABra) _/Bry’
(A’BT'A) (BT/)

xR
o
>
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Hépopa
AVo opoleg molvywvikés mopauioes givar avdioyes Twv Kofwv
000 OUOLOYWV OKUDY TOVG.
Amédain

K

Zynuo. 8.1

Ac Bewpnioovpe, o000 opoteg mopapideg K. ABI'AE ko K. A'BT A'E’
ue Bdoeic mevidymva.

YvppoiriCovpe pe I, Iy, I3 Tig mopapideg pe Phosg P1 = ABI,
B2 = ATA, B3 = AAE won pe Iy, 11", 13", B1’,B2", Bs” ta avtictorya
oynuaTo. oL avagépovrol otny mopouido K. A'B'T'A'E’.

I1 I1 I1
Toupava pe v mpodtacn 7 yovpe — = —2=—2 =22 4mov A

no He myv mp m / govu mo T, I,

AB KA
givor 0 AOyog 600 opoAdY®V TAELPDOV (ONAOd), A =——=——=:--).
IS HOAOY poOV (dnAadn B KA )
IT,+I1, +I1
Enopévac, Ba 1oydet #=k3,d o Ba £yovpue:

(K. ABTAE) _o=(AB *_ (AB)
(K’ ABT'AE) (A’B’) (AB)*

IIpotaon 9 (XII. 9)
Av 0vo Tprywvikés mopopioes eival i6es (:16000VaAuES), TOTE 01
facels Tovg sival avTioTPOPOS AVALO0PES TWYV VWAV Kol aAvTi-
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oTPOPa, OV 01 LAGEIS 0V0 TPIYWVIK®DY TOPOUIOwY &ivalr ovri-
OTPOPWS AVALOYES TV DYDYV, TOTE 01 TVPAUIOES gival (6ES (:160-
ovvoueg).

Améoeign

Ag Bewpricovpe T1g mopapideg A.BI'A kaw A".B'T’A” pe dym v, v’,
Baoeic BI'A, BT A’ kot ta toobyn mpog avtég mopaiinieninedo BA-KA
kot B'A-K'A” avtiotoiywg (PAéne oynuo oty tpdtacn 8).

(o) 'Eocto 011 ot mopapideg (A.BI'A) , (A".BT'A") eivoun 160d0va-

pec, dniadn wyver (A.BT'A) = (A'.BT'A’). Oa omodeifovpe 0T
(Bra) _v’
(BTA) v’

Agov (BA - KA) =6(A.BI'A) kau (B'A-K'A")=6(A".BT'A"), 10
maporinienineda (BA-KA) , (B'A-K'A") eivar codvovapa, dniadn t-
oyvetl (BA-KA) = (B'A-K'A"). Zopopova pe v npotacn XI. 34, yua t1g
Baoeic tov Taparlinieminédmv avutdv (Tov givol TapaAinioypappe) Oo

BI'AE ' 2(BI'A '
( ) =2 , OMOTE # =2 (mpotaon L. 34).
2(BT'A") v
BI'A '
Telucd Lowmodv woydet # =2
(BT'A") v

gyoovue (B/F/A/E/) - :

(B) 'Eote topoa 611 o1 Bhoelg tov mopapidoy ival avtioTpOp®S
, . (Bra) _v , , ,
aviAoYEG TOV VYOV, ————y =— . Oa anodeifovpe O6TL Ol TVPANIdES
(BT'A') v
(A.BI'A), (A".B'T’A’) eivar 1oodvvapeg, oniadn (A.BI'A) = (A".B'T'A").
BI'A '
Apov # =2 , oopemva pe v mpdtaon L. 34, Ba Exovpe:
(BT'A") v
(BrEA) _ 2(Bra) _ (Bra)
(BT'E'A") 2(BTA) (BT'A)

'
L))
L))

Enopévac (BA.-KA) = (B'A-K'A”") (mpotaon XI. 34), dniadn
6(A.BI'A)=6(A". BT'A"), ondte (A. BTA)=(A".BT'A").
G.£.0.
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6. Xyola ot PETPN G TUVPUUIOMV KOl TPLORATOV
6.1. Métpnon mopopioag

Mrmnopobpe vo amodeiovpe an’ gubeiog 6TL 300 mLpapideg pe ioa
VY1 Kot 1ogpPadikéc Pacelg Exovv icovg 0yKovg, Le pEBodo mov TANCLd-
(el Tep1oGHTEPO GTN GVYYPOVN SLOSIKAGIOL OAOKANPOOTG.

[pdyunatt, Bewpovue 11g Topapideg V =% - ABI, V' =%"- A'B'T”
pe byog v Kot Pacelg euPadov B (PAéme oynua 6.1). Apkel va deiovpe
otL amokAgiovtal ot oyéoeig V >V ko V < V',

2ymuoe 6.1.1

Xopifovpue v akun XA oe n ioa tufpato pe onueio daipeong
ta onueio Ay, Ag,..., Ap1 KoL 0O To ONUEIN AVTA PEPOVLE TO TOPEAAN AL
ot Paon ABT enineda. Ovopdalovpe By Iy, B Iz ,..., B I'na Tig TOpEG
TOV eMmESOV ATV pe TV £0pa XBIT kau By Iy, By 17 ,..., Bpa T’
TIg TapdAAnAeg mpog v LA mpoPforég tov Bi Iy, Bo s ,..., By I'nay emi
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v edpmv Ay B, Iy, A3 B3 Iz ,..., Ap Bng [ng, ABI avtictoyo.
2y mopapida X-ABI, Bewpovpe ta npicpata I, 1L, ..., 11, pe
ﬁdGSlQ Bl = A]_B]_Fl, Bz = Angrz yeees Bn-l = An.an.an_l, ﬁ = ABI avri-

OTOLY0L, TOV TO KOBEVO TOVG €XEL VYOG — KOl TOL OVTIGTOLYO 1IGoVYN Tpi-
n

opata Py, Py, ..., Poy pe Baoerg Bu, P2, .., Poe1 -

Av Béoovpe Sy =TI + Tl + ... + Tl ko1 Sy = Py + P, + ... + Py,
TOTE TPOPOVAG IoYVEL: Sy <V < S,

AxolovBmvtag v ida dudikacio oty Tupopica X -A'BT kot
YPNOUOTOIDVTOS AvTIoTOO0VS GLUPoAoHOVS, Ba £xovpe Sy < V' < Sy,
omov S, =II;+IL'+ ... +II,", Sa" =Py +Py + ... +P'h1.

Opwg IT = ITi', ywa xé0e i € {1, 2, ..., n} xo1 P; =Py, yw kdbe

i€ {1, 2, ..., (n-1)}, apov &ovv ioa vyn Kot Paoelg wepPadikég, EPo-
2

ooV %' = (ﬁ) ,ywkabe 1 €4{1, 2, ..., (n-1)}.

Apa Sp =Sy’ kou S, =Sy, omotE S < V' < S

'‘Eoto otLwoyver V > V', Torte, ovoudlovrag W to mpicpo ABIC - XTY
pe dyog v kou guPfoddv Baong P xon AapPavovtog voyn TIC OYECELS
Pi=T1I;, yia kabe i € {1, 2, . . .(n-1)}, Ba Exovpe

V<S,-V<-5,=V-V' <§,-5,=

W
:(H1+Hz+...+Hn)-(P1+P2+...+Pn_1)=Hn=— (1)
n

Sopeova opmg e to aéiopa Evddgov — Apyundn, vedpyer NEN

této10, ®ote N (V = V') >W, ondte V-V’ > % Kot Aoym g (1),

— >V -V’ wov givan dromo. Enopévag dev umopei va ioyvel V>V',
n

‘Eoto topa 611 1oyver V < V'. Tote opoing Ba £xovpe

V’-V<Sn-sn=Hn=% (2),

Kot apov V'V > 0, soppova pe 1o a&iopo EvddEov — Apywumon,
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w
B vdpyer NEN tétoto, dote N(V'- V) > W. Ondéte V-V > — «oi Lo-
n

w
Yo g (2), — >V'-V, mov givar dromo.

Enousvwg dev umopel va woyvel V < V',
Telkd Aowmdv Oa Exovpe V =V’

Hopaznpnon:
2

Mg Baon 115 oxéoelg % = (i) ,ywkébe i € {1, 2, ..., (n-1)}
n

Kot BepdVTOC YVOOTO OTL Y10 TOV 0YKO ToL mpicpatog W pe Baon B kot
vyoc v €yovpe W = Bv (PAéne kot ox0A0 mov akoiovbel), umopovpe va
vroloyicovpe o’ gvbeiog ta dplo v akorovdidv (Sy), (Sn) kot va dei-

o W ,
Eovpe o011 elvan ioa e 3 o¢ e&NgG:

, V]
EXOD].L8Sn:H1+H2+...+Hn:(B1+ﬁ2+...+Bn.1+ﬁ)'; =

[ oo ]

12 +22 + _+(n-1f +n2

:|c

_ RO R.Y
B n? b n 6n? b n
= l+l 2+l B—U ,omote limS,=1-2- B—D=;U=E
n n 6 6 3 3
) )
Emiong sh=P1+Po+ ...+ Pra=P1+P2+...+Pn1) H:
12 +22 +..+(n-1) v _ (n-1)n- (2n-1) v _
- B-—= : B-—=
n n 6n n

s
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. : . W
‘Exovpe Aowmédv lims, =1-2- BTD = BTU = 3 To xowd 6plo

TV (Sp), (Sn) Bewpovue mAéov w¢ dyko NG Tupauidag.

6.2 Métpnon npiopatog

Av Bemprioovpe Tov KO0, TOL 0TO1oV 1| aKUN Eival Hovada pETPT-
oNG UNKOVG ¢ Hovado pETpnong O6ykov, dniadn pe oyko V, = 1, 101¢
g0Kola pmopodpe va dgi&ovpe 6TL 0 6YKog maporiniemmédov pe Baon B
KoL Oyog v eivaticog pue V=0 v.

Koatd v anddeién o Bewpricovpe dedopévo 0Tt to epPadodv op-
Boywviov TapaAAnloypaupoL gival iGo pe T0 YIVOUEVO TV JUCTACEDY
TOV, TO OTOI0 TPOKVMTEL PE GLAAOYIGUOVE OVTIGTOLYOVEC UE AVTOVG TTOV
aKoAovBovv kat amd TV aviartuén Tov Tponynnke oto Pifiio II.

[pdyuott, éotm o kOPoc V = ABI'A - A'BT’A” (BAéne oynua 6.2).

2ymuoe 6.2

Mmnopovpe vo katookevdcovpe opfoydvio TopaAANAOYPOUUO
KAT'A 1ogpupadikd pe o ABI'A kot ot cvvéyeio opfoymdvio maparinie-
ninedo Vi = KAT'A - KiAil1A; pe v €dpa KiA11A; eni tov emumédon
P = A'BT'A". Téte, odoupova pe v mpoédtacn XI.32, Ba €yovue:
l =M =1, onote V=V;.

V, (KATA)

Oétovue KA = x, KA =y kot Oewpodue 1o opboydvio moapaiin-

Aenimedo V' pe douotdoeg X, 1, 1.
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V .
2oppmva o pe v tpodtaoct X1. 32 Ba Eyovpe 7], = —}; 11) =y-v,
V' x-1
— = =X.Apo —> = X'y-v, ondTE
V, 1-1 Vo

V=Vi=xyv Vo=xyv=(KATA) - v=(ABTA)v=P"v.

Kd&0e tpryovikd mpiopa pe Baon P pmopet va Bewpnbei og to -
06 mopaAANAemESOL pe To 1610 Vyog v kot Bdon 2P. Erouévac, o dykog

1
tovtcof)wtusV=E2B-u=B-v.

Téhog, kaOe mpiocpa pe Baon P ko dyog v umopei va avorvdel
0E TPLYOVIKA Tpicpato, ondte 0 OyKog Tov Kot mdAl o Ppebel icog pe
V=3

6.3 H Apyn tov Kapamépr

H obykpion tov guPaddv 000 emimedwv oynuiTov 1 TOV 0YK®OV
800 oTepe®V oyNUateV pe ioa vy umopel va yivel ebkoAa pe Pdon v
aVaTOdEIKTN Hev OAAG pe emtuyio epopuolouevn apyn tov Kafaliépi,
oV onoia kot Oo avopepOodie TapakdTo.

Jas. [, )
A1/\B1 A}/\BH (e4)
Az/ \Bz A'Z/ \B'z ()

, B’
9y A PRV S N

VAR YA

2xnua 6.3.1




OI'KOI KAT H ME®OAOX THX EEANTAHXHZ 119

"Av dvo emineda oyfuarae (c), (0°) TéuvovTal amo Tis Tapdiin-
Aeg evbeics (9), (€1), (€2), (€3) 5 - . . ,(€) KaTd Ta avticTorya {evyn evOv-
Ypouuwv r,umw'zrwv (Ao Bo, AO’BO’), (A1 By, Aerlr), (Asz, AZ’BZ’),
(As Bs, A3’'B3’), ..., (AB, A'B") érer @otre: (Ao'Bo") = A (AoBo),
(A1'B1") = A (A1B1), (A2’By’) =X (A2 By), (A3 B3) = A (A3Bg), .. .,
(A'B") =MAB), tote1oyver (c)=A- (0)".

Mowdler étol cav vo Bempovviat ta oynuate (o), (67) g chHvor
VOOYPAUU®V TUNUATOVY, ONACOT GYNUATOV UE UNOEVIKO EUPadOV.

"Etot howdv Ba Exovpe (o) = E (AiBi) kot

(o) = E (AiBi) = E A(AiBi) = A E (AiBi) =L (o).

Kat této10 BéPata eumepiéyel 1o id1o mopdado&o mov sueaviletan
ot TOPAdoEa Tov ZNnveva, 6mov o kivion Bewpeitor ©g €va cHvVoro
amd aKwnoieg N £va evBVYPOUUO TUAKO G GOVOAO onueioy, dNAadn TTo-
GOTNTAOV e PNOEVIKO PKOG.

ITapdin v mopado&oroyio TOL Patvopévoy 1 apyn avtn divel op-
04 cvumepdopota, Katt pdAoto o omoio o Leibniz spdpuooce oe wapo
TOALEG TEPUTTAOGELS ATOOEYOLEVOS TNV OpyN XWPig Kapio apgiofriimon.

Mol mpwv amd tov KaPariépl, o Apyunong €lxe xpnoLOnooeL
TOPOUOL0, GVAAOYIGTIKT TPOKELUEVOL VO, TETPAYWOVIGEL TO TAPAPOAKS Y®-
pio, Bempdvtag kel 10 yopio ®g cvhvoro gubBhypoppmy Tunudtoy. To
Ospnoe Inhadn wg pio enimedn TAdKO e cvyKeEKPIUEVO Bapog, N onoia
amoptiletor amd vdvYpopue TUNUATO, TOV TO KoOEva ToVg £xEl miong
éva. ovykekpipévo Bapoc. Oumg, og avtifeon pe tov Leibniz, o Apyyun-
ong tovilel 0TL ot givorl amAdg po uEB0SOC Yo Vo VITOWYINGTEL TN GYEoT
oV guPadod Tov mapaforikol yopiov pe To UPadOV EVOG TPLYDVOL Kot
ogv amotelel anddeién. o vo ddoel avotnpn amddelln eykiopios 10
eUPodov Tov Tapafoiikod ywpiov HETOED 600 0OPOIGUATOV TOV OTOTE-
AovvTon amd amelpa tpiyova to kKabéva.

A B’
[

Zynuo. 6.3.2
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Mio amAr| eraAnfevon g apyng tov Kapoiiépt £xovpe oty mepi-
TTOON TOV OO0 TPIYOV®V oTe 0Toio YwpileTor Eva TAPUAANAOYPOLLO
ABTA am6 ) dtayovid tov BA.

[pdyunatt, to tpiyova ABA, BT'A, ta onoia €yovv ica vyn AA’,
BB’, unopei vo Bewpnbovv ¢ arotelodueva and ica vdoypappo tun-
pata AiBi kot T Aj mapdAinia otig Bdoeig toug AB, I'A ko og {ogg a-
TOGTAGELS OO AVTES.

"Etot dowmdv, agpov AiB;i = TiA;, 0o givan ko Z(AiB;) = Z(T' A), on-
rdM (ABA) = (BI'A).

Av Bewpnoovpe BEPara Yoot TV EVvolo TOV OPIGUEVOD OAOKAN-
POUATOG, TOTE Y10, ERPAdA GYNUAT®V OV TEPIKAEioVTOL HETAED TV YPOPL-
KOV TOPOCTACEDY dVO GUVOPTICEMV AVTO Eival EDKOAN OTOdEIELO.

Mo moapddeypa, av (oto oyfua 6.3.3) Oswpncovue to emimeda,
oynuoto (1), (02), (03) Tov opilovtar amod ta Levyn TV CLVAPTACEWV:

y=-1 y =3X y=2x+6
y=-x>+x-1[ = y=x?+2x[ ' y=2x*+6[
ko tvon TomoBetnpévae peta&d Tov Topoiiniov evbeiwv X =0 kot X =1
tote, KOBe gvbela X =p pe 0 = p = 1 Téuvel Ta oYNUOATA G, Go, O3 KATA TO
Tliﬁu(l‘[(l Al Bl, Az Bz, A3 B3 Kot 10)(1’)81 Ag Bg = Al Bl, A3 B3 =
= 2A1 Bl.

N 1
PRE
BSI
y=2x+6 —_| > D y:2x2+6
I
06 1A,

(K
Ve y= X 42x
y=3x—_ | S/
1
X (0,0 v 1(1,0)
1

1 2
47T o y=-x"+x-1

(1,-1)

X

(0.1)
y=-1 [ JAq]

1
y XFp x=1

2ymuoe 6.3.3
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EDKOM AooV SMIGTMOVOLE OTL ((52) (o1) Kou (03) 2(o1), apob

(o1) = f|—x2+x 1- |dx —f|—x2+x|dx—f( - )dx Ko
0 0

1 1

(02) = f |3X—(X2+2X)| dx =ﬂx—x2|dx =f(x—x2)dx ,

0

1 1
(03) 2x+6-(2x2+6)|dx = [ [2x-2x*|dx =
o3 {|x (2x2 +6)| dx {‘x x‘x

1 ) l( 2)
2 - dx =2 - d
~!"xx‘x {xx X

H avtictoym apyn Kofaliépt 610 Opo Umopel va epoprocTel o€
oTEPEA oYNUaTa L ioa VYT ¢ eENG:

"Av dbo otepea NV, V' téuvovrar and ta mapdiinia eninedo (Po),
(P1), (P), (P3), . .., (P) katd ta avrictoryo (ebyn emmEOWY GYHUATWOV

(60, 00'), (01, 617), (02, 02°), (03, 03"), . . .(0, G") érol daTe:
(00") =1 (00), (617) =L (01), (62) =4 (02), (05") =L (3) , . .., (67) =L (0)
tore woyver: (V)=L- (V)"

IfZ /ﬁ
{2 g = W

Zynuo 6.3.4

Ko mé ooy gaiveran va Bswpovvtan ta oyiuata V, V' og 6b-
VoAQ EMIMESOV CYMNUATOV, ONANOT CYNUAT®V 1E UNOEVIKO OYKO.
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"Etot howmdv (PAéne oynua 6.3.4) Ba éxovpe: (V) =2 (Gi) Kot

V=2 (o) = Y Mo) =2 Y (o) = 1 (V).

7. LOYKPL61] KOAVOPOV KOl KOVEOV

Mpétaocny 10 (XII.10)
1
KabBs kavog eival icos (:16000vauog) ue to 3 KVAIVOpov 0 omoi-
oG Eyel Ty io1a faon Kai ico vyog.

Amdéoatn
Bewpovpe tov kOAMvOpo V kol Tov Kovo V' tov gyyeypapiévo

otov kOAvdpo. ®élovpe va deiEovpe 0TL V'= %V , omhodn V =3V,

N /\
- r

2ynua 10

o) Eoto 611 V > 3V', ondte Oa éxovpe V-3V’ = ¢ > 0. Amoxodmto-
vtog omd T Pdon kavovikd morvymva E, , v=4, 8, 16, . . . eyyeypoupéva
oTov KOKAO, apaipovpe amd tn Pdon Kabe popd, TocOTNTO LEYAADTEPN
amo TO GO TOL TPOTYOVLEVOL VITOAOITOV, 0TS 0modelydnke oto ['evikd
Afjppa.

AmoxonTovTag akoAoVBmg and Tov KOAVOpO Ta TpicHaTo 160VYT
TPOG aVTOV Ko pe Paoelg ta moAvywva E, , v=4, 8, 16, ..., apoipodpe



OI'KOI KAT H ME®OAOX THX EEANTAHXHZ 123

amd Tov KOAwOpo kdBe @opd, mocoHTNTO UEYOADTEPN OO TO UIGH TOV
TPOTYOVEVOL VITOAOITOV.

Souepova kot ik pe o F'evikd Aqpo, Ba Tpokdyouy Kdmolo oTLy-
L] ®©G VITOAOUTO UEPTKE KLAVOPIKE TUNUATO, TOL TO ABPOIoUE TOLG X etvat
pikpotepo amd to €=V —3V', dnraon X<V -3V’ ondéte 3V <V - X.

Ouwmc to1e 170 oteped Y = V — X &ivol 10 gyyeypappévo GTov KO-
Awvopo mpioua, onote Ba Exovpe 3V < y.

To mpiopa Opmg awtd £xel dyko TpuTAdcio omd tov Oyko Vo g
mopapioag pe v idw Bdon kot ico vVyog (mpodTaon 7, Tdpioua), dSnAadn
y =3V,, onote 3V’ <3V, apa V'<V,.

Ouwc Vo < V', apov n mopapida avth givatl gyyeypappévn otov
KdVo. AvTtd OUmG givol GTomo, emopévmg ogv pmopet va woyvel V > 3V'.

1 1
B) 'Eotw topa étt V<3V'.Tote V' > 3 V, onote V,_E V=¢g>0.

ATOKOTTOVTOG OO TOV KOVO TIG 100VYEIS TPOG auTOV TLPAUIdES
pe Baoelg ta kavovikd moAvymva E,, v=4, 8, 16 . . ., apapodue amd Tov
KOVo K0Be popd mocdTNTA peyaldTePN Omd TO0 UIGO TOV TPONYOVLEVOL
VIOAOITOV.

Soppova pue to 'evikd Afupa, 0o mpokdyouy KATOW OTIYUn ©C
VIOAOMO UEPIKA KOVIKA Tunuoto pe dfpolopo X, pkpotepo amd To

€= V'—%V, oniadn X <V’ - %V, omote V'— X > % V. Ouwg V'- X =

1 . , . . , ,
=V, = 3 Y, 6mov topa V, gival 1 eyyeypopuuévn 6ToV KOVO Tupouion

. , , , 1 1 ,
KoL Y TO €YYEYPOUHEVO GTOV KOAVOpO mpicpa. Apa §y > EV’ omote

y > V. A4y <V, apod 1o mpicua gival eyyeypoppévo oTtov KOAVOPO.
Av106 dumg givar dtomo, omoTe dev pmopel vo. oydel V < 3V7,

Apa Bo oyver V =3V,

G.£.0.

Mpéracn 11 (XIL11)

Avo 1600yeis KaVol 1 KOAIVOpPolL Eival avdiopol TV acedv Tovg.
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Amdéoaitn
Ag Bempnoovpe dvo 1oobyelg kovoug Vi , V, pe Pacelg tovg
V, K
xokhoug Ky, Ky, @éhovpe va deifovpe 611 —==—L1 .
2 2
K, V. K, V.
‘Eoto —==—1.Tote —==—2 pe S=V,.
2 2 2
a) Eoto 6t ioyver S <V, . Tote Oa Exovope V,-S=¢>0.
T, z
1—‘l FZ
A] K, Bl Az K2 B2
A, As
Zynuo 11

Onwg dwomotdcape 6to [evikd Aqupa, onokértoviog and ) Pa-
on K, ta eyyeypoppéva kavovikd molvyova E, , v =4, 8, 16, . . .,
aparpovpe omd Tov Kokho K, kébe popd mocdt o peyolvtepn amnd to
U160 TOL TTPOTYOVLEVOD VITOAOITOV.

Opoiwg, amokonTovTag 0md ToV KOvo V; TIC Tupapideg pe Pacelg
E,,v=4 8 16,... o ido Hyog le TOV KOVO, APUIPOVUE OO TOV
kodvo V, kabe @opd mocoOTNTA HEYOADTEPN Omd TO UIGO TOL TPON-
YoULEVOV LITOAO{TOV.

Zoppova Kot tal pe to I'evikd Anuua 8o Tpokdyovy KATolo
OTLYUN ©G LITOAOTO, TUNUATA TOL KOVOL pe dfpotopa X, tKkpdTEPO TOV
Oetuico0 apBpod € =V, - S, dnradn X <V, - S, onote S <V, - X.

H d0popd opwg V; - X mapiotaver v mopapide I, mov amopéver
Kot givat gyyeypoppévn otov kovo Vs, , sniadn I =V, - X

Av Beopnoovpe v avrtictoyn mupapida Iy, v eyyeypoappévn
oTov KOvo Vi, 10T 01 facelg Tov mupapidmv Iy, I, etvar avdloysg mpog
T TETPAymVo TV Sopétpov Tov Kokiov K, K, (mpotacn 1) , dpa kot
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I1
avéroyeg Tov kokhov Ky, Ky (mpotaon 2), Snhody —= = —+ =L,
n, K, S

V.
Apa S =—1>1, apod Vi > IT;. Enopévag Oa woydet S > I, =
2 1
= V- X, evo &ovue S <V, — X. Avtd ouwg sivan dtono. 'Etot dev
pmopet va woyvel S < Vs.
S

K
B) Eocto tdpa 61t 1oydet S > Vo, Téte —2 = — ."Ecto

S.V
K, V, v, S

S/
omdte — = —2<1, agod Vo < S, dpa S’ < Vy (BAéme Mol petd tv
1

K V.
npotaon 2). Enopdvag —= = —f pe S <Vi.
K, S
Eopappolovtag topa otov kovo Vi ) dodikacio mov akolovdrcope
omv mepintwon (o) otov k@vo Vo, Ue ToPOUOIONS GLAAOYICHOVG KO-
TOMYOULE GE ATOTIO, OTOTE dEV PUTOPOVLLE VAL EYOVLE S > Vs
K
Av howdv 1oyvel — = ?l ToTE, 0md Ta (o) Ko (B) mpokvmTEL OTL
2
K V.
S=V,, dnhadny —= =L,
K, V,
Av Bewprioovpe Tovg avticToyovg KuAivopous Vi, V7', tote (amd
vV, 3V, V, K
mv npdtacn 10) kot wiht Ba Exovpe —f =—1=_1-"1
VvV, 3V, V, K,

8.£.0.

Mpotaon 12 (XIIL. 12)
AVo ouoror k@vor 1§ KOAWOpor givar avdioyor Twv KOfwv Twv
OLOUETPWY TV PACEDY TOVG.

Améoeén

Bewpovpe dVo duotovg kavous V, V' e Kopueég to, onueio X, X’
Kot T gyyeypappéva otig Bhoelg toug tetpdymva ABI'A, A'B'T A’ pe 1ig
avtioTolyeg TAEVPEC Tovg TapdAANnAes, AB // A'B,... . @élovue va

3
deiEovue ot % = (Si?)s .
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o
x

k) A K AN

B 4 A B o A
AT v I T
2ynua 12

BA)P _V
‘Ecto ( )3=— pue S =V

BaYy s

0) Eoto S<V'.Tote V'-S=¢>0.

Amoxontovtag and Tov kokAo (O7), mov eivan Paon tov kdvov V'
T gyyeypapupéva Kavovikd modvyove E, , v =4, 8, 16, ..., apopodue
(cOppova pe tov I'evikd Afppa) amd tov KOKAo owtd kabe popd mo-
6OTNTO UEYOADTEPT OO TO LSO TOL TTPOTYOVLEVOV VITOAOLTOV.

AmoxonTovioag akoAovBwmg and tov kKovo V' Tig mupapideg pe Pa-
o¢€lg ta moAbyova E,, v=4, 8, 16, . . . ko1 dyog id10 e Tov KOVOL, apal-
povpue and Tov KOvo avutd kdbe popd mocdtnTa peyaldTEPT OO TO GO
TOV TTPOTNYOVUEVOL VTTOAOITOV.

Youpova kot med pe 1o I'evikd Anppo, Bo mpokvyovy Kamoo
OTLYUN (O VITOAOUTO TUNLOTO TOV KOVOL pe dfpotopa X, UIKPOTEPO TOV
Beticod apBpov € =V'- S, dnhaon

X<V'=-§,
onote S<V'-X. Q)

H éwapopd dpmg V'— X mopiotdvel tnv mopopido I1T° mov amouéver
Ko 1 omoia gival gyyeypappévn otov kovo V', dniaon IT'=V'- X.

‘Eoto I1 n avtictoymn mopopida 1 eyyeypappévn otov kavo V.

YmoBérovpe (xopig PAEPN g yvevikomrtog), 6t m oxéon (1)
TPOKVOTTEL LY. YioL vV = 8, dnAad1| otav mapovpe ta péoa K, A, M, N tav
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n n N

n
t0Eov AB, BI', A, AA «a ta avtictoya péoa K', A, M', N” tov

n N N N
t0éov A'B', BT',T'A", A'A’".
®a deifovpe O6TL T TPiy®VH TOV TEPIKAEIOVY Ko kKalBopilovy anTég
T1g mupopideg ivatl avtioToiymg opowa £va mpog éva. [a mapdderypa, Oa
dei&ovpe o011 Ta Tpiyove TKB, T'K'B’ givar dpota.
Ddépovpe tic OK, O'K’. Enedn| o1 kvot givarl dpotot, av p kot p’
elvat o1 aktive TV Bacewmy Tovg, Oa £yovue:

OX OB A A
Aoy =—— kot BOZ =B'O'Z" (=1 ophn), cOppmvo, pe
PV S TR ( pin), cvupava p

mv mpdtoon VI. 16, Ba €rovpe ot ta tplywva BOZ , B'O'Y" egivon
opolo, omoTe:

B OB
——=—=F )
B’ OB p
Y OK A A
Eniong agov = kot KOZ=K'O'X' (=1 op0n), T0 Tpi-
NS 0pod =S ( poM) p

yova KOX, K'O'Y" elvan 6pow, ondrte:

K _ OK _ p

- = == 3
ZIK! O!K/ p/ ( )
Téhog, apod —— =$ —3, Ko
OB OK p

ouota, omote KB _OB _»p 4)

B XK _ KB
EIB/ ZrKI KrB/ !
ondte ta Tpiywva KB, T'K'B” Oa givon kot 1ooydvio. (mpdtacn VI.5),
dniadn opota (Tpodtacn VI, opiouog 1).

Emopévaog, ooppava pe tov opiopd XI1.9, o1 mopopides X.OBK kot

And tc oxéoelg (2), (3), (4) mpoxvmet:
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¥ 0O'B’K’ givan dpoteg, apov mepiéyovral amd Opote Kot icov mAndoug

3 3
i g (OO, (8] (B
(2 ‘OB'K ) (O’B’)3 (B’A’)3

To 1010 cvpPaivel og OAeg TIG TVPOUIOEG Le KOPLPEG X, X kot Bd-
GEIG TO IGOOKEA TPIy®@Va TOV £Y0VV KOPLPES TO KEVTIPA TV KOKA®V O,
O’ xor Bdoelg TiIc TAEVPEG TOV OKTOYDVOV TMV EYYEYPOUUEVOV GTOLG
KoK oLC.

Enredn 6pmg og ioa kKAAopoTo 0 AOYOG £VOG TMV 1YOVUEVMV TTPOG
évav and Tovg ENOUEVOVG 1600TAL LE TO AGY0 OAMV T®V TYOLUEV®V TPOG
O6Aovg Tovg emdEVOLS (TpoTaoT V.12), mpokhmntet:

(Z-AKBATMAN) _ (£-0BK) _ (BA)
(E“AK'BATMAN) (£-0BK) (BAf
S

3
AMG V._ (BA) , OmOTE v =£,. Apa — :X>1, apov M
S (BAY) S I n 1
mopopioa I eivar eyyeypappévn otov kovo V kot woydel V > 11

Apa S >I1" = V'— X. Ouwmg, Aoyo g oxéong (1), Egovpe S < V'= X,
70 omoio givar dromo. Emouévag dev pmopet va ioybet S < V',
E _ (B/A/)3
V. (BA)

B) Eotw topa 6t eivon S > V'. Emopévag égovpe Ko

S V/ , ’ r 4 r
ov v = 5 161 (oVUPOVA e To TOptopa TG Tpotacng V. 7), o gival

v = i>1, apod S >V'. Apa V > S" (Mupa petd my mpdtaon Xl 2).

sV
(BrAr)3 Vr
Emopévag ( )3 =— ue S" <V ko 10 omoio pe GLAAOYIGUODE TTOPO-
BA

S!

UOLOLG UE aTOVE TG Tepinmtong (o) odnyel og dtomo.

3
Amoxeietal Aoudy vo 1oy dEL v = ( A) ue S = V'.
S (BrAr)3
v
V’ (B’A,)g )

Enopévmg 1oyvet



OI'KOI KAT H ME®OAOX THX EEANTAHZHX 129

Av Vi, V" givan o1 avticTtotyol kOAvdpot, Tote Ba Exovpe: Vi =3V,
V1 =3V, (mpotaon XI1.10), ondre:
V, _3v _V _ (BA)

Vlr 3V’ \VA (B/A/)S '

8.£.0.

Hopazipyon:

Y10 2totyeioa KoTtoAyovpe o1n damictwon Ot T Tpiyova KB,
Y'K'B’ eivon 6pota pe pio toAvmhokotepn dadikacio, pappolovtag tny
1010tyto. 01’ ioov (mpdtaon V. 22), ypnowomoiwviog PéPata ta idta
{evyn opoiov Tpry®dvov.

Yvuykekpéva, amd TG opoldtnteg TV Iptydveav BOX, B'O'Y" kot
BOK, B'O’K’" mpoxvmtouv ol GYECELG:

OB OB

OB _ O'B’

e ] (6)
BK BK

OO TIC OTOlEG e EPAPHOYT| TNG 10L0THTAS O’ [0V TAIPVOLE
X8_0OB OB _ BK *B
o m! ! Y ot Ap(l
¥B° OB OB BK
¥B _ B’ , BK _BXK’
Pl il Bl )
BK BK B B

—— =——, ono1e
B’ BK'

H oyéon (7) Bo umopovce vo TpokOYEL GUESH |LE TOAAUTANGLOCUO
tv (5), (6) katd péin. Tétow WOTMTA OU®G OEV OVOPEPETAL GTA
2roryeio, Tov Eukeion.

And g opowdmteg tv tprydvev XOK, £'O'K” kar BOK,
YK _T'K' OK _ OK’
= Ko =
OK OK’ KB KB
OTO1EG LLE TOV 1010 OTI®G TPV TPOTO KOTAAYOUUE GTN OYEOM
YK _T'K'
KB KB

B'O’K’ mpoxvmtovv ot oyécels: amo Tig

(8)

Amo g oxéoeig (7), (8) opoimg Ppiockovpue
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YK _ K’
Feraleeynwy 9)
B X'B

Onwc gaivetar and tig oxéoelg (8) ko (9) ta tpiymwve ZKB, Z'K'B’
€YOLV TIG TAEVPES TOLG OVAIAOYES, POl EIvaL KOL 1GOYMVIOL, ONACST OLLOLL.

Ipoétaon 13 (XII. 13)

Av Kvlwvdpog tunbei ue emimedo mapaiinlo 6tis PAceEls Tov, TOTE
OlaUpeiTal 6€ 0V0 KVAIVOPOVS TOV EIVaL aVAioyol Ty aédvamy Tovg.

Améoaitn

®ewpovpe Tov kKOAMVOpo pe aEova AB kot and onueio I' tov AB
eMimedo mapAAAnio otig BAcELS, To omoio dlapel Tov apykd KOAVOPO g
dvo KVAivopoug V1, V; ne dEoveg 'A = o, 'B = . @&hovpe va dei&ovpe

, V| _«a
oL —=—.
V., B
Vi vz
a o o B B B B B
\\ \\ \\ \\
\ 1 \/1 \V2 \
AfrommoorT T VR Y A 1=’ I I I E

1 1 1 1

1 1 ! /

2ynua 13

®cwpovpe emiong Tov kKOAWSpo Vi  ue d&ova I'A = k.o kot tov
KOAWVOpo Vs, pe dEova I'E = A - B 6mov K, A puoikol apBpol. Tote Vi =
= 'V ko Vo =\ Vs

Av ko> AR, tote Vi > V', dnhadn Vi > AV,

Av ko <AB, tote Vi <V,', nhadnq V<AV, z

Av ko =AB, tote Vi =V,, mhadn kVi=AV;

"Apa, ocoppavo pe t Bewpia wepi 10oTNTOC AdY®V Tov Evdo&ov,

, , Vl o
0o Tpémel va 1oyvEl —— = — .

2
6.£.0.
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Hapazipnon
Me e GAAN Satvmwon 1 anddeén Bo pmopovoe va yivel og eEng:

V
®&hovpe vo deiovpe 6T V—l = Soueova pe ™ Osopia wepl
2
160tNT0G AOY®mV Tov Evddéov, apkel va dei§ovpe dtL dev vapyel pntog

e , V, «a
OTO NULOVOIKTO SIAGTNUO e GKPOL ——, — .

V, B
o K VvV, |,
Av — = — < — 10t Mol = KP ko kV, < AV,
B2V,
Ouogros kB=TA<TE = V; = V,"= AV;= «V; (dromo)
V.
Av Ez£>—l,rér£ Ao = kP ko KV >A V.
LV,
Oupwg Mzkp =TA=2TE=V; = V;"= AV =2« V;, (d&ton0).
V V.
Avédoya spyalopacte ov - <~ <2 p s L I
B x V, B AV,
Mpétraon 14 (XII. 14)

Avo KbAvopor 1j kavol ue ices PACEIS Eval avdioyol TV VYOV TOVG.

Améoaitn
®ewpovpe tovg KVAivdpoug Vi , V; pe togg Baoeig dwoupétpov AB,
V.
I'A ko1 Oyn HO = o, KA = . ®élovpue va deiovpe otL: V—l = % .
2
K
1
‘B v;
I
A S
] ]
1 |
1 I
\% : : v,
! 1o ' o !
1 1
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IIpoekteivovpe v KA katéd AN = o kot Oswpovpe tov KOAVOpo
V1" pe Baon I'A dyog AN.

O koawvopor Vi, Vi~ éuovv ica vy, omote givar avaioyol Tmv
Baoewv Ttovg (mpotoon 11). AAAG o1 Baoelc TV KVAIVOp®V avtdv gival
ioeg, omote Vi = V'

Emedn o xbhvdpog pe Pdon ["A” mov eivan ion pe v T'A ko
vyog KN =a+ B, &el tunbei pe eninedo moapdiinio otig Paceic tov, Ha

V] _AN _a
&yovue: — = —— =— (wpdtaon 13). Ouwe &yovue Vi = Vi', ondte
X“vz AKB(P n 13). Onog £ovpe Vi 1
., Vi _«
oydel — = —.
vV, B

INa tovg avtiotoyovg kdvovg Q, Q» ue ioec Pacelc dwopétpov
1
AB, TA xondyn HO =a, KA =f dci&ape (rpotacn 10) 6Tt Q; = 3 Vi,
1

Q= 3 Va.
1
-V,
V.
Enopévaog Ba éxovpe & =3 =N @
QZ EV VZ B
3 2

O\
o
o

IIpoéraon 15 (XII. 15)
Av dvo Kvlivopor 1§ kavol givar i6ot (:16000vauor), Tote o1 fAGEIS
TOVG VAL OVTIGTPOPOS AVALOYES TWV DYWHDY TOVG.
Av o1 facels 660 KvAIVOpwY 1§ KOVWY gival avTieTpopwms ovd-
A0YES TV VYAV TOVGS TOTE gival 1601 (:16000vauol).

Améoailn
(i) Oewpodpue mpmdTa 600 i6oVg (160dHVaApOVS) KVAIVEpous Vi , V;
pe Baoceig Pu, P2 kot vyn KiA; , KoAz. ©@¢hovpe va dei&ovpe Ot

By _ Kohy
B, Ky
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11t

Zynuo 15
, , Vi _ B,
(o) Av KjA; = KyAy, tote agod Vi =V, kot V— =— (mpoTOon
2 2

K, A
11), B &xovpe By =P, , ométe —2—= = By _ 1.

KAy B,

PB) Av KiA; <KyA;, tote emi tov Ko A, maipvovpe tpuqpo KoAg'=
= K3A; xon and to onpeio Ay pépovpe enimedo mapdAinio mpog Tig Pa-
o¢€lg Tov V,. Ovopdalovpe Vi“ tov kOAvdpo pe Baon By kot tyog KoA,'.

Apov Vi = V; 1018 obppmva pe v mpotacn V.7, Ba woyvel 1
oyéon

=2 )
Vl Vl

AMG, ooppava pe v mpotoaomn 11, apod ot kbAvdpor Eyovv ioa

Vym B 1oyveL 1 oxéon
Vi By

;= )
Vl BZ
E&dAlov, cOppmva pe v tpodtacn 13,
Ve, _KoA; _KGA, ©)

Vi K,AL KA,

K,A
Amo 1ig oyéoeig (1), (2) , (3) mpokvmtel 6T1 B—l =—22
BZ I<l[\1
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ii) 'Eoto topa 611 yio Toug KuAivopovg Vi kot Vs, pe avtictoryes

K,A
Baoeic P1 kar B Exovpue B—l =—2_2  @éhovpe va deifovpe 6Tt V1=V,
2 1%

((l) Av KlAl = KzAz, 101 Bl = Bz , ondte Vl = Vz

(B) Av K1A; < KpA,, tote Bewpdvtag Tov khMvopo Vi~ (0mmg ov-
T0¢ KaTaoKevaotnKe Tponyovuévag oto (i) B), Ba &govpue:

Py _ Koty (4)
BZ KZAl

AMG, oOppwva pe v mtpdtaon 11, apod ot kbivdpor Egovv ioa
VYN Ba woyvet

B, V.
kv (5)
BZ Vl

E&dArov, cOppava pe v tpodtaon 13,
K,A, V.
e ©)
K2Al Vl

VvV, V
Ao 11¢ oyéoelg (4), (5), (6) mpokimrel ('m—l, = 72, , omote V1 = V,.
1 1

A V

2o 15.1

2100Gg KOVOLG £paprdlovtal ot 1310l Le TOLS TPOTYOVEVOVS GUA-
AOYIopOVE, OMG Qaivetal Kol 6to oynua 15.1, omdte amodetkvieTol Kot
TO OVTIGTOLYO OMOTEAEGLLAL.

0.£.0.



OI'KOI KAI H ME®OAOZX THX EEANTAHZHX 135

8. Loykpion c@arp@v

IIporaon 16 (XII. 16)
Av 00000y 000 oudKeEVTPOL KUKAOL, VA EYYPOPEL GTOV UEYALVTEPO
KUKAO TOL0YVo 1607Aevpo ue dptio mijlog mievpdv un &pa-
TTOUEVO TOV UIKPOTEPOD KUKLOV, 000N TETOI0 (DGTE 01 TAEVPES
TOV Vo, EIVOL EKTOS TOV UIKPOTEPOD KVKAOD.

Améoeién

Amd 10 wévipo O, Oegw- E
povpue gvbeio mov TEUVEL TO e- K
YOADTEPO KOUKAO OTO onueio A
ko1 B kou to pikpdtepo oto I r
kol A. H kd0etn otnv AB oto A, A B
TEUVEL TO PEYOADTEPO KUKAO GTO
onueio E xou Z xon mpopovmdg
EQOMTETOL TOV MKPOTEPOL KU- A
K\ov. 7

Agotopobdue mpdra 0 T6-

ﬂ 4
& AB, ko1 10 10 MOV TIPO- Do 16

n
KOmTEL To cvuforilovpe pe EAB .

1N 1N
AxorovOm¢ diyotopovue to T00 Py AB, ondte Tpoxvmrtel To TOEO 7 AB a1
cuveyilovpe v idla Sradikacio. Awd ™ Sdikaoio vt Kamote Oo TpoKvyEL

N N
éva t0&o BK pukpoétepo tov BE (mpdtoon X. ).
H «déBetog amd to onueio K otnv AB téuver v AB oto onueio H
n N
KoL To peydAo kokAo oto A. Tote égovpe BK=BA ot (mpotdoeig I, 3

n N
kot |. 4), KBA< EBZ, onote OH > OA, dnradn| to onueio H eivar ektdg

TOV HKPOTEPOV KUKAOU.

AoV ot yopdég KA, EZ sivan mapdrinieg ko to H givor extdg
TOV HiKkpoTEPOL KOKAOL, 11 KA 8¢ Ba €xel kowvd onueia pe 1o pukpdtepo
KOKAO, onAadn Ba elvar ektog awtov. Kartd peilova Adyo Kot ot xopdég
KB, BA 0o Bpickovtal eKT0g TOL UIKPOTEPOL KOKAOV.

pogavag, vrdpyovv aptiov TANB0VG d10d0YIKES XOPOES TOL LEYO-
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Mtepov kuklov iogg pe v BK, ot onoieg Ppickovtor ektdg ToL pikpo-
TEPOV KOUKAOL KOl OTOTEAOVV TAEVPEC 1COMAELPOVL TOAVYMVOL, OPTIO-
TAELPOV, EYYEYPAUUEVOL GTO UEYOADTEPO KVKAO.

0.E.m.

IIpoéraon 17 (XII. 17)
AV 00000y 000 0uOKEVTPES GPAIPES, VA EYIPOPEL OTH UEPOALDTEPY
cQaAIpa TOAVEOPO, TOV OTTOIOV 01 EOPES VO, UNY EXOVY KOIVD, CHUELL
HE TN HIKPOTEPY GPAIPa (UN EPATTOUEVO THS UIKPOTEPHS COAi-
pag).

Amodoan

Ac tunBovv ot ceaipeg amod eninedo I1, mov diépyetal and 10 KEV-
po O awt®V.

Ot touég Oa givarl péyiotol KOKAOL, Aoy KAOE cpaipo TPOEPYETOL
oo GTPOPN NUKVKAIOL YOp® amd otabeprn S1dueTpod tov.

2ynua 17

'Etol, og omoladnmote Béom kot ov Oswpnoovpe to NukdKAo, o
eminedo mov opilel Bo oynuaticel v oty emedveln g opaipag KO-
KAO Ko HAAMGTO, UEYIGTO, QPO 1) SIAUETPOC TNG GPAIPOG OV Elval Kot
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SLPETPOG TOV MKLKAIOV, givol 1 PEYOADTEPT OO TIG YOPOEG TOL K-
KAOL 1] TG opaipac. Oempolpe dvo kdbeteg dapétpovg AL, BA tov pe-
Y1GTOV KOKAOL TNG LEYAADTEPNG GPOIPAS TTOV TELVOLV TOV OVTICTOLYO LE-
YIOTO KOKAO TNG UIKPOTEPNG oPaipas Katd Tig dapétpoug AT , B'A’
avTioTOLY L.

Ac eyypopel 6T0 PeYOADTEPO KOKAO TOADY®VO 1IGOTAEVPO KoL OPTIO-
TAELPO, TOL OTTOIOV Ol TAELPEC VA, EIVOL EKTOG TOV UIKPOTEPOL KOKAOV.

YroBétovpe m.y. OTL 01 TAELPEG TOL OV PPICKOVTINL GTO TETAPTI-

N
popo AB eivar o1 BK, KA, AM, MA.
Oewpovpe ™ owperpo KN kot v Kabetn oto emimedo Tov KO-
Kiov ABT'A oto O, mov tépvel ) opaipa ota E , E'. Ta enineda (BA,
0Z) kot (KN,OE) oynuatifouv mdve oy enmpavela g oeaipag péyt-
GTOVG KOKAOUG.

n N
®ewpovpe T NUIKVKALE Tovg BEA kou KEN.
Ao n OE givon kaBe oto enimedo ABI'A, ke eminedo S tng

OZE 0Oa givor kdBeto oto eminedo ABI'A (mpdtaon XI1.18). Apa ta emine-
da BEA ka1t KEN 0Oa givar kabeta oto eninedo ABT'A.

AoV to npudho BRA, BEA, KEE &yovuv ioeg dapétpoug (111, o-
popog 1) Oa etvor ioo, OTOTE KoL TOL TETOPTNLOPLNL BTA, BmE, KmE Oa, etvar ioa.
Ooeg mhevpég TOV TOAVYDOVOL VIEPYOVY GTO TETAPTNUOPLO BmA, 10-
ogc B VITAPYOLY KoL OTOL TETOPTNLOPLOL BﬂE Kol KOE foec mpog ¢ BK, KA,

AM, MA.’Ecto 01 BO, OIL I1TP, PE xan KZ, 2T, TY, YE avtictoyo.
Dépvovpe ™ O kot omd o O, X T1¢ KabeTeg oto eminedo ABI'A. Ta
tyvn Toug O, 7 Ba méoovv otig Topés BA, KN tov enmédov BEA, KEN
pe 1o ABT'A, apo? kot ta dvo avtd eninedo eivar kaBeto oto ABIA.
AoV ota ico kKMo Tpape ioeg yopdéc BO, KX karor GO, XX’
givan kdBeteg 610 eminedo ABT'A, Oa eivan OO =XX" kou BO =KX’ (mpotd-

n n
oeig I 27 xon L. 26). (Avtd mporvmrtel and 1o 611 OBO® = OKX, agov ta

10ookeAn tptyova OBO, OKX éyovv iogg TIG yovieg TV KOPLOMY TOVG).
Ouwc OB = 0K , omote OB — BO'= 0K — KX’, onAadon OO'= OX'.
, BO' _ KX’
Apo —— =
00 X0

VI. 2).
Emedn 01 @O, TX’ givar kdOeteg 610 eminedo ABI'A, Oa ivon mwa-

, onote o1 @'Y ko BK eivon mapdAiniec (mpodtaom
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paAinies (mpdtaon Xl. 6) kot apov, 6mwg deifape, @O = XX’ Ba Exovpe
otLol @'Y, OX Ba givar ioeg kot mapdAinies (mpdtaon 1. 33) . AAAG o1
0'Y", BK eivar mapdriinieg, onote ko ot ®A, BK Oa givan mopdAinieg
(mpétaon L. 30). Ot gvbeiec Aowmov BO, KX mov cuvdéovv onueia tov
V0 avtOV TapaAiniov, Oa eival cuveninedec.

Enopévac, to tetpamievpo KBOZX eivan eminedo (tpanélo) (mpo-
taon XI. 7). o Tov 1610 Aoyo o teTpdmievpo TOIIT, TIIPY eivon emi-
meda, OTMG Kot T0 Tpiywvo YPE glvan enimedo oynpa.

Av gvioovpe to onueia O, X, I1, T, P, Y, E ue 10 O Oa oynuarti-

N N
otel petadd tov 10&mv BE, KE oteped oo, mToAvedpo, amotehovpie-
vo amd mopopioeg pe facelg ta tetpanievpo KBOZ, ZOIT, TIIPY ko
10 Tpiymvo YPE, kopvon| d¢ to onueio O.

Av kdvovpe og kdfe pio and Tig Tievpég KA, AM, MA 115 1d1eg

KaTooKeEVEG oL Kavapue eni g BK, xabmg kot otig mAevpég mov Ppicko-
N n N

vton 6to GAAa Tpia tetaptnuope AA, AT TB (kot oto Ao nuoeaiplo),

0o oynuoTioTel GYNUC TOADEDPO EYYEYPOUUEVO GTN LEYAAVTEPT GPAipO,

OV amoTeELEITOL ATd TUPOUIdES e PACELS TO TETPATAEVPA KAl TO TPIY®VO

OV TPOAVAPEPOLE, KAODE Kol T0. opoTayn Tpog avtd (opoimg dtotetoy-

péva), Kot kopven to onpueio O.

Ioyvpilopacte 6Tt 01 £0peg 0VTOV TOL TOALEDPOL PpioKovTol EKTOC
™G WKPOTEPTS CSPAIPAG TAVMD OTNV EMPAVELD TNG omoiag Ppicketat o
KOkAog A'BT A",

Ac ayfei and to O 1 kdOetn oto eminedo Tov TeTpomAelpov KBOX
KOl 0G GLVAVTNOEL TO einedo avtd oto P,

Dépovpe g B, YK, Apod n O ceivar xabetn oto eminedo
KBOZ, 0o eivar kd0etn oe 6Aeg Tic gubeieg Tov mov diépyovtal amd Tov
wooa g (X1, optopdg 3). Apa n OV eivar kabetn otig BY, WK, ondte

OB? = YO* + ¥B? , OK? = YO? + YK?, apov O¥B = OYK = lopOn
(npdtaon 1. 47). AAAG OB = OK, ondte YO? + WB? = YO° + YK? . Apa
¥YB = YK . (H woétra avt) mpokdntel dueca kot and v 160tnTe TV
pryovov OB, OPK, ta omoia &govv OB = OK, WA kown kot givat
opBoydvia oto V).

Opoimg mpoxvmtel 0Tt TeEAkd Eyovpe P = YO = B = YK. Emno-
péveg 1o tetpdmievpo KBOX etvan eyypayipo og kokAo pe kévrpo W kot
axtiva WB. (To 61t elvon eyypdyipo mpokdnTel Kot AUESA, POV TPOKEL-
TOL Y10, 1000KEAEG TPaméCLO).
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Apov KB>0'Y ka O'X =0, Oa civor KB > OX. AALd KB =
=KX =B0O > 0%, ondte

KB’ > 2¥B? (1)
n n n
(ITpaypatt 3 KB + OX =4 opbéc, omote 4 KB > 4 0pBég, OnAadn|

N A
KB >1 opbf}. "Apa. K¥B > 1 opbi}, ondte KB? > ¥B? + WK* = 2¥B?,
aeov M KB givar mhevpd tpry@dvov amévovtt o€ appieio yovia).
Amd 10 K @épovpe v kabet otn BA, tov v téuvel oto onueio H.

. 2
Tére AH > AO, omdte 2AH > 240 = AB. Al 28 = ABBH _ KB

apoyd BKA = 1opbn (mpétaom II1. 31 ko wpdtaon VI. 8, népiopa). Emopé-
vag Oo Eyovpe
KB?< 2 KH? 2)

Ao Tig oxéoetc (1) ko (2) mpoxvmtet 61t KH? > WB?,

Opoc OB? = 0¥ + ¥B? , OK? = KH? + OH? ko1 OB = OK, ond-
e OW? + WB® = KH? + OH? ko apov KH? > ¥B? Qo sivar OH? < 092,
oniadn OH < OVY. Koatd peilova Adyo Aowmdv, Oa eivar OB'< OW. (An-
Aadn dev PAdmreTon 1 yevikotnTa av vrofécove 61t OB” < OH. AMung
0o dumhacidlovpe ocuvex®dS T0 TANDOC TOV TAELPDOV TOV EYYEYPOUUEVOD
nolvydvov BKAMA . . ., puéypig 6tov metdyovpe va woyvet OB'< OH).

Eivar 6pmog np O andotaom tov kévipov O ¢ opaipag amd tnv
é0pa KBOX 100 moAvédpov, evd OB’ aktiva g pkpdtepng opaipag.
H £0pa avt) Aowmdv Ppioketan EKTOG TN WKPOTEPTC GPAIPAG.

To 10 amodewvdeTan Kot Yo Tig vworowneg £0peg XOIIT, TIIPY,
YPE, kabdg kot yio 11 opotayeic toug (Opoimg SloTETUYUEVES TPOS Olv-
T6C), OMMC Paivetal amd TNV TAPOTAPNON TOL 0KOAOVOEL petd To TopL-
GLLOL.

Kotaokevdotnke Aoumov £161 TOAVESPO EYYEYPUUUEVO OTN UEYO-
AbTEPN GOaipo, Tov omoiov ol £d0peg Ppiokoviorl KTOG TG UIKPOTEPNG
opaipag.

0.E.m.
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Hépwopa
Av ko1 o€ diAn ceaipa eYYPapel TOAVEOPO OHOI0 TTPOS TO TOAVE-
opo mov gyypayoaus oty opaipa ABI'A, ta 600 molvsdpa Oa sivar
aVAAOYA, TV OLGUETPOV TWV OVO CPAIPOV.

Améoeign
Ta woAvedpa Iy, I, yopilovtar cg OOIEG TUPOUUIOES e OUOAOYEC

. : . o 1
TAEVPEG TIG OKTIVEG P1, P2 TOV dVO GOAUPAV. Apo. —— = — = ——.

Hapaznpnon

Kot v anddeién woyo-
potkape 6t duthactalovtog
ouvey®e to TANB0G TV TALL-
POV TOL EYYEYPOLUUEVOL TTO-
Awyovov BKAMA . . ., umo-
pOVLE VO TETUYOVUE VO 1GYVEL
OB’ < OH . Apkel yU owt6 va
deiéovpe 6T 10 BH pmopet va
yiver (ue ovveyn SutAaclouod
TOV TAELPMV TOV TOAVYDVOL)
KpOTEPO amd OTOLOONTOTE EV-
Guypoppo WO, Gpa Kol oo
70 OB - OB'. Tére | oxéon BH e 17.1
< OB - OB’, onuaiver mpayuott OB” < OB - BH = OH.

INa va pmopel Aowrdv to BH va yiver pikpotepo and omotodnmote
evBvypappo tunpa, apkel (copeova pe to Fevikd Aquua) va deiovpe
ot1, av Bewproovpe mordywvo e mAgvpés ioeg pe BK'= K'K, dndadn pe

BH
duthdoro minbog mievpdv, 1ote T0 BH™ givan pikpotepo amd to 5 Ll

ot HH™ > @
2
Ipdypatt, apov K'B = K'K, 8a éyoopue OK’L BK, IB = 1K, onote
ko 'H=1'B= %
Apov OI <OK’, Ba eivar kan OI'< OH’, ondte HI'< HH’, dnAadn

E <HH’".
2
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A o)
Me onuepvodg 6povg PéPara av Bécovue BOK = 360 =w,,
v

to1€ O Eyovpe KBO =90° - BOI =90° - % . Apa BH = BK.

o @ O, \_ O, \_ 2( @,
vv (90° - — )=BK — |=2-BI'ny| —~ |=2R- —1,
ovv ( 2) nu(z) nu(z) nu(z)

omov R = OB.

A@eob @, — 0 kou mu (wzv

) — 0, Ba éyovpe xar lim (BH) = 0.

Apa, Yoo v apkodviog pueyaro Ba yiver to BH pikpotepo tov
OB-OB'=R-R".

Ioyvpiotnkape emiong katd v amddelén OTL KOl Ol OTOGTAGELS
tov O amd 116 £dpeg ZOIIT, TIIPY, YPE eivan peyaidtepeg amd v axti-
va R’= OB’ tng pkpotepng opaipag, oniadn Ppickoviol ekTog Tng Wi-
KpOTEPNC GPAipOGC.

Eneidi O = OB’ - B¥? =

0 — %
= R?- BY?, opkei va eiovpe e
OTL Ol OKTIVEG TV TEPLYEYPOILL- v
HEVOV KUKA®MV OTO TOADY®@VQ
KBOZX, ¥OIIT, TIIPY, YPE Pai- ‘
VOLV EANTTOVHEVEG 1 TOLANYIOTOV
B v K o 5

N 00EAVOLEVES.
Ocopode TOLG TEPLYE-
YPOUUEVOLS KOKAOVG oTO TéE- Dy 17.2

tpamievpa KBOX, XOIIT pe
axtiveg p1 , p2 avtiotorya (PAEne oyfua 17. 2).

‘Eyoope KB=BO=KX=0>0X=Bfxu OII=2XT=0a>0X=F> IIT.
YmoBétovpe 6t p2 > p1. 'Eotw BO,K =B0O,0 =KO,X =X ,00,Z=y «n

00,IT = 20,T =6, 00,2 =wn, TO,II =¢. Tétey <X kot ¢ < ®, 0pov
a>p> IIT.
X _ 2 o« 0

‘Exovpe Opog MU — =5 = —— nu — =% Ko, apov p2 > p1, O
2 p 2p 2 2p,
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X
gtvon nug <nu 5 onote g < % (<90% xon 6 < X. Opoimg ® <y <X,
omote Ko @ <@ <.

Apa20+o+e<2X+X+y=3x+y=360°, evi) 20 + ® + ¢ = 360°,
mpdypo dromo. Emopéveg p, < p1.

IIporaon 18 (XII.18)

O1 6paipes eival avdloyes Twv KUy Ty O1ouéTpmy Tovg.

Amédaitn
Bewpolue tig opaipeg Vi ,

V, pe aktiveg p1, p2 kot KEvrpa
0Oy, O,. Oéhovue va deiovpe OtL:
3 3
i = (Zpl) Tfl i = & .
Vo o (2p,) Ve P2
v v,

‘Eoto Aowov 411 1oyvet
3

V.
B (p—l) . Oa deiéovpe 6T

Zynuo. 18
V, P2

avtd 0dnyel og dTomo.
3

V,
[pdynatt, tote Ba £yovpe (p—l) = Vl , ue V =V, . YroBérov-
2

pe 6tin V etvon o opaipa opdkevipn g Vs e axtiva p.

a) 'Eoto ot givor V < V; . Tote Bempotpe 1o morvedpo 11, 1o ey-
veypoapupévo oty Vy Ue Tig £dpeg Tov ekTog TS opaipag V (mpotaon 17)
KoL TO OUO10 TPog anTd moAvedpo I1; to eyyeypappévo ot cpaipo Vi .
Enopévac, chppmva pe 1o topiopa g npdtaong 17, Ba éxovpe:

m, _ (20)° (p_)

I, ) (292)3 ) P2

I1 V. \Y
Apo Bo 1oydel —= = —L | omdte Epovpe — = —
I, V, IT, 1

Vi >1I1;. Emopévog, coppova pe v apdtacn V. 12, éyovpe V > Il,.

oo elval

=<
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Opoc V <1y, apod n opaipa V eglvar oto ecmtepikd tov I1,. Ka-
taAnEape ooy o dromo. Emopévag dev pmopet va givor V<\Vo.

3

\
B) ‘Eote topa 6t givan V >V, . 'Exovpe v = (p_z) (mpdToom

1

P1
V.7, nopopa).

Av 1=V—2,, T0TE il/=1>1,

vV, V V'V,
apov V >V, "Apa Vi > V' (mpotaon 2,
Afppa).
3
V.
Emopévmg (p_z) = —2/ ue V' < V.
P

Avdayetor Aomdv GTNV TPONYOLUEVT TEPI-
TTOOY KOl HE TOPOUOOVS OTMOG TPV GULA- Syfue 181
AOYIoHOVE 001 yoLHooTE o Gtomo. Emopé-
Vg, dgv pmopel va woyvel V > V,, dpa eivar
3

V=V, ombre =(p—1) .

2 P2

6.£.0.

Hapatypyon

A& mpocoyng eivor to yeyovog 6t movbevd ota Zroiyeio Tov Ev-
KAglON dev gppaviletor Qovopevo pétpnong evog emimedov N 6TEPE0D
GYNUOTOG OGS TNV EVVOOVLE CIEPT, ONAaOT dev voloyiletal epPfadov
N 6yKog e PAoM KATOL GLYKEKPILEVT] LOVADO UETPNOTG.

To Bpa avtd aviyetdmice deEodikd o Apyunong eBdvovtag pé-
XPL TN KETPNOT KVKAOL, KUAIVOPOL, KOVOL KOl GQUipaS HECH TMV EYYe-
YPOUUEVOV TOADYDOVOV, TPIGUATOV, Tupapidny avtictoyya kot Ppicko-
VIOG TIG OYE0EIS TTOV £XEL O OYKOG €VOG KLAIVOPOL e TOVg OYKOUG TOV
EYYEYPOUUEVOV G’ OVTOV KOVOL KOl GOUIpaC.

210 épyo tov "Kdrlov Métpnoic” katdpepe va Bpet pio onUavTiKn

I1
TPocéyyion tov aptBpov mT, v 3,1416, péow twv Adywv ﬁ ,v=06,12,

24, 48, 96, 6mov 11, n mepipeTpog KavovikoD V-yHVoL EYYEYPUUIEVOL GE
KOK o aktivog R.






Kepalaro 3

BIBAIO XIII

To xavovikad otepea

1. Ewayoyn

Emotéyaopa tov 6hov €pyov twv Ztoiyeiowv €ival 1 KOTOOKELT
TOV TEVTE KOVOVIKAV OTEPEDV dNAadN Tov TETPaédpov, Tov KHPoL, Tov o-
KTOEOPOV, TOL EIKOGOEIPOV KOl TOL dMOEKAESPOV. AVTA OvVTIUETOTIL0-
VIOl oTI¢ TPOTAcelg 13 puéypt kot 17, oto Bipiio XIII.

Kobéva amd 1o kovovikd oteped KATOOKEVALETOL KOt £YYPAPETOL
o€ docuévn opaipa. EmmAiéov, egetaletan 1 oyéon petald tng mAevpdg
TOV 6TEPEOD KO TNG OLAUETPOV TNG TTEPLYEYPUUUEVNC opaipac. TELOC, mg
GUUTEPOC LA, OVOPEPETAL OTL OEV DTLAPYOVY AALD KOVOVIKA GTEPED, EKTOG
amd aLTA To 0Toin £YovV 10T KaTaokevacet.

Amd Tig vmolowmeg 18 GuVOMKA TPOTACES TOV KePaAaiov 13, ot
€61 TpmTEG avaPEPOVTAL GTN dlaipeoT) EVOVYPAUIOL TUAHOTOG GE AKPO
Kol LEGO AOYO, Ol ETOUEVEC TEVTE GTO KAVOVIKO TEVTAY®OVO Kol 1 OmOE-
K0T 6T0 160TAELPO Tpiymvo. Ot mapamdve TpoTdscels eival Kupiwg mpo-
TOPOCKEVOOTIKES Y10l TIG VITOAOITEG TEVTE TPOTACELS, ONANON Y1 TIG TTPO-
thoelg 13, 14, 15, 16 kai 17. Qo1660, optopéveg and ovtéc mapovotdlovy
wwitepo gvolapépov. v mpodtacT 6 amodeikvietal 0Tl av Eva gvbv-
YPOLULO TUN MO dlonpebel oe dkpo kol PEco AdYo, TOTE KaBéva amd To TUN-
uato g dwipeong eival, oe oyéon pe 1o gufOypappo TUUW, GppPNTO
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(Aoyo) xan givon m Aeyopevn omotoun. Xty npdtacn 11 amodeikvieran
OTL 0V G€ KOKAO LE pNTNH OLAUETPO EYYPOPEL KOVOVIKO TEVTAY®VO, TOTE M
TAELPE TOL TEVTOYDOVOL glvarl dappnrtog (AAoyog) Kot givar 1 Aeyouevn
eldoowv. Ty apotacn 18 téhog, ektiBevtarl 610 1610 Gy 0L TAELPEG
TOV TEVTE KAVOVIKOV GTEPEDMV Kol GUYKPIvovTol LETAED TOVG.

2. Awaipeon o€ Gkpo Kot péco Aoyo. E@appoyéc

Y11 mpotdoelg 1 péypt 6 S0TLTOVOVTOL KOl ATOSEIKVOOVTOL OYE-
OElg HETOEL TOV TUNUATOV (1] KATOI®WV KATOOKEVMDV) TOV TPOKVTTOLY
oo T OlaipeoT evog evBOYPAUOL TUNUATOG GE AKPO Kot péEco Adyo. Ot
avTioToleg HeTPIKEg oxéoels amodeikvoovtal pe epufodd kot 1 pébodog
0o pmopovoe vo evtoybel otn ypnon Tov YvOUova, OO AT Hele-
OnKe Kot oyolMdotnke oto Bihiio I1.

Mpétaon 1 (XI11.1)
Eav gv0vypouuo tunua oroupelsi e drxpo ko uéco 1éyo, to te-
TPAYWVO TOV EVOVYPOUNOD TUNHATOS TTOV TPOKVTTEL (S dbpot-
OHO TOV UEYALDTEPOV TUNUATOS THS OLAIPEGHS KAl TOV HIGOD TOD
OPYIKOD TUNHOTOG, EIVAL TEVTATAAGLO A0 TO TETPAYWVO TOV Ul-
GOV TOV OPYIKOD TUHHATOG.

[11

Amédain A z

Téuvoovpe 1o tuquo AB og dkpo
kot péco Aoyo oto onueio I' pe peya-
Abtepo tunqpa 1o Al ko otV Tpoé-
ktaon g A Aappdvoope tpuqpo AA o
100 pe 10 uicd Tov AB.

Oa amoderydel 611 AT? = 5AA% r

AvoypaQovLLe TO TETPAYOVAL
ABEK «a1 T'AAZ ko mpoekteivovpe ™
ZI', n onoia téuvel v KE oto H. Enet-
on 1o AB &yel dwpebel oto I' og dkpo
Kol Eco AdYo £yovue:

AB- BI' = AT?

Zynpo 1
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Katto AB- Al wo0ton pe 1o gpPaddv tov opboywviov I'BEH, evd
10 AI”? g T0 epPadov Tov teTpaydvoy EOMZ.

Apa epf (I'BEH) = e (EOMZ). Eneidny BA = 2AA, BA = KA
Kot AA = A0, énetal 0Tt KA = 2A0.
edB(ATHK) _ AK

eUP(ATMO) A0’

‘Etot, 1o gupaddv tov yvouovo AOOAIZ 1covton e 1o euPaddv tov te-
tpaydvov ABEK, dnhadn pe 4AA% | S1ott AB = 2AA. Apa 0 yVdLOVaG
AOOAT'Z givar icoc pe 4AA% emopévac AT? = 5AN%

6.£.0.

Emopévag apa gpf (AI'HK) = 2eufy (AGMI).

Mpoétaon 2 (XIIL. 2)
Eav to tetpdaywvo cvboypdupov tunquatos &ivor mevramlidolo
OO TO TETPAYOVO EVOS TUNHOTOS GVTOV KAl TO OITAAGLO TOV
TUHATOS O1a1pelel o6& dKPO Kal uéco A0Y0, TOTE TO UEYALVTEPO
TUIUA THG O1AIPEGNS EVAL TO VTTOAOITTO TOV APYIKOD TUIHOTOG.

Amodaln

‘Ecto 611 t0 TETpdy®dVO TOV
Tuquotog AB  givon meviamldolo
TOV TETPAY®VOL TOL TUNpatog Al
kot €éot® ['A = 2AT. Oa amoderydel
otL av to Tuqpa I'A Soupebel oe
Gkpo Kar péco Adyo, TOTE TO pe-
YOAOTEPO OO TO TUNUATO, TNG Oloi- ©
peong etvar To Tpnpo I'B.

Avaypagpovpe ta TETpAyOVOL B
ABZA xo1 'AHK. A r

Eneidfi AB? = 5AT? &youpe

eup (ABZA) = Seup (ATOO)

>
[11
N

Apa 10 gupaddv TOL YVO-
pova AO®I'BZ givan tetpomidoio
Tov gUPadod  TOL  TETPAYOVOL K
AI'©0. Ouwg 10 gupaddv Tov
yvopovo 16o0tol pe t0 gUPadov Zytjua 2
Tov teTpaymvov 'AHK.
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Emumiéov AT =2I'A, AT =TK ko AI'=T0 (4po 'K =2I'0).

Emopévag epp (FBEK) = 2euf (FBMO) kon ey (EZMO) = ey (BAHE).

Eniong, 1o euPadov tov tetpaydvonr EZMO wovtal pe BI? kot to
euPadov tov opboywviov BAHE 1covton pe BA: T'A.

Apa BI'? =TA- BA, dnhady 1o B duupei 1o TA o€ Gicpo kat péco
AOyo pe peyodvtepo Tunpa to BT

0.£.0.

Afjppa
24T > BI.

Amooeln

"Eoto 61t égovpe 2AT = BI. Tote BI? = 4AT?, Gpa BI'? + TA? =
= 5AT?

"Exovpe 6pog 61t BA? = 5TA? | dpa BA? = BI? + 'A%, 10 onoio &i-
vou adHVaTO.

Opoimg amodeikvietal 01t 00te M oyéon 2AIN < BT eivon duvatdv
va 1oyvEL 10Tt Kotd peilova Adyo Oa givan dromo. Emopévag 2AT > BI'.

0.£.0.

Ipoétaon 3 (XIIL. 3)
Eay s000ypaupo tunua oaipebei e arxpo kot uéeo Loyo, Tt 10
TETPAYOVO TOV EVOVYPAUUOD TUUATOS TTOV TPOKVTTTEL WS dBpot-
GUA TOV UIKPOTEPOD TUUATOS TS OLAIPEGHS KAl TOV HIGOD TOD
HEYOALVTEPOD, EIVAL TEVTATAAGIO OTTO TO TETPAYWVO TOV HIGOD TOD
HEYALVTEPOV TUUATOS.

Améoaitn

‘Eocto AB eub0Oypappo
Tufuo, To omoio £yel droupebet
oto onueio I' og dkpo Kot péco
AOYO HE HEYOAVTEPO TUNUO TO
AT kot éoto A 10 péco tov Al ) N
Oa amodeyydei 6T1 AB? = SATZ K z

Avaypaeovpe 10 TETPA-
yovo ABEIL Ereidn Al = 2AT 1 A 5 E
éyovpe AT = 4AT dnhodi| o
euPadov tov tetpaydvov POXI Zynua 3
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etvan teTpamdoto tov gpPfadov tov tetpaydvov HKZO .
Enedfy AB- BI' = AT, 10 gpPaddv tov opfoymviov IBES wovtot
pe to epPadov tov tetpaydvov POZIL. Opwg, ioydet ot

eup (POZI) =4 gup (HOZK), emopévac euP (F'BEX) =4 gup (HOZK).

Enedn AA = Al eivan @K = KZ, dpa HK = KA, dniadn MN = NE.
"Etot éxovpe:

euP (OMNZ) = euf (ZNEX) ko epf (ZNEX) = euf (A'OH).

Emopévac to gupaddv tov yvopova AHOZNB 1eovtol pe 1o gu-
Badov tov opboywviov 'BEZ, onAadn pe to 1eTpamiicio Tov euPadod tov
tetpayovov HOZK. Apa to gufadov tov tetpaydvov ABNK eivar mevra-
TG0 TOV EPadod Tov TeTpaydvov HOZK, dnhadh: AB?=5 AT

0.£.0.

Mpétaon 4 (XIIL. 4)
Eav v0vypaupo tujua droupebei 6 dxpo kot uéco oyo, tote To
afpoicuo TV TETPAYOVOY TOL 00D TUHHATOS KAl TOV UIKPO-
TEPOV TUHHATOS THS OLAIPECHS EIVOL TPITAAGIO ATTO TO TETPAYWVO
TOV UEYALVTEPOV TUIJUATOG.

Amédeién A r B

‘Eoto 611 10 guBOypappo
tunuo AB éyel dioupebel oto on-
ueio I' og dxpo kot péco Adyo pe o
peyaivtepo tuqua to Al Oa K
amodelyDel ot
AB’+BI?*=3TA%

Avaypdgpovpe 10 TETPAY®-
vo ABEA. Emeidn 1o tuiqpo AB

éxer duupebel oto onueio I' og A H E
Gxpo Kot HEGO AOYO, EYOULLE: 2o 4
AB- BI' = AT?

Kot 1o pev AB- BI' 1600tan pe 10 ufadov tov opboywviov ABKO
10 8¢ AT g 10 epfadov Tov Tetpaydvoy OZHA.
Apa eup (ABKO®) = eup (@ZHA).
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Eniong eup (ABK®) = guff (FBEH). Apa 10 gpfadov tov yvopova
AG®ZHEB cvv 10 gufaddv tov tetpaymvov 'BKZ 1covtan pe 1o dimidoio
oV gUPadov tov teTpaymvov OZHA. Eropévog:

eup (ABEA) + gup (TBKZ) = 3eup (OZHA),

Snhadh AB? + I'B? =3 AT
8.£.8.

poétaon 5 (XIIL 5)
Eav ev0vypapuo tujua owaupebei oe dxpo kor uéco 20y0 kai
nposktalel Katd Tunuo i6o TPOS TO UEYOALTEPO TUNHA TIS Olal-
PECHGS, TOTE TO 010 vOVYpauuo Tunuae Exel o1upelei oe drxpo Kat
HEGO 20Y0 Kal TO UEYALVTEPO TUNHA THS VEAS OlAIPECHS EIval TO
apyIKo sv0vypoupo Tufua.

Améoailn
"Eoto 611 10 TR0 AB
éxel dwupebel oto onueio I'
o€ GKpo Kot péco AdYo pe pe-
yoAvtepo Tunua to Al Ipo-
exteivovpe 0 BA katé Tpn- H K
o AA = AT. A ©
®o amodeyybel OTL TO
tufiuo AB €xel tunBel og dkpo
Kot péco AOyo oto onueio A Z I E
ue peyaAdtepo tuque. o AB,
Snhadn BA:- AA = AB.
Avaypdapovpe 1o tetpdymvo ABEZ. Eneion to AB éyel dioupebel
oto I o€ dxpo kot péso Aoyo pe peyarvtepo tunpa 1o AL, Egovpe
AB- BI'= AT Apa,

eup (FBEID) = gup (AI'H®). AXAG epf (I'BEID) = eup (BKEZ).

Eniong euf (ATH®) = euf (AAGA).
Emopévag eup (ABEZ) = euf (BKAA), Snhadny BA- AA = AB?.
6.£.5.

Zyuo 5
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Zx6ALa otLg¢ mpothoelg 1 - 5

Ol mévie TPpMTEG TPOTACELS TOV OTOSEYONKAV TAPOUTAV® KOl Ot
omoieg apopovV oTr dlaipecn EVOVYPAUUOD TUAOTOS GE GKPO Kol LEGO
Adyo, givon Pondnrikéc yio 660 akoiovBodv Kol Kupimg GTNV KOTAGKELN
TOV KOVOVIKOD OMOEKNEIPOV Kot Tov glkocaedpov. Emiong, avtég pmo-
povV onuepa vo amodelyfodv Ko adyeppikd, ommg Oo yivel pavepd ma-
POKAT®.

‘Eoto a, x evbdypouuo TURUOTE, LE X WKPOTEPO TOL . AV TO
Tunpa o dopedel o dikpo Kot pEco AdYo, TOTE TO X glval TO PEYOADTEPO
TUAHO THG Stadpeomg, av Kat Hovoy av  1oyveL N oxéon: X2 = a(o — X), 1-
codvvopa X2+ ax = o’

Av Aboovpe adyefpucd v mapamdve eicwon (amoppintoviag tnv

. ; als -1 , , .
apvntikn pila), Ppickovue x = 5 . Ioyvovv eniong o1 oyéoeis:
=Y !3 -5 ’ y a X 1+5
2 X oa-X 2

a) H mpdtaon 1 ko n aviictpoen e mpdtacn 2 mpokOTTOLV (Lle-
o0, oo TNV 1oduvapio

2 2
x+2) =5 (2] o +ax=0’
2 2

B) H mpdtaon 3 mpokdntel and v 1codvvaptio

2 2
oc—5 =5£ o o-ax=x
2 2

v) H mtpétacn 4 mpokdmtel amd v icodvvapio:
o+ (0-x)’=3¢ & o —ax=x°

0) H mpoétaon 5 mpokidmtel wg e€nc:
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, o X , , . ,
Av oyber — = , TOTE amO TNV W10TNTA TOV AVOAOYIDV TTPO-
X o-X

, , , a X+ao
KOTTTEL AUECO OTL — =
X a

IIpotaon 6 (XIIL. 6)
Edy pytij ev0sia tunOsi o¢ drpo kar puéoo iéyo, kabéva ané ta
TUuaTo ™S Olaipecns eivar evbeia dppytog,  Aeyouevy amoto-
Hij.

Amooaitn

‘Eocto AB pntd evbOypappo tuipo, 1o omoio dtopovpe 61o onueio
I' g dxpo kot uéco Adyo pe peyolvtepo tunue 1o Al Oa amoderydel ot
Kké0e éva amd ta tunpata Al I'B etvon dppnro, | Aeydpevn arotous.

A A r B

a6

AB
[Ipoekteivoupe 10 tuqua BA katd tuqpo AA = - Emedn to

Tunuo AB éyet daipebel oe péco kai dkpo Adyo oto I' pe peyardtepo
tunqpe to Al kot to Tppa AA givat to picd tov AB, éxovpe:
AT = 5AA? (npbdtacn 1).

Apa 10 AT'? tpog 10 AA? éxgt Adyo apdud mpog apdud, apa To
AT givon oOppetpo mpog 10 AA? (mpdtoon X. 6)

To AA? givan pnrod, S1611 To TN AA givon pnTd, ¢ T0 GO TOL
pntov TpMqpotoc AB. Apa (copemva pe tov optoud 9 tov Biiiov X), o
CA? givoan pnto, dpo pnto sivar kon to TA. Kot emedy to T'A? mpog 10
AA? Sev &ygl Moyo Tov omoio &xgl TETpaymvog apldudg TPog TETPAY®mVO
apBpd, to unkog I'A etvon acdppetpo mpog 1o pnkog AA (ntpotacn X.9)
Apa to AT givar aroroun (mpdtacn X.73)

Enewdn 1o I' duupei 10 AB og dxpo kot péco Adyo pe peyaddtepo
Tunpa to AL, €yovpe

AI?=AB-TB

TMo v oporoyia wov ypnoiponoteitar, PAETE ZxOA0 OV oKOAOVOEL.
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Kot enedn 1o tpqpo Al givan arotoun ko to AB pntd, to tupa
BT etvan mpmtn amorour (mpdétacn X. 97).
0.£.0.

Zx6ALo

1 Stutdmmon g TpoTacNS 6, OIS Kot 6Tig Tpotdoels 11 kot 17
oV aKkoAoVBOVYV, YPNOIOTOIEITOL 0poAOYie TOV ovamTUYONKE Kol G)O-
Mdotnke exktevig oto Bifiio X . Zvvoyilovue cuvtopa to omoADTOG
OTOPAITNTO Y10 TV AVAYVOGCT] AUTOV TOV SLUTUTOCEDV.

Soppeva pe tovg opiopovg tov Bifiiov X, evuustpa usyédn Aé-
yovtal eKeival Yo T Omoio LILAPYEL KOO LETPO KO AGBHUETPO eKEIVOL
Y T omoia dev vdpyel Kowd péTpo.

Evbeieg (: "evbOypoppa tuquota) dovauer ebppueTpor Aéyovtol ot
evbeleg v omolmv Ta TETpAymVa glvan GOLLLETPO KO VVAUEL AGUUUETPOL
OVTEG TOV 0TIV T TETPAymVa givar acOuUETpa. ATodeikvOgTaL OTL, OV
500el ex TV TPoTéP@V i eVBEiD, VITAPYOLY WC TPOG VTV ANEPES VOEL-
€G GUULETPOL KOIL OCVUUETPOL EITE O TTPOG TO PNKOC EITE KOl OLVOLEL.

H evbeia mov Bewpeitar ek TV TpoTépmv KoAsitan pyTif, o1 GOUE-
TPEG TPOG AVTN €iTe PUNKEL €lte LOVO dvvapel kKolobvtal pyTég Kot ot (dv-
vauet) acoppetpes appytes () dloyotr). To tetpdywvo g Oewpoduevng
gvbeiog kolelton pyRTo KOl TO GOUUPETPO TTPOG OVTO YWPIO PHTA, EVD TO.
OCVUUETPO TPOG OVTO dAoya.

Xmv mpotacn X.73 tov 100v kepoAiaiov amodeikvieTol OtL av and
pnt evbeio apopedel pnrr| gvbeior GOUUETPN LE TNV OPYIKT SLVALEL LOVOV,
ToTE M VIOAOUTN Eival GAOYOG Ko KOAEITAL amroTop). Anhaodn|, ov X, y prtd
TUALOTOL LIE X > Y, X, Y OCOUHETPOL KoL X2, Y? GOUUETPO, TOTE TO TUALOL X — Y
givar dAoyo, N Aeyopevn azotousj. (I'o Topdderypo To TunRpo V2 p—p,0-
7oL p pNTo TUNWO Eivar aotoun). To tpfpa y ovoudletar mpocapudloveoa.

Av TO TETPAY®VO NG OANG VIEPEYXEL TOV TETPAYDVOL TNG TPO-
capprofovcag KOTA TO TETPAY®mVO TAELPAS CUUHETPOV TPOG TNV O, TOTE
1 amotoun Kolsiton ZpdTH amotouri. Anhodn, av X2 =y* + 7% ko Z, X
GUUUETPA, TOTE 1] AMOTOUY] X —Y OVOUALETON TPOTY amoTOouI].

AV 10 TETPAY®OVO TNG OANG VIEPEYEL TOV TETPAYDVOV TNG TPOCUP-
pnolovcog Katd teTpdymvo TAELpAg duvapel LOVOV GUUUETPOV TPOG TNV
6\, TOTE N AmOTOUN KOAsiTon TETAPTH amotouj. Anhady, av X° = y? + 72
Kol Z, X OGOUUETPO, TOTE TO X - Y OVOUALETOL TETAPTY amoTouy.
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Xmv mpotaon X.21 amodewvieton 0Tt To 0pfoydvio Tov TEPEXETOL
peta&h prT@v SuvAaEl LOVOV GOLLETPOV EVBELDV Eivan GAOYO, KaAEiTol HéGo
KOl 1] TAEVPA TOL 1G0GVVALLOV TETPAYMVOL Efvar GAoyog kot ovoualetol uéor.

2y npotacn X.76 amodeucvoetol 0t av and gvbeio apopedel gv-
Ogia, n omoia givan Tpog TV OAN SVVANEL AGVUUETPOC Kol oynuatifel pe
VTNV TO HEV AOPOIGUA TOV TETPAYOV®OV TOVS pNTd T0 dg opBoymdvio péco,
T6TE 1 VIOAOITN Eivan GAoYOg KoL OvoUdlETaL EAdToWY.

Hapaznpnon

Av to pnto evBVYpappo T o dtopedel o akpo Kot pEco Adyo,
TOTE TO PEYOADTEPO TUNHO X TNG d10ipEONG IGOVTOL LU

V5 -1 NG
2

o, ONAad X=—oa — —a,
MNAQOM > >

TO 07010 GUUP®VO. LE TO TYOAL0 TTOV TPONYNHONKE givarl amotous].

X =

3. IoomAevpo TPIY®VO KOL KAVOVIKO TEVTAYMVO.
Kamoweg epappoyég

2115 mpotdoelg 7 uéypt 12 extiBeviar ot TAELPEG TOL 1GOTAELPOV
TPLYDVOL KOl TOV KAVOVIKOV TEVTIOY®VOV, EE0YMVOD KOl OEKOYDVOL EY-
yveypappévav otov 1010 kukho Kot Kabopilovtal oe oyxéon pe v aktiva
TOL KOKAOV.

Mpétaon 7 (XIIL. 7)
Eay tpeis yovies 160mlevpov TEvTaydvon, gite avtég ival olado-

JIKES EITE eval un 01000 1KES, EIval I6ES, TO TEVTAYWVO VAL 160YOVIO.
Anddeiln

‘Eotow 611 1peig dwdoyikéc yovieg A
A, B, T, tov 106mlevpov neviay®dvov E
ABT'AE givan ioec. Oa amodei&ovpie 6TL TO Z
TEVTAY®VO £ivol 1GOYDV10. B

DOépovpe T AI, BE wor ™ ZA,
omov Z to onpueio toung tov Al, BE.

Emedn o1 mhevpéc BI, BA eivan i- A
oeg avtiototya mpog 11 BA, AE xou n

A r

yovie T'BA eivoar ion mpog 1t yovia
2o T
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BAE, ta tpiyova ABI, ABE civaw ica, dpa ot mhevpég Al', BE eivan
ioeg, n yovia AT'B eivon ion mpog ™ yovia AEB xot n yovia ABE

givar ion wpog ) yovia BAT . Eropévag to tunpa AZ gival ico mpog 1o
BZ xou enedn amodeiynke 611 o Al elvan ico mpog to BE, éyovpe ZI' =
=ZE.

Ta tpiyova ZEA, ZT'A eivar ioa,
10Tl €rovv Kown TNV mAELPA ZA o A
Tig mhevpég ZE, EA ioec mpog mig ZT,

I'A avtictoya. Apa n yovia Z]AEA el-
val ion mpog ™ yovia ZIA“A Amodei- B
yOnke 611 M Yovia A]AEB glvon tom mpog
™ yovia AIA“B, apa n yovia A]AEA &l- A
val iomn pog ) yovia BIA“A. Opoimg

A

amodetkvoeral 6Tt | yovia 'AE elvan Syiua 7o

A A A
ton mpog g yoviegc A, B, TI', dpa
TO MEVTAY®VO EIVOL 1IGOYMV10.

A A A

‘Eoto tdpa Ot 01 TpElg un dadoyikég yovieg A, B, A eiva i-
oeg (Zy. Tar).

Dépovpe g BA, BE. Enedn o1 mhevpéc BA, AE eivon ioeg mpog
Tig BT, T'A ko mepiéyovv ioeg yovieg, ta tpiyova BAE, BI'A eiva {ca,

apa 1 mhevpd BE eivan ion mpog v mhevpd BA koi 1 yovie AEB givau
ion mpog ) yovio. BAT .
Téte ko m yovie AEB givar ion mpog ™ yovie BAE. Apan yo-

A A

vio AEA egivar ion mpog ) yovie EAT . Opoimg amodeikvooupie 0Tt Kot
A A A A

nyovie ABT elvat ion mpog t1g yovieg A, B, A.

Apa 10 TEVTAY®VO £lval 1GOYMV10.

0.£.0.

2nucioon

210 EMOUEVA €VO IGOTAEVPO KOl 1GOYMVIO TOADY®VO Bo avapé-
PETOL KO G KAVOVIKG TTOLDYDVO.



156 EYKAEIAH “XTOIXEIA”

Mpoétaon 8 (XIII. 8)
2e KOs KOVOVIKO TEVTAYWVO OVO OlAOOYIKES OlAYDVIOL TEUVOVTAL
0€ AKPO KOl HEGO A0Y0 KOl TO UEYOADTEPO TUIJHATO THS OlAIPECHS
eival To Kabéva ioo ue Ty TAEVLPA TOV TEVTAYHVOD.

Amdooatn
‘Ectw ABI'AE xovovikd mevidymvo kot © 1o onpeio topng tov
dwyoviov Al kar BE. Oa amodetydei 011 kobeuid and avtéc tépveTon
010 O og Gkpo Kol HEGO AOYO KOl TO PeYaADTEPO TUNHO TNG daipeonc
1600TOL PE TNV TAELPA TOL KOVOVL-
KOV TEVTOYDVOV.
Ieprypdoovpe kOKAO GTO KOvo- \
VIKO TEVTAY®VO, GOLPOVA LIE TNV TTPO- ‘ B
toon V.14, Enedn to tpuota EA, .
AB givar ioa mpog ta. AB, BI' xon me- E
piyovv ioeg ywvieg, ta tpiyova ABE
ot ABI eivon ioa, apa BE = Al ko ot

VIOAOUTEG Yvieg eivanl ioeg. Apa 1 —7 r
yovie BAT 1wcovtar pe ™ yovia N
ABE, dpo AGE = 2BAO (mporo- ,

Zyriuo 8

on L 32). Enedn 10 roE,o EAF gtvon
duhdoilo Tov TOE0V BF Ko 1 yovio EAF givon dutAdioa g yoviog

B AF bpan yovie © AE gtva ion mpog ) yovia A @ E. Apa 1o tun-
ua OF etvon ico mtpog to Tunua EA, 61]%(1511 70 AB. Kot emeion 1o rw] uo BA

gtvan ico pog 1o EA, xonn ymvwc AB E 0o wwovton pe ywvux B E A.
AAMG a1 M Yyovia ABE deiyOnke ion mpog v BAG) , Gpa Ba
givarkorn BEA ionmpogtm BA®.Hyovie ABE eival ko tov

prydvev ABE ka1 ABG.
Apa ta tpiyovo ABE kot AG®B sivat icoydvia, etopévmg
EB _ BA BE _E
— = — ko enewdn BA=E®, &ovue — = —®
BA BO E® ©B

A@ov 1o tunpa BE eivol peyodovtepo amd 1o EO, Oa givan kot o
Tuqpa OF peyodvtepo tov OB. Apa 1o tpipa BE éxel tunbei oe dxpo
Kol pé€co AOyo oto onpeio ® kot to peyodvtepo tunua, to OF, givon ico
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TPOG TNV TAEVPA TOV TMEVIOYDOVOL. Me OL010 TPOTO AmOdEKVOIOVLE OTL
kol to Al éyel TunBei 610 ® o€ dKpo Kol UEGO AdYO KOl OTL TO UEYO-
Aotepo Tunua, to I'O, gival (6o mpog TV TAELPE, TOV TEVIUYMDVOUL.

0.£.0.

Mpétaon 9 (XIIL. 9)
Eadv o1 mlevpés Tov Kavovikov eEay@dvov Kol OEKAYdVOV Tov &£y-
YPAPOVTOL GTOV 010 KUKA0 6ovtelovy o o gvlbeia, ToTE TO L0
TUIHA, OLAIPEITAL GE AKPO KAl HEGO LOY0 KAl TO UEYOLVTEPO TUN-
Hao THG dtaipeong eivar i wevpd Tov e&aymvou.

Améoein
‘Ecte o xdkhog ABT dapétpov
AB, n mkevpd BI' tov kavovikov de- A
Kaydvov kKot 1) TAevpd ['A tov kavovi-
KOV €Eay®dvov Tov £YYPAPOVIOL GTOV B
mopondveo kokAo. ‘Eotw emiong ot o
tufuata BIL, T'A keivtor e’ evbeiog.
Oa oamodeiovpe Ot 10 €LOVYpOpLHO

tunua BA éyel tunbei ano to I' onueio T

og GKpo Kol HEGO AOYO, LE PEYUADTEPO

tufiua to A, A
‘Eot® E 10 Kévipo tov KOKLOV. Zyipa 9

Dépovpe ta Tpnpata BE, TE, EA kot

npoekteivovpe 1 BE péypt 1o A. Emedn n mievpd BI eivan mhevpd ka-
N N
vovikov dekayavov, to t0fo AI'B eivar meviamidoio tov t0&ov BI,
n N A
apo 1o 160 Al givon tetpamidoto tov t6&ov BI'. Apan yovie AET
n A

givar tetpanmidoio g EB. Kot enednq n yovia EBI  givon ion mpog

mv EI'B, éovue AEI' =2EI'B. Emiong EI' = T'A, du0tt I'A eivan
TAELPA KOVOVIKOD eE0ryMVOL €YYEYPAUUEVOD 6TOV KUKAO ABI.

Emopévaog TEA =TAE, ko étor ET'B = 2EAI’. AAG amodei-

yOnke 61t AET" = 2EI'B, Gpa AEI" = 4EAT". Apa EAT = BET .
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A

H yovie. EBA &ivatl ko t@v dvo tprydvev, tov BED kot tov

BEA. Apa ko yovie BEA  eivan ion mpoc tmv  ET'B . Apa ta tpi-
BA _ BE

yvova EBA, EBI givan icoyovia. Emopuévog — = — ki enedn BE =

BE BrI

BA _ Al
= T'A énetan 6T AT = B Emiong etvar BA > AD" dpa ko A" > I'B.

"Eto1 ) evbeion BA €yel Tun0el oe dkpo ko péso Adyo Kot To peyaAdTEPO
TUAUO 0VTHG TNG dtaipeong givar to Al
0.£.0.

Hapazipyon

Av X glvan n TAgupd TOV KOVOVIKOD dEKOYDVOL KOt I' 1 oKTiva TOV
TEPIYEYPAUEVOV KOKAOD, TOTE 1] TAEVPA TOL JEKOAYMVOL UTOPEL VO LTTO-
Aoyiotel adyePpikd amd ) oxéon :

(r+x)x=r", omdte 0o £xovpe: X = % (\/_ - 1)

Mpétaon 10 (XIIL. 10)

Eav gyypapel 6& KUKAO KAVOVIKO
TEVTAYWVO, TOTE TO TETPAYWOVO
THS TAEVPAS TOV TEVTAYDVOD &l-
val 1600bvouo mpos to dbpor-
OUO TWY TETPAYOVOV TOV EYOVV
WG TAEVPES TV TAEVPA TOV Ka-
VOVIKOD £€ay®vov Kal THY TAELD-
PO TOL KAVOVIKOD OEKAYDVOD
OV EYYPAPOVTAL GTOV 1010 KO-
Klo.

2ynua 10

Améoeidn

'Eoto ABI'AE koavovikd mevidymvo eyyeypoppévo og KOKAO.

'Eoto Z 10 xévtpo tov kbkAov kot AH didpetpogc. Amd 10 Z dyov-
ue kébetn ZO mpog v AB, 1 omoia mpoekTEVOUEVT TEUVEL TOV KOKAO
oto onueio K. ®épovpe 11g evbeieg BK, KA kot and to Z pépovpe Kabe-
™ ZA mpog v KA, n omoia tépvel tov kdkio oto M ko v AB 610 N.
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n n
Emedon to t6€o ABT'H eivan ico mpog 10 1060 AEAH «ou to 10-

N n N
&o ABI &ivar ico mpog to 160 AEA, émeton 61170 1060 I'H  €lvan ico
n
7poc 10 100 HA . Apa 1o I'H givor mhevpd kavovikod dekaydvov. Emi-

ong ZA = ZB ka1 Z0 «ébetn oty AB, dpa A%K = KiB (mpotdoeg 1. 5
wo I. 26). Apa 1o T16&0 AmK elvar oo mpog o T6&o KOB , KOTA GuVETEL
t0 T6&0 AﬁB glvar o1mAdolo tov TOEoV Br}( kot o Tpnpa AK etvon
TAELPE Kavovikoy dekaydvov. ['a Tovg id1ovg Adyoug Kot 10 TOEo AOK
glvar dSumhdoto Tov TOEov KT\/I . Kot enedn to 1680 AmB glvan duthdclo
Tov TO&0V B?( Kol 10 T0E0 FmA {co mpog o 16E ATB, elvat Ko 1o
680 IDA dumAdoto tov 0oL Br}( . Emiong 10 t6&0 tov IDA Ba etvon
dumhdoto Tov tOEoL I“?—I . Apa to 16E0 Frf{ glvar ioo mpog 10 16EO

Br}( . AMAG 0 16O Bri{ givat SITAAG10 TOV KTV[ , €mEON givon SITAGC10
KOl TOV KmA , Gpa. Kot To I‘?—I gtvar SimAdclo Tov KTVI . AMAG kon To TOEO
FriB givar StmAdoto tov T6EoV Bri( , 01071 10 TOEO I‘riS gtvan 160 mpog 10
Br}\. Apa 10 100 HnB glval S1TAGG10 TOV BT\/I , Gpo kot 1 yovia HiB
glvar dSurhdcio TG BZAM .

Kot n yovia HiB glvan dSumhdcio G ZAB , 010TL 1 YoVia ZAB
glvan iom pog ™ yovia A]ABZ. Apa kot n yovia BﬁN glvan iom mpog

mv ZAB. H yovio ABZ e&ivar kown tov dvo tprydveov ABZ kot
BZN. Apa ta 1pitywva ABZ ko1 BZN givar icoymvio.
Ioyver enopévmg:

ﬁzﬁ, 4pa BZ°=AB - BN
BZ BN

Enedn AA = AK, AN ko] kéBetn, dpa KN = AN, gmopévag
AKN = AAN.
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AMG AAN = KBN, dapa AKN = KBN .
Kot n yovia oto A givar ko] tov dvo tpry@veov AKB kot AKN.
Apa ko1 yovie AKB givar ion tpog tnv KNA .
BA _ KA
Enopévac, woyvet 1 avarioyio — = — , dpa BA- AN = KA?,
Hevag, oyvet m Y AK AN p
ko cvuvendg AB- BN + BA- AN =BZ% + KA%
Amodetydnke dnhadn 6t BA* = BZ? + AK?, émov 1 BA eivor mhevpd
TOL KOVOVIKOV TEVTOY(MVOUL, 1) BZ mAgupd Tov Kavovikol e&aymvou kon 1 AK

gtvorl TAELPA TOL KAVOVIKOD dEKAYMVOL EYYEYPALUEVT] GTOV {010 KOKAO.
0.£.0.

MpoéTaon 11 (XIII. 11)
Eady c& KUKl0 ue pyTH OIGUETPO EYYPAPEL KAVOVIKO TEVTAYWVO, N
TIEVPA TOV TEVTAYOVOD &Eval dAoyos, 1] 0moio 0voudieTal Kol
eAdoowy.

Amooain

Eyypdoovpue xoavovikd mevtayovo ABI'AE og koxho pe pnt 6ud-
petpo. Oa amoderyBel 6TL | TALLPE TOV TTEVTAYDVOL lvar dppnrTog, M Ae-
youevn eldoowv.

Maipvovpe Z 10 kévtpo tov KOKAOL, QEpovLE TIS dropétpoug BO,
AH, m dwyovio Al' kon 610 TUpa ZO maipvovpe tpunue ZK ico pe 1o
éva, TETOPTO TNG oucrivag

Enedn to Toéo AFH glva ico npog TO AAH Kol 10 100 ABF

TPOC TO TOEO AEA émeton OTL T0L TOEQ FH HA glvar ioa.
Edv oépovpe v AA, ot yovieg oto A eivar opBég ko T'A =
= 2I'A. T tovg id10vg AOYoLg o1 Ywvieg oto M eivar opBég kol AT =

= 2I'M. Ta tpiyova AMZ, AAT givon 160ydvia, ot o1 yovieg AMZ ,
AAT givon ioec ko yovie AATT givan kowvn. Apa kon ot yovieg AZM ,
AT'A etvan {oeg.
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Apa, AL Mz KoL 2AT _ 2MZ Emne1om 2MZ _ Mz &YOULE
P*Ta " Za rA  za OV Tza T za M
2
2AT _ MZ 2AT _ MZ AT _MZ
== dMmrady — = — . Kot & 04-
T'A @,apa TA _ 7A° nAQoN ™ _ 7K ol S ovvoEé
2 2 4
AT+I'M _ MK __ (Ar+rM)’ _ MK?
0EMG = , Gpol =
™M  KZ ™ X7

Kot emedn, otav tunbei to
tufua Al og dxpo Kot péso Adyo
TO UEYOADTEPO TUNUO givol 1 TAEL-
pa TOL TEVTAY®VOL, dNAadn to AL,

A
(mpdtaon 8) Kot 1O TETPAY®VO TOL N Z\ K ©
A
r

™

UEYOADTEPOV TUNUATOG CLENUEVOL
KoTé TO GO TOL OAOL Eivol TEVTO-
TAQGLO0 TOV TETPAYMVOL TOVL UIGOV
Tov 6hov (Tpotacm 1), woyvet

(AT + TM)? = 5TM? Syiua 11

Apa MK? = 5KZ%

To KZ? givon pnro, 81611 1 Siduetpog eivan pnm, emopévog 1o MK?
gtvon pntod ko 1o MK givan pnrd.

Eniong eivar BZ = 4ZK, emopévog BK = 5ZK ko1 BK? = 25 ZK?,
Gpa Oa Eyovpe BK? = 5 MK? Eneidn to BK? mpog 10 MK? 8ev &gt Adyo
TOV 0moio £xel TETPAyVOG aplBuds Tpog TeTpdywvo apdud, to BK sivon
AGOUUETPO ®G TPOg TO0 pnKog mpog o MK. Apa (chpupova pe v mpo-
taon X.73) to tuque MB givon amotoun kot to MK givar Tpocappolov-
oa. Oa dei&ovpe OTL ilvan TETOPTN ATOTOT.

‘Eotow BK? - KM? = N2, dnladf 1o tetpdymvo tov BK vrepéyet
amd 10 teTphymvo Tov KM katé N2, Enedr to KZ eivoun cOUpETPO Tpog
to BZ, xo1 to KB = KZ + ZB givor odpperpo mpog 1o BZ. AlAé to BK
glvon ooppetpo pog to BO, dpa 1o BK givan copperpo mpog 1o BO.

Eneon BK” § U avTIoTPOPNG EYovie BK"
KM? 1’ N?

H

= Z, TO 0TO10

dev glvar Adyog teTpaymvov apdpod mpog teTpdymvo aplfud, dapa 1o BK
givar acOppeTpo kotd unkog mpog 10 N. Apa 1o BK? vrepéyet tov KM?
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KT TETPAYOVO TAEVPAG acOUpETPNG (KaoTd pPikog) mpog To BK kot 1o
BK &ivar ooppetpo mpog to pntod tunpe BO®, dpa to MB eivar tetapt
OTTOTOWN).

Opmg 10 opboydvio mov meptéyetal amd pntd TUNUO KOl TETAPTN
amotoun ival ahoyo. Emiong, n mievupd Tov 16030vapoL e 0VTO TETPO-
y®VOUL givorl Ghoyoc, kKot ovopaletor eldoowy (mpdtaon X. 94)

Eniong 1oydet OB - BM = AB? 81611 10 tpiyovo ABM sivar 160-

OB _ BA
V10 TPOoC 10 Tpiymvo ABO kot ioyder — = ——
Y POG pry X BA BM

Apa amodeiynke 0TL M TAELPA TOL TEVTAYMVOL Ogv glvarl pnri,
dadn ivor dhoyog (dppntoc), mov ovopdaletor eddoowy (BAéne oyoio
petd v mpdtaon 6).

0.£.9.

Hapaznpnon

Av y givor 1 TAEVPA TOV KOVOVIKOD TEVTOYMVOL Kol X 1 TAELPA
TOV KOVOVIKOD OEKAYDVOV EYYPOUUEVOL GE KOKAO aKTivag I, TOTE, GUU-
pova pe 6ca arodelydniav oty tpdtacn 11, Ba woyder n oxéon:
y? =X + 12, Opog omd v Tapatipnon petd Ty Tpdtacn 9, xovpe

= % 5-1). Enopévac:
2 2
yzz%(G—Zx/g)Hz = yzz%(l0—2\/§) :

Apa yw TNV TAELPA Y TOV KOVOVIKOD TEVIAYMVOL EYYEYPOUUEVOL GE
, . . rf , .
KOKAO axtivog I Bo éxovpe Y = 3 10-2y5 . Amodetcvoetat Ot T0 y
®¢ O10popd eLOVYPAUU®Y TUNUATOV YPAPETOL
r r
y = 3 \/ 5425 - E\/ 5-25 , T0 0moio ™G gvbeia gival EAdoc®V.

Mpotoon 12 (XIII. 12)

Eav o kdKrio eyypogei 160micopo TPpiywvo, 10 TETPAYWOVO THS
TAEVPAS TOV TPIYOVOV EIVAL TPITAAGLO TOV TETPAYOVOD THS OAKTI-
vag TOv KUKA0v.
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Amooaitn A
Eyypapovpe 1cémievpo tpiycdvo

ABI og x0kho pe kévtpo A. Ilpoekrtei-

voupe v AA, n omola Tépvetl Tov KOKAO

010 E. Oa anodeiydei 611 AB® = 3AE?,
Enredn 1o tpiyovo ABT eival 160- A

N

mhevpo, to 0o BEL &ivor to éva tpi- B .
TO TNG MEPLPEPELNG TOL KUKAOV, ApOL TO \/

n
t6&o BE e&ivai 10 éva ékto G mEpLpé-
PEOG TOL KVKAOL Kot To Tufua BE eival E
{co pe v axtiva Tov KOKAOL (TPOTOOT Zyiua 12
V.15, mopwopa). Enedn AE = 2AE, é-
yooue AE? = 4 AE?, dniadh AE® = 4 BE? Ioyder AB? = AE? — BE?, dpa.

AB? =3 BE? dn\adn AB® =3 AE%
6.£.0.

4. Kavoviko tetpdedpo - Kataokev

IIpoéraon 13 (XIIIL.13)
No. katackevaclsi mopauioo (: KaAVOVIKO TETPAEIPO), Va. EYYPO-
0l 6€ docuévyy cpaipo Kol va amodEtyfel 0TI TO TETPAYWVO THS
O1aUETPOY THG GPaipag eival Tta Tpia JEVTEPA TOD TETPAYDVOD
THS TAEVPAS THS TVPAUIOOG.

Amooaitn
‘Eocto AB n dbpetpog g A
oopaipag. Téuvoope to Tunuo AB
oto onueio I', dote to Tuua AT va
glvan oumAdoto tov I'B ko ypdgpov-
pe muikokAlo dwopétpov AB. Zto
onueio I' pépovpe kébetn oto Tun- A B
po AB, 1 onoio TEUVEL TO MLUKOKALO
670 onueio A kot EPOLIE TO TUNLLOL Synuo 13
AA.
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Karaokevij tov tetpaédpov.

®empolue ToV KOKAO pe kévipo ®
kot axtivo AT Ko eyypdeovpe 166mAevpo
tpiyovo ZEH. Xt0 onueio ® vydvovue
KkG0etn 6T0 enimedo TOL KOKAOL Kot Taip-
voope tufua OK ico pe AT (Zy. 130).

H evBela OK w¢ «kdbetn oto emi-
7EO0 TOV KOKAOV, ivor KaOetn otic gvbei-
ec OF, ©Z, OH.

Emedn 1o tunqpa AT etvon ico pe
to OK, xot 10 I'A {00 pog t0 OF o &-
neldn| mepéyovv opbéc yovieg, 10 AA givon ico pe to KE (mpotaon 1.4).
IMa tov id10 Adyo kabéva amd ta tufuata KZ, KH weobton pe 1o AA.

Apa KE =KZ =KH.

Enedn 1o uqpo AT givan dimhdoio tov I'B, 10 AB givar tputhdcio
Tov BT

Eniong, 0mmg amodeukvietor 6to Appa Tov okolovbel, 1oylel N

2xnua 130

Apa AA? = 3 AI'’. Eniong woyver ZE? = 3 E®? (mpdtoomn 12),
kot enedn AI' = E®, énetan o6t1: AA =EZ.

AMG T0 AA SelyBnie ioo pe kabéva amo to KE, KZ, KH kot ka-
0éva and to EZ, ZH, HE eivot ico pe xobéva and ta KE, KZ, KH. Apa
ta, tpiyova EZH, KHZ, KZH, KEH givat icémigvpa.

Enopévag xatackevdodnke mopopida, Tov amotedeiton amd 1€0-
GepPOL 1I60TAEVPA TPiywVa, 1 BAon TG omoiag gival TO 1IGOTAEVPO TPiYy®VO
EZH xot kopvon g 1o onpeio K.

Eyypaopij o€ opaipa.

[Ipoekteivoope to Tpunuo KO xoatd tpuquo @A = I'B. Emeidn
Al _TA
—— = —— (mpbtaon VI, 8) AI' = K0, I'A = OE ko ['B = OA &yovpe
I'n TIB
K E
ko_E6 Gpa KO - ©A = EG%.
®E OA

Emiong, ov yovieg KOE, EGA eivot opBéc. Emopévac to nuud-
KMo pe duapetpo KA OBa d1éA0et amod to E, (81011, av pépovpe 10 EA, 1 yo-

vio AEK yiveton opOn, epocov 1o tpiyovo EAK eival 16oydvio mpog Ko-
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0éva and ta tpiyova EA®, EOK). Edv Aoumtov mepiotpéyouue 10 M-
KUKMo Swtnpmvtag otabepr| v KA, 1ote avtd Bo diéAetl kan amd ta on-
ueio Z, H. Eropéveg n mopapida eyypdeestol ot opaipa dStopétpov KA.

H ogaipa civar n docuévny.

H duapetpoc KA g opaipog givar ion mpog ) ddpetpo AB ¢
doopévng oopaipag, enedn| to tunpa Al givat ico mpog to KO xor 1o I'B
glvon ico mpog 10 OA.

To teTpaywvo THS OIGUETPOL THS GPAIPAS Eival Ta TPIX IEVTEPA
TOV TETPAYDOVOD THG TAEVPAS THS TVPAUIOAG.
Eneion Al = 2 I'B éyovpe AB = 3I'B, dpa BA = % AT'. Eriong
ONOC TPOKVTTEL QIO TV OmMOSEEN TOV AUUOTOC TOVL 0KOAoVOEl, AA? =
2
= BA ‘AT, ondte BA _ BA2 . Enopévog 0a éyovpe: BA? = 3 AA?,
Al  AA 2

omov AB elvar 1 dibipetpog g doopévng ooaipag Kot to Tunpe AA 1-
GOUTOL LE TNV TAEVPA TNG TLPALISAG.

0.£.0.
Afqppa

AB_AL° ’

Bl Ar?

Améoedn

Bewpovue (Zy. 13B) to mpo- A - B
NYOOUEVO MUKVKAO KOl KOTOOKED- r
alovpe to tetpdywvo AI'ZE kot to
opboywvio BI'ZH. Emedn 1o tpi-
yovo AAB givol 16oydvio mpog to

BA _AA

tpiyovo AAT oyvel. —=——,
PHY X AN AT E Z H
q . = 2
gpaBA - Al =AA. Spia 136
Onmg 1oyvovv o1 6YEcElG:
(ABHE) _ AB , ,
——+ =— (ABHE)=AB - AI'= AA” xa1w (BI'ZH)=BI"AI = AT",
(BrzH) Br

a6 OTOL TPOKVTTEL 1] TPOG ATOOEET GYEDT.
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Haparnpnon

Av 1 glvon 1 axtiva TG TEPLYEYPOUUEVIG COAIPOG KO X 1 OKUN TNG
Topapidag Tov kataokevactnke (dnAadn n TAELPE TOL KOVOVIKOL TE-
TPAESPOVL), TOTE ONG amodelydnKe, 1oydeL | oxéon:

4r2=§xz, Gpo X = Z\E :%\/gr.

5. Kavoviko oKT(£dpo - KaTaoKELN

Ipoéraon 14 (XIII. 14)
Na katackevacOel KavoviKko OKTAEdPO Kol va. YYPAPEl o€ cpai-
P, OIS EYIVE TPONYOVUEVOIS HE TV TOPOUIOA, KAl VA ATOOEL-
xO¢l 071 TO TETPAYWVO THS JLOUETPOV TS OPAIPAS EIVAL SITAAGLO
OO TO TETPAYWVO TS TAEVPAS TOV OKTAEOPOD.
Améoailn A
‘Eocto AB n dudpetpoc g
doopévng oopaipog kou I' to péco
mg. Oewpovpe To NUIKOHKALO dtopLé-
tpov AB kot v kdfetn mwpog v A M
AB oto onueio I', n omoia téuvet to r
NUKVKALO oto onueio A Kot pEpov- Zyijua 14
ue to tunpa AB.

Karaokevn Tov oxtaédpov.

Koraokevdlovpe tetpdyovo EZHO pe mievpd ion pe AB kot éotm
K 10 onpeio topng twv OZ, EH. Z10 onueio K vymvovue xdbetn oto
EMIMEDO TOV TETPAYDOVOL Kol EKATEPMOEV TOV EMUTESOV TALPVOVUE TUNLLO-
ta KA, KM ioa pe ta tuiuata KE, KZ, KH, K®. ®épovpe ta tpunqpota
AE, AZ, AH, A®, ME, MZ, MH, MO (Zy. 14a).

Enedn] KE = KO kou 1 yovio EKO givar opbr, égovpe OF? = 2 EK2!
Eneidn woyvet: AK = KE ko n yovia AKE  &ivar op0n, égovpe EA? =
=2 EK? Apa AE? = E@?, ondte AE = E@. ' tov 1810 Aoyo A® = OE.

Apa 1o pltywvo AE® etval 106mievpo. Me tov 1010 TpOTO amodetkviouvjLe
ot kaféva amd To vIoAowma Tpiywva, TV omoimv ol PAcelg sivol ot
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mAevpég tov tETpay®d@vov EZH® kan
Kopveég Ta onueia A, M glvar 166-
migvpa. Emopéveoc katookevaoTnke
oktéedpo, 10 onoio mePEYETOL GE O-
KT® 160TAEVPA TPIY®VA.

Eyypagij o€ cpaipa.

Eneion AK = KM =KE, 10 E
aVIKEL 6TO MKOKAL0 Stopétpov AM.
INa tov 1o Adyo, av meptoTpapel T0
NUIKOKALO Kol eTavELDEL GTNY apyIKy
tov Béom, dStnpodviog otabepn
AM, Ba d1€NBel ko omd To onueia Z,
H, ©. Apa 1o oktdedpo eyypaeetan 6€ ceaipa dapétpov AM.

2xnua 14a

H ooaipa givar 5 docuévy.

Enedy AE = EM kot 1 yovia AEM  givon opi, €govpe AM? =
=2 AF?. Eniong, eneidn AT =TI'B, 1oybet AB =2 BI.
2

AB
Enutiéov 1oyder — =
S Br BA?

Enmopévag AB? =2 BA?,

(mpotaom VI. 8 xau fifiio V opiopdg 9).

Amodeiydnie dpmc 611 AM? =2 AE? kot akdpa 1oydet 611 AB® =
= AE? 51611 E@ = AB. Apa Qo givor AB? = AM?, $nhady AB = AM.
Emopévag n didpetpog AM g Goaipag 1oovtal He T SIUETPO
g doopévng opaipag AB Kot Tavtdypova amodeiydnke 6TL T0 TETPAY®VO
™G SOUETPOL TNG CEAIPAS EtvL STAAGIO OO TO TETPAYMVO TNG TAEVPAC
TOV OKTOEDPOV.
0.£.0.

Hapazijpnon

Av 1 givan ) akTiva TG TEPLYEYPOULEVNS GOAIPOG Kot X 1] OKUT| TOV
OKTAESPOV TTOV KOTACKELAGONKE, dNANOT TOV KOVOVIKOD OKTOEDPOL, O-
modsiyfnke 611 1oyveL N oxEon: 412 = 2x2. Emopévag Oa &xovpe

x:\/E-r
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6. Kavoviko ££aeopo (: k0Pog) - kataokev

Ipotaon 15 (XIII. 15)

Na katacksvaclei kvfos Kal va eyypagei oe opaipa, 6Tws Eyve
TPONYOVUEVOS Kol UE THY TVpauioa, kot vo detylfel ot 10 Te-
TPAYWVO THG OlAUETPOV THS CPAIPOS EIvol TPITAAOLO AT TO
TETPAYOVO THS TAEVPAS TOV KUfov.
A
Améoailn
‘Eotw AB 1 dudpetpog g do-
OUEVIG CQOIpaG, TNV Omoiol TEUVOLLLE
oto onueio I', dote Al = 2 I'B. 210
onueio I' pépovpe kdBetn oty gvbeior. A ' B
AB, 1 onoia Tépvel 1o MUKVKAO dlo-
pétpov AB oto onueio A. Zyijua 15

Karackevij tov kifov. N M
Ocwpodue (Xy. 150) teTpd- :
yovo EZHO pe mhevpd ion mpog to K !
tuqpo AB. Xta onpeia E, Z, H, © ~<
QEPOLLE KADETEG GTO €MIMEDO TOV R
TETPUYMVOL KOl TOIPVOVUE TUNHOTA ®! S~
EK, ZA, HM, ON ico mpog v - -7
TAELPE TOL TETPAYDVOL KO TPOGS TO T
010 PEPOG G TPOG TO EMIMEDO TOL
TeTpaydvov. Emopévmg kotaokevd-
oOnke kOPog 0 omoiog mepEyeTaL OE Sy 150
¢€1L loa TeTpdyva.

Eyypapij o€ cpaipa.

dépovpe o tpqpata KH, EH. Enedn n gubeion KE givon kéBetn
o710 eninedo EZHO, n yovia KEH sivau opOn, apa. To NUIKOKAMO OloLpLé-
tpov KH 0a 616A0et and 10 onueio E. Eniong, enedn n evbeia HZ givan
Kkd0etn otig evbeieg EZ, ZA Ba gival kaBetn kot oty gvbeia KZ, dpa 1o
nuikdrkio doupétpov KH Oa d1éA0elL kar omd 1o Z. TN tov 1010 Adyo, av
TO MUIKVKALO TteploTpael dwutnpavtag otabepn v KH, Bo d1éAbet ko
Omo TIC VITOAOUTEG KOPVPEG TOL KOPOV, apoD emaVELDEL GTNV UPYIKN TOV
0éom.
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H ogaipa sivar n docuévy.
Enedy HZ = EZ o yovie EZH  eivan opbny égovpe EH? =2 EZ? .

Enionc EK = EZ kou n yovio KEH  eivon opn, Gpa KH? =KE? + EH2
Enopévag éxovpe KH? =3 EZ2,
2
Eniong eivar AB = 3BT kat ﬁ=A—BZ , Gpa 1oyder AB® =3 BA%
BI' AB

Amodeiydnike eniong 611 HK? = 3EZ? ko égovpe EZ = AB, enopé-
vog KH = AB, dnAadn n ddpetpog KH 16o0ton mpog t doopévn didipe-
po AB.

Amodeiynke Aourdv OTL TO TETPAYDOVO TNG SOUETPOV TNG TEPLYE-
YPOPPEVIS Goaipag Tov KOPov givol TPITAAGIO 0md TO TETPAY®VO TNG
mAevpdg (axung) Tov Kopov.

G.£.0.

Hapazipyon
Av 1 givon ) akTiva TG TEPLYEYPOULEVNS GOAIPOG KOt X 1] 0K TOV
KOPov, TOTE, OTMG amOdEiYONKE, 1GYVEL 1| GYEoN:

4r* = 3%%, omdte Ho sfvor X = % @r .

7. Kavoviko €1ko63E0P0 — KOTUOKEDT)

IIpétaocn 16 (XIII. 16)
Na kKatackevaclel (Kavoviko) E1K0GAEOPO Kol va, EYYPAPEL GE
oPaipa, OTWS EYIve Kol UE TA TPONYOVUEVA CYHUATA, KAl VA -
mooetylei 0TI § TAEVPd TOV EIKOGAEOPOV EVaL APPNTOS, N AEYO-
HEVN ELAOOWY.

, A
Améoeiin
Bipa 1°
Eyypagn xavovikov mevra-
YOVOV G€ KUKAO, TOU O0TOIOv TO
TETPAYWVO THG OKTIVAG 1600TAL e r B

70 1/5 Tov TeTpaydvov TS daué- Zynuo 16
TPOV TS CPUIPAS.
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‘Eoctw AB n didpetpog g doopévng ooaipag kot éote [ onueio
g dwpétpov AB tétoo dote Al' = 4I'B. Me didpetpo 1o tuipa AB
Ypapovue MukdKALO Kot 6To onpeio ' pépovue kabetn oty AB, 1 o-
moia TEUVEL TO NUIKOKALO 670 onpeio A, kot evidvovpe ta onueia B, A.

Bewpovpe kokAo kévipov D pe axtiva ion mpog BA kai kavovikd
nevtdyovo EZHOK eyyeypapuévo otov mopamdveo kOKAo. Ayotopovpue
ta 10&a EZ, ZH, HO, OK, KE ota onueia A, M, N, E, O kot pépovpe Ta
tuqpata AM, MN, NE, 20, OA, EO. To nevtdyovo AMNEO sivon emi-
ong Kavoviko kot o evfvypappo tuqpe. EO givar mhevpd kavovikod de-
KOYDOVOU EYYEYPOUUEVOL GTOV TOPATAVE® KUKAO.

Yto onueia E, Z, H, 0, K vyovovue kdbetec oto eminedo Tov Kv-
Khov, maipvoope tunpato EIL, ZP, HE, OT, KY ica pe v axtiva tov
KOKAov ko @épovpe ta tpunpata 1P, PX, =T, TY, YII, [IA, AP, PM,
MZ, XN, NT, TE, Y, YO, OIL

II
P : Y
s 1T
E.i
L T
Z K~ O A K
H ()
2o 16a Zynuo 16

To mwevraywvo IIPXTY givar kavoviko.

[pdyuott, apov ot gvbeieg EIN, KY sivon kdOeteg oto d10 eminedo,
etvan peta&d tovg mapdiinies. Eniong ta tufpata EIL, KY eivar ico.
Enopévac to tmpota ITY, EK givor ica. Apa to tpunua ITY givan ico pe
Vv TAELPE Tov Kavovikoy meviaydvov EZHOK. T tov idto Adyo ta
tuniuata [P, PE, XT, TY eivon ica pe v mAeupd 1oL KOVOVIKOD TEVTO-
yaovov EZHOK . Apa to mevtdywvo ITPETY givon kovoviko.

Bipa 2°
Ta tpiywva I1OY kot T1N10 givar i6omievpa.
Enedn IIE etvon mhevpd koavovikod eEaydvov, EO kavovikov de-

kayovov kot 1 yovie [TIEO eivar opOn, to tuiue IO wwodton pe v
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TAEVPA TOV KOVOVIKOD TEVTAYDOVOL O10TL TO TETPAYMOVO TNG TAELPAC TOV
TEVTAYDOVOV €lval 160 LE TO TETPAYMVO TNG TAEVPAS TOV EENYMVOL GLV TO
TETPAYOVO TNG TAEVPAS TOV JEKUYDVOV.

I"a tov 1810 Adyo 10 OY 1600t LE TV TAEVPA TOV KAVOVIKOD TTE-
VIOy®VOUL.

To tuqua ITY €xel on amoderybel ico pe v TAELPA TOL KOVOVI-
KoV¥ mevTay®vov. Apa 1o Tpiywvo ITIOY elvar ic6mAgvpO.

INa tov 1610 Adyo ko ta tpiywva [IAP, PME, ENT, TEY sivor 1-
GOTAELPA.

2nueiwon: Mg avtd tov Tpdmo KataokevdoOnkav Non ot déka
(10) o6 115 eikoot (20) £dpeg Tov {NTOVUEVOV EIKOGUEIPOU.

Emiong, apov «dBe tpunqpa [IA, TIO amodeiydnke ico pe v mhev-
PG TOVL KOVOVIKOD TEVIOYMVOL Kot To Tunqpue AO  givol TAevpd Tov Kovo-
VIKOU TTevTaydvov, énetal 6t 1o Tpiywvo ITAO givol 1comAgvpo.

INa tov 1610 Adyo kabéva amd ta tpiymva APM, MEN, NTE, EYO
glvat 166mAELPO.

Q
Bniua 3° 0
Karackevij "otépnc” al
X710 kévtpo @ tov KOKAOL OV X Y

Oeoproape oto Brua 1° vydvoopue
KGOt 01O £mimedo TOL KVKAOL KOt
TOIPVOLUE TPOC TO AVTO UEPOG Ola-
doywca tunipoata OX , XQ  ico pe
TNV TAELPA TOL KAVOVIKOD eE0rydVOL
KOl TOL OEKOYMVOL avTIoTOU(M, KOl
Pog t0 AAA0 pépog tunua Y ico
LE TNV TAEVPA TOV KOVOVIKOD OEKOI-
YOVOV.

Enedn ©X, I1E givon ica tun- 2yripa. 16y
HoTo, Ko KaOeTa oTo eninedo Tov Kv-
Khov, émetal OTL givan ioa kot mapdAinia Apa 1o 11X 1codton pe v
TAELPE TOV KOVOVIKOD EEQymVOU.

[1]

To tpiywvo IIQY civai 166mlcvpo.
[pdynat, emewdn X eivor mhevpd kovovikod eéaydvov, X

N
T gLpd Kavovikoy dekaycdvov kot 1 yovia QXIT etvor opbn, émetal 611
To Tunpa I1Q 1eodton pe Ty TAEVPA TOV KOVOVIKOD TEVIOY®VOL (TpdTOL-
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on 10). ' Tov id10 AdYyo TO TUHO
YQ wobton pe v TAELPA TOL Ko~
VOVIKOV TEVTOY®OVOL. Apa 10 Tpi-
yovo IIQY eivar 1odémievpo. [a
Tov 1610 AOyo xobéva amd To VIo-
rowma tpiyove pe PBaoeg [P, PX,
2T, TY ko1 kopoon 1o Q givon emi-
oNG 16OTAELPO.

Opoiwg, o tpiyova YAM,
PYMN, YNE, YE0, YOA s&ival ko
OVTA LGOTAEVPOL.

2nusioon: Kortackevdonkav £tot o1 vroroweg déka (10) £6peg tov
{nrovpevoL eKocaEdpov. Apol KATACKEVAGTNKE EIKOGAESPO TTOV TEPIKAEIE-
Tow oo €lkoct I6OTAELPA TPIYOVA.

2ynua 160

Bipa 4° To sikocdsdpo syypdostor 6t dobsica coaipa

Eyypaon c¢ opaipa.
Eneidn OX etvon mhevpd kavovikov eEaydvou kot XQ mAgvupd Ko~
VOVIKOU dgkaymvov, To Tunpa PQ &yl doupebei o péco kal dkpo Adyo
010 X (mpdtaon 9) kar OX eivar to peyohvtepo Tunquo. g dwipeong. I'’
Qb dX

avTo 10 AOYO0 Woyvel: — = ——. Emiong ®X = OE kot XQ = DY,
oX XQ

, Qb OFE

Gpo —=——.

OE @Y

O yovieg QO@E, EQY eivan opBéc, dpa n yovie WEQ eivon

opOn, Loyw g oportotnTog TV Tptydvey QOE, EOY (npdtacn VI. 8).

INa tov id10 Adyo, 0oV

@:%, QO = X kou OX = XII, émeton 611 T—X:E,

oX XQ XIT XQ
omote n yovio YIIQ eivor opOn (mpétacn VI 8). Apa 1o mukvriio
dopérpov YQ diépyetar amd to onueio I1.

Kot av to nuikokiio mepiotpaget yopo ond 1o Q¥ kot emavérdet
otV 1010 Béon amd v omoia Eekivnoe, O 61EA0eL amd to I1 Ko T vV7To-
Aouta oMELN TOV EIKOGAEIPOU.
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H ogaipa sivar n docuévy.
‘Eoto A’ to péco tov tpufpotog ®X. Apov

0 DQ £xel dwpebel o péso kot dxpo AdYo 6T0 n
X ko XQ givor to pikpdTEPO TUNUO, EXOVLE: 0
(QA)* = 5 (A’X)? (npodtaon 3). Eniong Q¥ =
=2 QA kon DX =2 A'X, apa (Q¥)* =5 (PX)? x
Kot apov Al'=4TB, éneton 6Tt AB=5BI. E

Ioybel eniong n oyxéon AB = AB” (mpo- A’

BI' BA’®

taoeig VI. 8 kon V. 9). Apa (AB)’ =5 (BA) . ®

Eniong, BA xot ©X eivar ica pe v oxrti-
va tov kokhov EZHOK, ondte AB = YQ. Apa P
YQ givor d1dpetpog e 606UEVNG GPATIPOC.

Zynua 16e

Bipa 5° H wicvpd tov sitkocdedpov eival appyti].

Enreidn n ddpetpog g opaipag eival pnr| Kot To TETpAymvo g
€lval 1600VVALO TPOG TO TEVIOTAAGIO TETPAYMVO TNG OKTIVOS TOV KOKAOD
givar pnTi KoL 1 aKTiVe TOV KOKAOL. Apo Kot i O1GUETPOS TOD KOKAOD El-
vor py.

Edv 6g og kK o pe pntn O1AUETPO EYYPUPEL KOVOVIKO TEVTAY®VO
N mAgvpd TOL TEVTAYDVOL glvan Aloyog (Appntn), Ko AEyetal eAdaov.

H mhevpd tov meviayovov EZHOK esivor 1 mhevpd tov eikocaé-
dpov.

6.£.0.

Hapaziipnon
Av 1 gival n axtiva g mepyeypappévng coaipag, tote n oktiva
OV KOKAOL amd TOV 0moio YIVETOL 1 KOTOOKELT TOL EIKOGOUESPOV Eivat

p=—rr
="

H axtiva tov eyyeypappévou tevraymvov etvat:

%JlO—Z\/_ = % J10-245 = % J105-5)
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8. Kavoviko 0mogKkaedpo - KOTAOKELN

Ipotaon 17 (XIII. 17)
Na Kotockevaclsi Kavovikoe OWOEKAEOPO Kol va EYYPoPel 6&
oOAIpa, OGS EYIVE KAl UE TA TPONYOVUEVO CYIUATA, KOl VO, ATTO0-
OctyOsi 0tT1 ) TAEVPA TOV dWIEKALIPOV Evar appnTy, N Aeyousvy

amoToul].
Bipa 1°
Karaokevon
(0] (o]
z_ = T = r
Y S Y
M 5 (C) oL T &
E P ! X P T X
N B K N B
il m
a-
H
A - — A
A A
A A
Zynuo. 17 Zynuo. 170

Bewpovpe Tov KOPo Tov Kataokevacnke oty npotacn 15. [Haip-
voupe dvo ernimeda Kabeta peta&y tovg, o ABI'A, I'BEZ xon tépuvovue
Tig mhevpég AB, BI', 'A, AA, EZ, EB, ZI' ota péca H, 0, K, A, M, N, E.
‘Eot®m O 10 onueio toung tov NE, MO xot IT to onpeio topng tov OA,
HK. Awpodpe kabBéva and to tuiqpate NO, OE, OII oe dkpo ko péco
Adyo ota onpeto P, X, T, ue peyadvtepo tunuoto tov dtapécenv to PO,
Oz, TIL

Y10 onueia P, X, T vyovovue kabeteg ota eminedo tov kHPov kot
e€mtepikd Tov kOPov maipvovue tunpata PY, T®, TX ica ue PO, OZ,
TII xou pépovpe ta Tppata YB, BX, XT, I'®, OY.

Bijpa 2°
To wevtamievpo YBXT'® givar 160TAEVPO, EMITEDO KL LGOYADVIO.
To mevraywvo gival 160TAEVPO.
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Avyovpue ta tuquota PB, B, ®B.
Enedn 1o tpuqua NO dwupeiton  oto onueio P og dkpo kot péco
AGYO Kot To peyaivtepo Tunua givar to PO 1oydet:

ON?+NP?=3 OP? (mpotoom 4)
Eniong, ON =NB o1 OP =PY.

Apa BN? + NP? =3 PYZ
Emmiéov BN? + NP? = BP? ( mpotoon 1. 47)

Apa BP? = 3PY?, xotd cuvénel BP? + PY?=4PY? ka1 emeidy
BP? + PY?= BY2 éneton 611 BY? =4 PY?,

Apa BY =2 PY.

Eniong @Y = 2PY, d161 XP = 20P, dnAadn ZP =2 PY.

Yvvendg BY = YO.

Opoimg amodeucvidetor 6t kaOe Tunpa and to BX, X[, IT'® eivon
ioo mpog ta BY, Y.

To mevraywvo givou eminedo.

210 onueio O vyovovue KaBetn oto enimedo Tov KOOV Kot EEm-
TEPIKA TOL KOOV Taipvovue Tuque OV ico e PY.

Dépovpe to Tppato PO, OX kot Ba deibovpe 6Tt POX eivon evbeio.

Emedn to tuiuo OIT doupeital oto T o€ dkpo kot péco Adyo Kot
TO peyaAvtepo tunua eivon to IIT, €yovue on = T . Emiong OII = ®0

IIT TG
xo [IT = TX = O¥. "Apa ©0 - X1
oY T6e

H gvbeia OO eivar mopdAinin oty TX, emedn kot ot dvo eival
KGOeTeC 670 1610 £Minedo (npotaon Xl. 6).

H evbeio TO givor mapdAInin wpog v gvbeia OV, emeldn] ko ot
dvo etvan kKabeteg oto 1010 emimedo. Kat av 600 tpiywva, 6nwng ta YOO,
OTX 10 omoia &xovv 600 mAevpés avaroyeg, tomoBetnBolv poli oe o
yovia (égovv Kowvn kopue1 10 ®) kot ot oUOA0YEG TAEVPEG elval TopaA-
AnAeg, to1e o1 dAhec dvo mAevpéc Ba Ppiokoviar oty 1010 evbeia (Tpod-
taom VI. 32).

Apa o tuqpata YO, OX Bpickoviar oty id1a svbeio. Kabe ev-
Oeila Bpiokerar o€ éva eninedo (npodTacn Xl. 1).

Apa og éva eminedo o Ppicketar kot to mevtdywvo YBXT .
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To mwevraywvo gival 160YHVIO.

Emedn to tpunqpa NO dwupeitar oto onueio P og péco kon dicpo
AOYO pe peyoivtepo Tunpa o PO, 1o tuqpo NX dipeitor 610 O og -
Kpo Kot péco Aoyo pe peyarvtepo tpunpa o NO (npodtoon 5).

Apa N2 + 0% = 3 NO? (mpotaon 4).

Eniong NO = NB kot O = Z@. Apa NX? + Zd* = 3 NB?, emopsé-
vog X%+ IN? + NB? = 4 NB.

Enedy IN? + NB® = =B? (npotaon |. 47), éneton 61t BE? + @2 =
=4 NB? dniadn B®* =4 NB®.

Apo B® =2 BN. Eniong, BI' =2 BN, apa BO =BI.

Eneidn BY =BX, YO =I'X «or BO = BI ta tpiyova BY®, BXT
elvai ioa, apa n yovia BY® givar ion pe ) yovie BXT'.

Opoilwg amodewviovpe 6t N yovio YOI glvan ion pe ™ yovia
BXT'. Apa ot tpeig yovieg BXT, BY®, YOI sivon peta&y tovg ioeg. Edv
G€ 1GOMAEVPO TEVTAYMVO O TPELS Yvies eivan ioeg petah Tovg, To TeEVTa-
yovo gival ieoydvio (tpodtacn 7). Apa 1o mevidywvo BYOI'X eivar 160-
yovio. Eropévag to mevidyomvo BY OI'X eivan kavovikd (kon "néve" and
v Tievpd BT Tov kOPov).

Edv pe xdbe po amd 11 dddeka mAgvpég TOV KOPOL KOTAGKEVE-
GOVUE e TOoV 1010 TpOTO TTevTaymva, B kataokevacshel oteped oyNfua, T0
01010 TTEPLEYETOL GE dMOEKN KAVOVIKE TEVTAY®VE, KOl TO 0T0i0 KOAEITOL
OWOEKAEIPO.

Bijpo 3°

Eyypaon c¢ cpaipa

[Ipoekteivoope v gubeia YO kot £éotm Q 10 onueio Toung e )
dly®vio Tov KOPov.

To onueio Q &ivarl 10 kévtpo g ceaipag mov wepthopPdvel tov
Kopo kat to Tunue QO eival to piod g TAevpdg Tov KVPov. Emeldn to
tunua N donpeitar 6to O o€ dkpo Kot péEGo AGYo Kot UEYOADTEPO TUN-
pa gtvar to NO, éyovpe: N2 + 20% = 3 NO? (mpotoon 4)

Emmiéov NX = PQ, NQ = 0Q, YO = OZ kou O = VY.

Apa QP + PY? =3 NO%,

Enedy QP> + PY? = QY?  (npdtaon |. 47) éneton YO = 3 NO2.

Emiong, to tetpdywvo g aktivag T oeaipoc mov meptAapPiver
ToVv K0P0, gival TpTAAG1o omtd TO TETPAYMVO TOV HIGOL NG TAELPAS TOV
KOpov (mpdtaon 15).

Kot enedn to tunquo. NO givorl to uicd g mhevpdc tov koov, to
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Tuqpe YQ eivar i6o pe v oktiva g 6@aipag Tov TepAaUPAaveL Tov
KOPo. Apa to onueio Y aviKel 6TV ENUPAVELD TG COAIPOS.

Bipa 4°

H 7ievpd o0 dIEKAEIPOD givar dppnTy, AVTH TOV OVOULLETAL Kal
amoToun.

Emedn to tunqua NO &gl dianpebel oto onueio P og dxpo kot péco
Adyo pe peyorvtepo tunqpe to PO kot emedn to tuipa O éxet doupebet
o€ Gxpo kot u€co Adyo 610 onueio X e peyolvtepo tunque to O, av 1o
tufuo NE dwopebet og dkpo kot péso Adyo, tote to Tunpe PX 6o etvar to
peYOADTEPO.

, O _oOp , 2NN _ 2PP ., NE P

Ioyoet —=——, d&po —— = ——, ondte =

OP NP 2PP 2NN PX PN +XE
(d1aipeon g TAEVPAG TOL KOPOL 6€ AKPo Kal HEGOo Aoyo mpdtaon V.15).
Enopévog NE > P, dpa PX >PN + XE.

Apa 1o TuApo NE dtupeiton o dxpo Kot HEGo AOYO e UEYOADTE-
po tufuo to PXE. Emiong PX = Y®. Enopévamg, av to tpqpa NE dwope-
O¢il og dipo Kot péco AdYo, TOTE TO PEYUADTEPO TUNHO TNG dlaipeong &i-
var 1o Y®. Ko emedn ) Stéperpog g opaipag ivat pntn Kot 1o T€Tph-
yové g glval TPITAGGIO 0O TO TETPAYMOVO TNG TAEVPAS TOL KOPOV, éme-
To OTL KoL 1) TAEVPA TOL KOPov eivar pnen.

Edv 6pmg éva pnto tunpa dwoupebet oe akpo kot péso Adyo, tote
kaOéva omd To TURUeTo TG dtoipeong elval AppnTo Kot AEYETOL aoTous].
Apa 1 mrevpd YD 100 dmdekaédpov eivar GppnTog moTOUN).

6.£.0.

Hépopa
Otav n migvpd Tov KUfov drupelei os drxpo Kar uéco Aéyo, to
HEYOLVTEPO TUNUO THS OLAIPECHS gival 1] TAEVPA TOD OWOEKAE-
Jopov.

Hopazipnon
Av € m axpun Tov kOPov kol ' M axtive TG ogaipag, TOTE 1 TAEL-
pA o TOV SAEKNEIPOL TTOV KOTACKEVGGONKE gtvat:

a=%£ dpo o = %(@—E):%(\/ﬁ—\@)
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9. ZUYKpPLO1 TOV TAELVPAOV TOV KOVOVIKMOV GTEPEDV.
YoumEPACHO.

Ipéraon 18 (XIII. 18)
Na extefovy o1 mievpés Ty
TEVTE GTEPEQY CYNUATOV TTOV
KatockevdoOnKay Kol va ov-
yEp1Oovy uetalv Tovg.

Q £ ZM
Amodeién
‘Eotow AB 1 ddpetpog g do-
ouévng ooaipag ko I, A onueia g
tétow, ®ote AI'=1'B koau AA =2AB. A , B
Me duapetpo AB ypdopovpe 1- K T AA
UKOKAMO kot ota onueia I, A pépov- o 18

pe kdbetec otnv AB ol omoleg Té-
uvovv 1o nuikdtkAo ota onueia E, Z avtictoyyo.
Enedn AA = 2AB, éyovue AB = 3AB. Apa ot avtiotpoenc, BA =
3 B ?
=— AA. Eniong — = ——, 61011 10 Tpiywyvo AZB givol 160y®V10 PO
5 ne VN L pry Y pog

10 Tpiyovo AZA (npotaon VI. 8).
3
Apa AB® = 2 AZ? Oumg, To TeETpdyvo TG SUETPOL TG OO~

pog eivar ta Tpiol SEVTEPO TOL TETPAYMDVOL TG TAELPAS TNG TLPAUIONG
(mpdtoom 13), dpa to TuAUe AZ 1600TOL E TNV TAEVPE TG TVUPALUISOC.

Eniong, and v opodotnrta tov tprydvev ABZ, BZA éovpe:

AB _ AB’
BA Bz?’

Ouwe, T0 TETPAY®VO TNG JWUETPOL TNE oaipag gival TPTAGC1O
amd TO TETPAY®VO TNG MAELPAG TOL KVPoL (mpdtaon 15). Apa to Tunpa
BZ givan  mhevpd Tov kOPov.

Emniong, emedn Al = I'B, &yovpe AB? = 2BE2. Kot 10 TETPAYOVO TNG
SUETPOV TG oPaipag givol SITAACIO amd TO TETPAYMVO TN TAELPAS TOV
oktaédpov (mpotaon 14). Apa to tpuipe BE givar n mievpd tov oxtaédpov.

Y10 onueio A @épovue ket oty AB kot maipvoupe Tuipe AH ico
ue AB. ®épovpe v HI', ) omoia tépvel to npucvkAio oto onpeio ® kot oo
70 O Pépoupe evbeia ket oty AB, N omoia Tépvel v AB oo K.

apa AB? = 3BZ%,
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AH K
Eneon AH =2ATl kor — = oK &yovpe KO = 2KT'.
Al KT

Apa K®? = 4KT? kot EMELON re’ = Ke? + KFZ, €yovpe re’ =
= 5KT?, épo BT = 5TKZ.

Emedn AB = 2I'B ko1 AA = 2AB €yovpe AB = 2T'A, dpa BI' = 3TA,
xow B = 9T'A% Koé suvénew TK? > FAZ, emopévas govpe 'K >TA.

Maipvovpe Tpunua I'A ico mpog 1o I'K ko oto onueio A @épovpe
KkaBetn otnv AB, 1 omoia Tépvel To NuKHKALO 6TO oNuEio M.

Eneion BI' 2 = SKFZ, AB = 2BI" xou KA = 2KI" éyovpe AB? =
= 5KA. Ouwg, 10 teETpdy®vo g SOUETPOV TNG GPAipOS Elvol TEVTO-
TAQGLO TOV TETPAYOVOL TNG OKTIVAG TOL KUKAOL OO TOV OmOoio KOTo-
okevdotnke 1o eikocsdedpo (tpotaon 16), dpa 1o KA eivon n aktiva tov
KOKAoL omd Tov omoio kotackevdcnke To ewocdedpo. ‘Etol, 10 KA -
coVTOl e TNV TAELPE TOL KavovikoD eEaymvov, To omoio eyypdpetal
6ToV KOKAO ov tpoavapépape (mpotaon 1V.15). Kot eneidn 1 didpetpog
g opaipag amotereital omd (o mAevpd Kavovikoy eEaydvou Kot dVo
TAEVLPEG KOVOVIKOD OEKUYMVOL Ol OTOIEG €YYPAPOVTUL GTOV KUKAO 7OV
mpoavapépape (mpdtaon 16) ko emewdn 1o AB elvar n didpeTpog g
opaipag, KA 1 mhevpd tov kavovikov eEayovov kot AK = AB, coune-
paivovpe ot to Tpunuato AK, AB gival ico pe tnv mAgvpd TOL KAVOVIKOD
dekaymvov. loyvel emiong MA = BK, 61011 anéyovv 10 1010 amd T0 KE-
vtpo, dpa MA = KA. And to opBoymvio tpiyovo MAB éxovue MB? =
= MA® + ABZ, emopéveg 10 MB 16obton pe v TAgvpd TOL KOVOVIKOD
nmevtaydvov (mpotacm 10). H mhevpd dpmg tov meviaydvou gival TAevpd
oV €1K0caédpov (mpdtaom 16), dpa to tuine MB givar 1 mievpd tov
EIKOCAESPOV.

Téuvoope to Mo BZ, 10 omoio eivar n mievpd tov KOPoL, o€
axpo Kot péso Adyo oto onueio N pe peyarvtepo tunpa 1o NB. Apa 10
tufuo NB givarl n mhevpd tov dwdekaéopov (mpotaon 17, mdpicua ).

"Eyetl dpmg amoderybei 6T1 T0 TETPAY®@VO TNG SIAUETPOL TNG CPAipOg
etvau ta tpio devTEPO TOV TETPAYDVOV TNG TAELPAG AZ TNg Tupouidag, ot-
TAAG0 TOL TETPOYdVOL NG TAevpdg BE tov oktoédpov kot TpimAdcio
TOV TETPAYOVOL TNG TAEVPAS ZB tov kOPov. Av 10 TETpdy®VO NG O10-
péTpov tng ceaipag etvar ico pe €61 TeTpdywva, TOTE TO TETPAYMVO NG
TAELPAG TG Tupapidag eitvar ico pe Téooepa TETOWN TETPAY®VA, TO TE-
TPAY®VO NG TALLPAG TOL OKTAESPOL givon 160 e Tplo TéTow TETPAY®VA
KOl TO TETPAY®VO TNG TAELPAG ToL KVPovL eival ico pe dvo Tétoln Te-
TPAYOVOL.
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Emopévac 1o tetpdymvo g mAgupdg g mupapidog eivol ta t€0-
oEPOL TPITAL TOL TETPAYADOVOL TG TAELPAG TOV OKTAEOPOL KOl EMIONG Ot-
TAGG0 amd TO TETPAY®VO TNg TAELPAg Tov KVPov. To TeTpdyvo ™G
TAgLPAG TOV 0KTAESPOVL givor Ta Tpia SEVLTEPA TOV TETPAYADVOL TNG TAEL-
PAg Tov KVPOVL.

O1 TAeVPEC TV TPV CYNUATOV TIG OTOIES TPOOUVAPEPAULE, ONAADT|
NG TLPOUIdGS, TOV OKTAESPOV Kol TOL KVPov Ppickovion 1 pia Tpog v
AN og pnTo AOYO, givarl OnAadn peta&d Ttovg pnTés.

O voAouTeg dVO, INAAOT 0L TAELPEG TOV EIKOGAEIPOV KOl TOL d®-
0eKaEdPOL, dev glvar 00Te peTa&d Tovg pPNTEG 0VTE PNTEG TPOG TIG TPOT)-
YOULEVEG TTAEVPEC, POV vl AppNTESG, 1 W ¢ eldoowy (TpoToon 16)
Kol M @A og arotour (mpdtacn 17).

H mAevpd MB tov gikocaédpov gival peyaddtepn omd tnv TAELpd.
NB tov dmdekaéopov. [lpayuartt, enedn to tpiyovo ZAB eivol icoydvio

BZ
npoc 10 tpiyovo ZAB, 1oydel n avaloyloa — = ——, amd TNV omoia
pOg pry AVEL M Y BZ _ AB il
.. AB _ AB? , . AB _ BZ?
TPOKVTTEL OTL —— = > - Enopévog Oa 1oyver — = 5
AB BZ BA AB

Ioybet emiong n oyéon AB = 3AB, dpa BZ?=3BA%

Eniong &yovpe AA? = 4BA?

Apa AA? > BZ? ka1 AA > BZ. Eme1om 1o onueio K doupei to AA
o€ GKpo Kot péEco AOYo pe peyodvtepo tuiua to KA ( mpdtaon 9) kot
emiong to N dioupei to BZ og dxpo kot péco Adyo pe HEYOADTEPO TUMLO
o NB, érovpe KA > NB. Eniong KA = AM, dpa AM > NB kot kotd
ueilova Adyo MB > NB.

0.£.0.

Hoparijpnyon
"Eoto r 1 axtiva g opaipag. Tote o1 mhevpég TV TEVTIE GTEPEDY TOV
KOTOOKELAGTNKOY SIVOVTaL, G GUVAPTNON TNG OKTIVAS I, aTd TOLG TOTOVG:

TAELPE TETPAEIPOV O = % J6 -1
TAELPE OKTOEOPOL 08 = V2 r

TAgLPE KOPBOL op = % 3-r
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TAELPE EIKOGOEDPOL Oip0 = éqllo ‘5 V5 )

TAEVPA OWIEKAESPOL 012 = % (\/1_ - \/5)

Eniong amodeiydnie 611 1o00vVv 01 oYéoelc:
4r% = % a; =205 =3a5.

Ta Tufuota, 2r, o4, O, Og €ivol prtd pe v €vvolo Tov EukAeion
(BAéme oxoOMO peTd TV TPoTacT 6), EVD TOL TUNIOTO 020 , 012 EIVOIL GPPTTa.

E&GALov, Omwg omodeiynke Kot eDKOAN SWUMIGTOVETOL KOl 0O TOV
7o WAV KOTAAOYO, IOYVEL 1) GYECT: O < Og < 0i4.

H oyéon a0 > oy, pumopel va amoderybel alyePpikd g e&ng:

ax >0 < ;_2510(5_\/§)>%(\/E_\/§)2
©§ (5—\/§)>é(l5+3—2'3\/§)
cr2fio, 2 26 2k

, TO OTLO10 1GYVEL.

Opoimg umopei va, amoderydei 6T o > 0ipo:

2
oo < 0g < 0‘30 <oc§ = %-10(5—\/5)<%~3-r2

@% (5—\/§)<% @%(5—\@)<§©l——5< 2

5 3
g(ﬁ@

= 1- 1 1
3 5

1 1

—<— & =< —, 10 0m0i0 1oYVEL
3 5 9 5 *
Enopévog éyovpe:

012 < O < Olg < Olg < Olg.
ZxoALo0

1o Pifiio X, oy ékdoon tov Heiberg, petd v npdtacn 18
GUPETOL [ YpOUUn kol mpootifetan éva keipevo, 10 onoio apyilel mg
edne:
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A€yw 01, 0T WaQd Td EioNUEVA TEVTE oxnfuatTa oV ovVOTaA-
Orjoetal ETegov oyijua TEQLEYOUEVOY VA0 iTOTAEVQOV TE ®aL igo-
yoviov iowv aiiijlots.

Amo TOAAOVG GYOANGTEG TO KEIUEVO avTd eKAapPdvovtal o¢ ov-
umépacpo tov Pifiiov XIII. Xe cvyypovn amddoon To KeiUEVO avTd Kot
660 10 aKolovBovv £xovv g e&ng:

Aéyw emiong 6t1 Kavéva, dllo GYHHO EKTOS TWV TEVTE TPOAVa-
QePOEVTOIV Oev KATAGKEVALETOL, TO OTOI0 VO TEPIEYETAL VIO 1GOTAED-
POV KL 1GOYOVIOY GYUATOV 60V ueTall TOVG.

Amédain

AWOTL (oL 6TEPER YOVIa OEV UTOPEL VO, KATAOKELOGTEL ad 00 Tpi-
yova 1 enineda ev YEVEL.

Me tpia Tpiyova KataokeLaletol 1 oTteped yovia TG Tupauidac,
LLE TEGGEPO TOL OKTAESPOV KO LLE TEVTE TOV EIKOGAEOPOV.

Me é&1 Tplyva. 1I6OTAEVPO KOl IGOYMVIN TOL GLUVEPYOVTOL GTO 1010
onueio dev vapyetl oteped yovia. AoTt, gnedn N yovia Tov 16dTAELPOV
TpLymvou givat dvo tpita tng opbng, Ba eivor kot o1 £€L ioeg pe (:0a Exouvv
aBpowopa) téoocepig opbéc, to omoio eival addvato, o1OTL KAbe oTEPEX
yovia TepExeTon oe yovieg pe dOpolcpa LKPITEPO TOV TEGSAP®Y 0pddV
(mpotaon XI1.21).

I'a tov 1810 Adyo, ovte amd meplocdTEPL TV €61 EMmESWV gival
dvvatov va kataokevachel oteped yovia.

Amo tpio teTpdy@ve oynuotifeTor n yovia tov kKofov, eved amod
Técoepa €lval adOVATO Vo GYNUATIOTEL GTEPER YOVia.

Am6 tpio mevTdymva Kavovikd (1I6oydvia Kot 1I60TAELPaL), Gy LOTi-
Cetar 1 yovia Tov 0w0deK0EdPov, aALG amd TécoEpPa gival adbvoto. AloTl,
eMEWN M yovio ToL 16OHTAELPOL TEVTOYDOVOL (KovovikoD) sival pa Kot
éva méumto ¢ opBng, Ba etvan o1 Téocepig Ymvieg LeEYOADTEPES TV TEC-
capwv opbdv, To onoio givar addvaro.

Ouwg, yio tov id10 Adyo, 00TE amd GALN TOAVY®VA GYAUATO. Eival
duvaTov vo oxNUaTIoTEL 6TEPED Y®Via.

Agv katookevaletal EMOUEVMG GAAO OTEPED OYNUO TEPIEXOUEVO
0o 1GOTAELPO. KO IGOYMVIN GYNUOTA, EKTOG OO TO TEVTE TOV AVAPEPOL-
LLE 1O TTAVE.

Afppa
H ywvia T0ov 1667Ac0p0v Kal 160YMHVIOD TEVTAYDOVOD Eival uia op-
O0n ka1 éva Téunto TS 0pONc ywviag.
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Amooeiln

‘Eotw ABI'AE 1c6mAevpo ko A
GOYOVIO TEVIAY®VO KOl OG TEPL-
yYpapel og avtd KOKAOG e KEVIPO Z.
Tote o evbeiec AZ, BZ, T'Z, AZ ko
EZ Suyyotopovv t1g ymvieg tov.

Emedn ot yovieg pe kopoven 1o
Z givon logg ko €govv dbpoloua téc-
oepig opBéc, n kabepio amd owtég, A-

pa kor n yovie AZB, eivor fon pe
pia opOn petov éva méumto g opHg.
Apa oto tpiyovo AZB ov yovieg Zyijua 19

ZAB xav ABZ &yovuv dBpoopa pio

opbn kot éva méumto g opbnc. Emopévaog ABIT, mov givar 1 yovia tov
meVTaydvov, gtvan pia opOn| kot éva TépmTo TG opong.

Hopazipnon

H mopoandveo npotacn yio T LOVASIKOTNTA, LLE TOV TPOTO TOL EXEL
Swtumwbel, Ot ONAadN eKTdC TV TEVTE TPOAVIPEPOEVI®V OTEPEDV
oYNUATOV (TOALESPMOV) dEV VIAPYOLY KOl GAAN, TTOV Vo, TepKAEiovToL
HETAED 100MAEVPOV KOl 1G0YAVIOV CYNHATOV, £l TPOKOAECEL TOAAG
oyOMa, Kol cu{NTHoEIS OGOV aPopd oty opbdtnTa Tng datvmwonc. '
mopddstypa, Eva e£0edpo mov amoteAgitan omd dVO KAvOVIKESG (Tpry@vi-
kég) mupapideg ABI'A, ANTE pe xowvn Baon ABIT kot kopueég mov kei-
vtol ekatépmBev TG Paong divel Eva oyfiLe TOV IKOVOTOIEL OAES TIG OO~
TNGELS TNG JTVTMONG TOV CUUTEPACHUOATOG KOl OUMG SIUPEPEL ELPAVAG
amo to TEvte otePed Ta omoia exBEcapLE.

®o Tapatnprioovpe 6t oty apyn Tov Pipriov XI opifovion ta mé-
VTE GUYKEKPLUEVOL KOVOVIKG GTEPEQ, ONANON TO TETPAEDPO, TO e£AEDPO, O
KOPOG, TO OKTAESPO KOl TO EIKOGAEDPO, AALA dev diveTol TOLOEVA YEVIKOG
opLopog evog "KavovikoD ToAvESPoL". ATO TN STOTTMOT TG TPOTACTS
cuvayetol 6Tt 1 "KovovikotnTa" cuvdéetan pe Tig €€Ng 0Vo cLVONKeG:

o) Ot €0pec glval KavoVIKG TOAVY®VA.

B) Ot é6peg eivan peta&d Tovg ioec.

To gp@mpa mov avaxvmrtel sivor to e€ng: Iola emmAéov cuvOnkn
npénel vo tpootebel, dote Ta mEVTE TpoavapephEvia oynpata va eivor to
LOVOSIKE 7TOV 1KOVOTOL0VV TIC GUVOTKEG OVTEC;
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2116 TPoTAoE; OV TTPONYHONKAY TOL XVUTEPACLOTOC, OTOOE -
¥Onke 6t1 KaBéva and o TOPATAVE® TEVTE CYNLOTO EYYPAPETAL GE GO~
pa. Ztov [TAdtova emiong avoeépetol OTL To TETPAEdPO Eival TO amAov-
0TEPO OTEPED, TO Omoio ywpilel TNV emdveln g opaipag o€ {oa Kot
OLO10. GYNLLOLTOL.

H ovvinkn avtq g eyypaeng o€ cpaipa eivar mpdypatt n {ntov-
pevn, OMAadn To TOAVESpPO pe €5peg, UETOED TOLG (00, KOVOVIKA TO-
Myovo Ta omoia eyypdoovtal o cpaipa givar akplBadg ta mévte Tpoa-
vapephéva.

H ouvBnm avt) propel va avtikataotobel e apKeTES 1IGOOVVOLES
SOTVTTOCELS, LEPIKEG OO TIG OTOIES TEPTYPAPOVTOL GTO ETOLEVO.

Ocopnua (Cromwell (1977), cel. 77).
Eotw P kvpto moldedpo, o1 édpeg tov omoiov eival ica uetoadt
TOVG Kavovikd molvywva. Tote o1 axélovleg covOnkes eival 1600VVouEs:
1. To P civar eyypdyipo o¢ opaipa.
2. 0Jlgs o1 digdpeg yovieg tov P eivau uetalt tovg iceg.
3. 0igs 01 otepeés ywvies Tov P eivar petal tovg ioeg
(:ovunTaousg).
4. 0ies 01 Kopopéc mepifdilovrar amd Tov id1o apibué edopiv.

10. I'evika Xyoiwa

10.1 Kotaokevéc pe ypiion Avaivong kol XovOeong

[Mopatnpodue 0T1, av Kot 68 OAES TIG TEPIMTMGEIS TN KATUGKELNC
TOV KOVOVIK®V GTEPENDV 1) KUTUGKEVT TOV YIVETAL IGOJVVOLEL LE EYYpapn
TOV 0TEPEOD G€ pa doouévn oaipa, o Eviheidng dev kataokevalel o-
nevbeiog 10 otePEd péca ot opaipa, aAAE Kataokevdlel £va oteped 6TO
omoio meptypaeeTon pio opaipa ion [e TN SOGUEVT).

O Ilanmog drampoypatevdpuevog Ta 0o TpoPANHATO KATAoKELALEL
Ta. avtiotoya oteped e T wéfodo ths avdivens Ko ¢ 6vvlsong, |ie-
0000vg T1g omoieg gixe peretoetl kKo avortoéel Witepa. Ot ADGELg TOv
TOPOLGLALOVY EVOLOPEPOV, AV KOl ATOLTOVY KATOEG 1010TNTEG TNG CPUi-
pog, ot omoieg de Ppiokovionr ota Zroryeia. o Aoyovg TAnpoTTaG, 6TN
GULVEYELD TAPOVGIALOVTOL HVO OO TIC KATOOKEVES OVTEG.
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10.1.1 Kataokevi] Tov kOPov katd tov Ilanmo

Avdiven. 'Eotw 0OTL 10
TPOPANUa Exel AvBel Ko OTL Ot
KOpLPEG TOov KLPOL elvar TO H ©
onueia A, B, I', A, E, Z, H, © B -~
(Zy. 20). Ta eminedo ABTA, |
EZHO tépvouv m opaipa katd
300 ToPAAANAOLG KUKAOLG, Ot N
omoiot eivan icot, d1OTL TOL E€Y- | RN
veypappéva tetpdyovo ABTA =
kot EZOH eivar ica. Oépovpe ‘ / /
to tunua EIN, to omoio eivan 4
SLAUETPOG TG G(paizpag. B
‘Eyovpe E@® = 2EH? =

= 20T kot enedy EOT = 90°, Syiua 20
&ovpe ET 2 - E@° + or? apa

EI? = EE(@Z. AMG t0 B givor d0GUEVO, Apa Kol TO E@? sivor doopévo,

emopévmg Kot ot kokAot EZOH, ABT'A, kafd¢ kot ta eyyeypoppéva te-
TPAy®VO Eival doouéva.

2vvOeson. Dépovpe dVO TAPAAANAEG KUKAKES TOUES e 1oeg dtopé-
TPOLG 01 £TG1 DOTE:

62 = %812 , OOV & 1) SLAUETPOG TNG SOGUEVIG COAIPAG.

Xe évov amd TOLG VO KOKAOVLG €YYPAPOVLUE EVa TETPAY®OVO, OC
movpe to ABTA.

2tov dAlo kOKAO Ypapovpe yopdn ZO ion kot TopGAANAN TPOG TN
BI" ko 611 ouvéyeta gyypdoovpe to tetpdymvo EZOH. Ot oktd kopupég
Tov {NTOVLEVOL KOKAOV £Y0ouV 0plobEi.

10.1.2 Kotaokevi] Tov £1koco£dpov katd tov [lanmo

H Adon tov Idmmov dropépel onuavtikd amd avtiv tov Evkieion.
Evd o Eukheiong ypnowonotel 600 kukAikég topég g opaipac, o Tdm-
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10G Ppiokel TEGGEPIC TUPAAANAEG KUKAIKES TOWEC, Kabepio omd TG Omoieg
OEPYETOL OO TPEIS KOPLPEG TOV EIKOGAEIPOV. AVO OO TOLG KUKAOLG
gtvar pukpoi kKOKAOL, meptyeypappévol oe S0 avtifetes TpLyOVIKEG £OpEC
Kol ot GAlol dvo kvkAol PBpiokovtar petad avtdv, sivol mopdAiniot
TPOC 0 TOVE Katl i5ot peta&d Tovg.

Avdiven. Ynobétoope 0tL 10 TpoPAnpa Exet Avbei ko A, B, I, A,
E, ®, Z, HK, A, M, N xopupég tov gikocaédpov (Xy. 21). Emedn ta
tuqpota BA, BT, BO, BZ, BE sivaw gyyeypoppéva ot ceaipo kot ico
peta&d toug, ta onueian A, I', @, Z, E eivau cuvenineda.

Eniong AT’ =T'® = ®Z = ZE = EA, dpa 10 nevtdyovo AT OZE ei-
va kavoviko. Opoing ta teviaymva KEBI'A, AHMZB givot kavovikd.

Ddépovpe EO, KH. Tote Al // ED (amd to meviaywvo ATEZE) ko
ATl // KM (am6 to mevtdyovo AKNHZ), dpa E® // KH.

Emumiéov, KH // AM (om6 to mevidyovo AKAHM).

Ouoimg BT, EA, ZH, AN eivan mapdaiinia petald toug kot ta BA,
DA, ZK, MN egivar tapdAinio HEToED TOVG.

A@ov BI' =// AN ka1 BA =// MN ot kokiot ABI', AMN eivai icot
Kol Topaiiniot. Opoimg ot khxdot AE®, KZH eivat icot kot wapdAinAot.

21ov¢ toovg kat mapdAiiniovg kokiovg AED®, KZH ot yopdég ED,
KH eivan ioeg kou mapdiinies. Apa OK eivar didpetpog e opaipag Kot
N yovio ®EK &ivol opon.

Y10 mevidyovo ZEAT®, av 1 ED dwopebei og dxpo ko péco Adyo,
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To peyaAvtepo tunpa gival ico pe AZ. Apa i—q) = ::—6 Emiong E®® +
10
+AT? = E®*+ EK* = 82, OToL & M JAPETPOG TNG GPAIPAG.
‘Etor OK, E®, EI' givar 0mtmg o1 TAEDPEG KAVOVIKOD TEVTOYMVOUL,
e&aydvov kal dEKaydVOL oV £YYPAPOVTOL GTOV 1510 KOKAO.
AAG M duapetpog DK g opaipag givar docuévn, dpo ED, EI &i-
vau docpéva. ‘Etot ot axtiveg tov kOkkov EOA, AT'B givan doopéveg (av

p, p’ eivan aKTiveg Tovg, ToTE p2 = %Eq)2 ,(p)?= %AZZ).

Emopévac ot koxhot givarl docpévol Kat To 1010 1oy DEL KOl Y10, TOVG
KoKAovg KHZ, AMN, o1 ortoiot gival mapdAiniotl Tpog ovtog.

2ovleon. Av O 1 SNAUETPOG TNG OPAIPUS, PEPOVLE TO TURUATA X, Y
TETOL0L OOTE O, X, Y VO Elval AvAAOYO TPOG TIC TAEVPES KOVOVIKOD TTEVTOL-
YOVOL, £EAYDOVOD KOl SEKAYMVOL QVTIGTOLY0 OV €yypdpovtal 6Tov 1010
KOKAO.

Dépovpe

() 000 ioeg kot TaPAAANAES KOKAIKEG TOUES OTN GPOIPO. UE OKTI-

1
VEG P, DOTE p2= gxz , TiIg AE®, KZH xou
(I) dvo ioeg Ko mapdiinieg kKukAkég Topés, Tig ABIT, AMN, ue
) 1
oKtivec p” ®oTE (p )2 = Eyz .

Ytovug kOokhovg (I) pépovpe ED, KH wg mhevpég eyyeypappévov
1GOTAELP®V TPLYOVOV TUPAAANA®V LETOED TOVG Kot Tovg KukAiovg (1I).

Dépovpe AT, AM ¢ TAeLPEG EYYEYPOUUUEV®Y IGOTAEVP®V TPLY®-
vov Tapdiiniec mpoc tic E®, KH. Xvuninpovovue 1o oyfua. H opBot-
TO TNG KOTOOKELNG OmOdEkviETAL Ot otnv avéivon. Erniong émeton
(Aéer o [Tanmog) 6T

(Srépetpog g opaipac)’ = 3(mhevpd TEVTaYOVOL oTOV KUKho AED).

Ve

, , , K® _ Ag , . Ko
AT a6 kotackevn, — = —. Emiong woyver — = —,
I Ag 1

4po. — = 2= Enopévag K®? =322,

chﬁ
A 1
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10.2 [MoAvEd PO, KAVOVIKG OTEPER KOL GOUPETPLA

10.2.1 T eivon worvedpo.

Xto Zroyyeio, omv apyr] tov Biiiov XI, avapépovior ovopaoTtikd
UOVOo TEVTE OTEPEAR TYNUATO (TANV TNG GPAIPOS, TOL KVATVOPOL KoL TOV KO-
vov). ['a v axpifela de divetar ovte opiopdg Tov moivédpov. T tig a-
vayKeg Tov KEWEVOL ov akolovbel Ba d0bel Evag meprypapikds optopdg
TOL TOAVESPOL GE GOYYpovn dlotdmwon) (Cromwell, (1997), cel. 209).

Iloivedpo ivar | Eveon TEmEPUGUEVOD TANO0VE TOAVYDVOVY Té-
TOIWV DOTE!

1. Kdabe Cebyog morvydvev cuvavtiétor Hovo Katd pio TAsupd M
KopLEN .

2. Kabe mhevpd evog moAvymvou (OmoTeAEL Lol 0K TOV TOAVE-
dpov) Kol aviKel LOVOV Gg Eva aKOLO TOADY®OVO.

3. Eivol duvatdv vo petafodple amd To E0MTEPIKO EVOG TOAVYDVOL
OTO E0MTEPIKO EVOG AAAOVL TOAVYDVOV, TOPOUEVOVTOG GTO TTO-
AvEdpO.

4. 'Eoto V wa xopuen kot Fi, F, ... Fyta N oto minbog molv-
YoV Tov cuvovioviol otn kopven V. Tote, givar dvvatov va
petafodpe amd éva molvyovo Fi oe éva dAdo Fj ywpic va
nepdoovpe omd 0 V.

10.2.2 Tdmog Tov EULER.

Mo evoOAAOKTIKT 0mOOEEN TG HOVASIKOTNTOG TOV TEVTE KOVOVL-
KOV otepedv pmopel va d00si pe ™ Pondeia Tov toHmov tov Euler yio ta
TOADESPOL.

Ocodpnpa (tov Euler).

2e KdOe KvPTO TOAVEIPO, TO A0S K TV KOPLPWOY GVY TO TAI-
Bos & TV £0pav 1600TaL e T0 TAHOOS O TOV AKUOY AVERUEVO KaTd
dv0, Oniaon 16yvel 0 TOmOS: K+e=a+ 2.

AT0OEIEEIS Y10 TO. KOVOVIKG OTEPEG P ypNo1 Tov OcpPpaTOS
Euler:

‘Eotm 011 01 £dpeg €vOg KOVOVIKOD TOAVESPOL Eival KOVOVIKA V-
YOVO Kol G€ KAOE KOPueN CUVTPEYOVY [ OKUEG.
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Tote €xovpe:

ve =2a @
30T KaBe oKk aviKeL og dVO £0peC Kot
pK =20 (2)

S10TL KGBe oK OVAKEL GE dVO GTEPEES YOVIEC.
O tnog k + € = a + 2 (tov Euler) Moyo tov (1), (2) yivetou

Ve Ve . , ,
— + &= — +2, and 6nov TPOKOATEL OTL
u 2
4
. S
2v+2U -y

Emimhéov, woyver n=3 wor 2v+2p-pv >0, dpa p< 2—\/2
V-

Av v=3,10Te u<6,0mAadn Ht=3 1 u=4 f u=5 Ko avri-
otoa e=4 M e=8 1N €¢=20

Anhodn, pe €6peg 1ooTAEVPO TPiy®VO Umopel va oynuoticdel ko-
VOVIKO TETPAESPO 1] OKTAESPO 1] EIKOGAEDPO

Av v=4,16te n<4,nhadn n=3 kot &= 6. Apa ue £dpeg Te-
Tpaywvo uropei va oynuoatiodei e£dedpo (kufog).

Av v=15,10Te n< % ,omAadn p=3 kot €= 12. Apa pe £€0peg
KOVOVIKG TEVTAY®VO, UITopel va. oynpaticdei povo dmoekaedpo.

Av v =6, t01¢ 2—V-3= 6-v
v-2 V-

=0 dpa p < 3. Xvvendg dev v-

TOPYEL KOVOVIKO TTOADESPO LE £OPEG KOVOVIKO V-Y®VO PE V = 6.
"Eto1 Aowmov ota KavoviKA 6TEPEd EYovEe TNV 0KOAOVON KoTOVOUN
Y10 TIG KOPLPEG, TIG OKIES KO TIC £OPEG.

Kopvueég AKpéEG "Edpeg
Tetpdedpo 4 6 4
Kvpog 8 12 6
Oxtdedpo 6 12 8
Amdekdedpo 20 30 12
Ewcocdedpo 12 30 20
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[Mopatmpodpe mpopavmdg Ka-
7ol OHOSOTOINoT, AKOUN Kol GE Ov-
OV TOV TEPLOPIGHEVO KaTdAoY0. 'Etot \
éyovue: teTPAedpo, KLPOG — OKTA-
€0P0, EIKOGAEDPO — dMOEKGESPO.

Avtd mov vmokpumrTeTOl £ivan
évag duioude, TOL YEMUETPIKA Umopel
va eEnynbel og e&ng: Kabe éva amod
To. oteped evog Cevyovg mpokvmTEL
and to dAlo oteped TOL LEVYOLS, OV
OTNV TEPLYEYPOLUEVT] CPALPA KOl GTA ;
onueio TV KOPLOOV PEPOLUE TA &-
QonTopeva eminedo Kol Bempnoovpe
TO OTEPED OV TPOKVLITEL OO TIG TO- Syfua 22
pég autadv tov emumédwv. (BAéne oy.

22, 6mov TopovctdleTol 0 KOPOG kol T0 Kavovikd oktdedpo). Me ovth
TNV £Vvola T0 KavoviKo TeTpdedpo glval auTodviko.

10.2.3 Hukavovikd teped.

210 méumrto Pipriio g Mabnuotikns Zovaywyns o Ildnmog amodi-
OEL TNV OVOKAALYT OEKATPLOV TOALESPMOY GTOV APYIUNdn. Xt cuvEXELD
TEPLYPAPEL To. dekatpio oyfuota, to TaSvouel avdioyo pe tov aplOpd
TOV €dpdV Kol avaQEPEL TO €id0¢ TV edpdv kibe otepeod. Ta oTeped
avtd onpepa ovopdlovrar Apyundeta N nukovovikd oteped. Ot £dpec
KGO NMUIKOVOVIKOD GTEPEOD EIVAIL KOVOVIKA TTOADY®OVA, 0AAG Oyl TOV 1510V
TOmov, avtifeta amd 6,1t cvuPaivel ota Kovovikd oteped. Oa mapoTnpn-
GOLLE €mioMg OTL KO TO MUKOVOVIKG GTEPEQ £yypApovIal o opaipa,
omwg axppog ocvpPaivel pe To Kavovikd oteped. Kanown otoyeio goi-
VOVTOL GTOV TOPOKAT® TIVOKA, OOV TEPTYPAPETOL O TOTOG Kol TO TAN00C
TV £3pmV Tov Kabe otepeoy. H gpyacia tov Apyunidn mov Swomparypo-
TEVETOL TO, NUIKAVOVIKE GTEPER POIVETOL VO, EYEL, SVOTVYADC, YaOEL.
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ITA00g i Tetpa- Mevro- Egayd- Oxrta- Agkayd-
Tpryovov i i i
TV YOVOV YOVOV vov YOVOV vov
Edpav
8 4 4
14 8 6
14 6 8
14 8 6
26 8 18
26 12 8 6
32 20 12
32 12 20
32 20 12
38 32 6
62 20 30 12
62 30 20 12
92 80 12
ST DN

X

/

K0AOPO TETPAESPO

7N

KOP0-0KTAESPO

%

S >
N

A

KoAOPO e€dedpo

Tpio amod Tt nuIKaVOVIKG, GTEPER UE TIS CHUEPIVES OVOUOTIES TOVG.

10.2.4 H Xopperpio ot l'eoperpio.

2ynuo 23

2T1¢ ovyypoveg Topovoldosl; ¢ [empetplog to KOVOVIKA TOAD-
yova kot Todvedpa moilovv éva KeVIPIKO pOAO KO XPTGLOTOLOVVTIOL (G
VTOSELYUOTA Y10 TNV EIGOYOYN TOV UETAGYNLOTICUDY KO TNG CUUUETPIOC.
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Q¢ petacyNUOTIGHOT VOOUVTOL QU@IUOVOGHILOVTES KO ETI ATEWKOVI-
OELg TOL OPIVOLV £V0, GO OVOAAOI®MTO KOl TPOKLATOLY OO TEPLOPL-
OLOVG (GTO GYNHO) CVTOUOPPIGUDV TNG SOUNG TOL TEPPAALOVTOG YDPOUL.
H ovppetpio Tov oynuotog oyetiletal pe 10 GUVOAO QLTAOV TOV UETACYN-
LOTIOU®V, TOV £ovv doun opadac. Ewdwd yuo v F'ewpetpio tov emimné-
S0V Kol TOL YOPOV, ATOSEKVOETAL OTL 1] PUCIKY] SO TOL TPEMEL VAL O-
TalTNoov e va dtatnpeitan eival 1 omdotacn 600 onueiov, ondte avoyo-
LLOLGTE GE ICOUETPIES.

Baowkog yio ™ I'ewpetpio tov emumédon givol 0 LETACKNULOTIGUOC
OV TPOKVTTEL MO AVAKANGT ¢ TPog aEova (dnAadn 1 gvpeon "cvppe-
TpKoV" vOg onueiov ¢ Tpog pia gvbeia), apov pmopel va amoderyel 6Tt
Kk60e 1oopetpior 6To eminedo gival cvuvOeoN TPLOV TO TOAD AVAKAAGEDV
(ev yével og Tpog drapopeTikong a&oveg). [apouota dumpaypdrevon to
YOPO YIVETOL YO TIC OVOKAAGEC ®¢ Tpo¢ eminedo. Opmg, Pacikd poAo
€0® mailovv o1 aTPoPES MG TPog dEova oto Yhpo. Emdéyovtac pia apyn
GTO YDOPO KoL EIGAYOVTOC £va. 0pHOKAVOVIKO GUGTIO GUVTETAYUEV®Y, 1)
l'sopetpio ToL emmédov evidooetol ota TAaicwo TG AvaAivtikig ['empe-
Tpiog Tov xdpov. ‘Etot, Pacikd poro ot LEAETN TOV GUUUETPIOV TTailgl N
opada SO(3), n omola amoteheiton OO YPOUUIKEG OTEIKOVIGELS TOL dl0l-
TNPOVV TIC ATOGTAGEIS KL TOV TPOCTAVATOAIGUO.

¥’ avtd ta Tiaiola Bo yivel pio cOVTOUN TAPOLGINCT) TOV ORAd®Y
GUULETPIDV TOV KOVOVIKMOV TOAVYDOV®V KOl TOAVESPOV.

Opdoo GUPRETPLOV KAVOVIKOD TOAVY®DVOL.

‘Eoto m=3 xor I'y 10 Kavovikd m-yovo pe ké€vipo O kot Kopv-
Q& {V1, V2 . . . Vn}. Me L cvuPolrilovpe t0 e000Ypoppo Tunpo mov ekt
vé amd v Kopven Vi, diépyeTar omd 1o kévrpo O kou Eavoaocuvavtd to
.

To I'y éxel opiopéveg mpooaveic ovupetpies. 'Eotw A 1 otpoen
yopw amd to O katd yovia 21/m ko B o xotontpiopdc (avdxiaon) g
npog L. Tote, av pe 1 ovuPoricovpe ToV TOVTOTIKO UETOOYNUATIOND, &-
yoope A" =B?*=1 koau BAB'= A",

‘Eoto s kdmowa cvppetpio tov I'm. Tote, av S(Vi) = Vi kot S(V2) =V
umopet va amoderyBei ot1 Oa Tpémer va wyvet ko j = (i £ 1) modulo m.
Ta i, j, Aoutév opiovv 10 s.'Etor, s=A' pe j=(i + 1))modulom 7
s=A'Bpe j=(i—1) modulo m.
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Me dAlo A6y, 1 opdda cvppetpidv tov 'y divetan pe oyéoelg
YEVVITOP®V G €ENG:
Dn: A"=B°=1BAB'=A"

Tnv D ovopdlovpe d1edpici opdda Babuod m ion eivar tdEemg 2m.

2ynua 24a Zynuo. 24P

Mmopodpe va Oswpricovpie 0 moAdymvo I'n ©g vrosvivoro tov R
7oV TEPLEYETAL 6TO emimedo XOY pe v apyn v a&déveov O oto onueio
0,0,0).

Tote 10 A givarl otpoen YOpw and tov dEovo 2z ko to B elvan
€101KN otpoen YOpw omd 1o L. 'Etot n opdda Dy, amoteheiton and yvioleg
(opifovcag 1) otpoeég ko Dy C SO(3). Enueidvovpe emiong 0Tt Exovpe
KO TV KukAkn opdada Zy = {A}, taéng m, vroopddo tng SO(3).

Mmnopet va amoderyBel Ot1 Kabe memepacuévn opddo 1GOUETPLOV
070 enminedo eivan gite KuKAIKY €ite S1EdpIKT, ONASTY OLASH GUUUETPLDV
€vOG KAVOVIKOD TTOADY®DVOV.

OpadeS GUUPETPLAOV TOV KAVOVIKAV GTEPEDV

Me A, cvpforilovpe T0 KOVOVIKO TETPAEDPO, KOVOVIKO TOAVESPO
pe 4 kopvéc, 6 axpég kol 4 £dpeg, ol omoieg ival 1woOTAELPA TPiy@Va.
'Ecr_(x) {Vi} oL KopLELG, €jj N OKUT TOL GUVIEEL TIG KOPLQEG Vi KOt Vj LE
I <]. Me P ovpPoirilovpe ) otpopn katd yovio T yopm and v gubeia
OV EVAOVEL TAL LEGO TOV €17 Kol €34. H P evaAddocel ta Vi V, Kot Ta Vs
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Vs Me Q ocvpporilovue tn otpoen katd yovio T yopw omd v gubeia

OV GUVOEEL TO. PLEGO TV €13 KO €24. H Q evodAdooel ta Vi, V3 Kot To Va,

Vs Emimiéov PQ = QP kot eivan 1 otpoen kotd yovia T yopw ond v

evBeia OV EVAOVEL TAL HECH TV €14 KOL €3
‘Ectow A n otpoen xotd yovio

27/3 yopw amd TNV gubeio TOV EvAvEL

TNV KOPLON V1 KOl TO KEVTPO TNG OTé-

vavtt €0pag. H A dwutmpel v Vi Kot € €

amewovilel ta Vo , Vs, V4 OTO V3, Vg,

V, avtiotorya. Kdébe ocvpperpio tov

Vi

A4 Tpoépyeton and cvvhioelg Tmv A, V2 !
P, Q. 'Etol n opddo GUUUETPIOV TOV -
A4 dilvetan e OYECELG YEVVWINTOPWV ©G Vs
e&ng: A
&ng A,
T: A>=P?=Q%*=1, Zyhpa 25
PQ=QP,
APA=Q,
AQA'=PQ

H T ovopdleton terpacdpixn
oudoo, €xer taén 12 xou gival vmro-
opdda g SO(3).

Me Ag ocvpPoiilovpe 10 Kavo-
VKO 0KThEdPO, TO 0moio £xeL 6 KopL-
0éc, 12 axpég ko 8 €dpeg, mov givan
16OTAELPO TPiy@VO.

‘Eocto X n otpoer| kotd yovia
/2 yOopw amd v gubeio Tov EvAVEL
TIc Vi, V6 ko P = X° . 'Eote Q 1
OTPOPN KATA YOVio T yOp® Omd TNV Lo 26
gvbela Tov gvdvel Ta V, ko V4. Tote
PQ = QP a1 givon n otpoen katd yovia m yopo ond v gvbeio mov evid-
VELTA V3 KOl Vs . Eoto A 1 otpoen katd yovie 27/3 yopm amd tn evubeia
OV EVAOVEL TO, KEVIPO TOV €0PAV V1 Vo V3 KoL V4 Vs V. TOTE A% = 1,
APA™ = Q «xat AQA™ = PQ. H opddo cuppetptkdv tov Ag Topdyetat
amo o cvvoro {P, Q, A, X} xoun X umopei vo aviikatootadei omd Evay
Ao yevvntopa R, ®ote n opdda cuppetpiog vo divetal amnd:
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o A*=P?2=Q%=1, PQ=QP, RAR?=A"
APA? =Q, AQA* =PQ,RPR*=QP,RQR* =Q*

H O xokeiton oxtaedpixny oudda, €xet
T6én 24, mepigyer v T = {A, P, Q} og ka-
VOVIKT] btoopdda pe dgiktn 2 ko etvon vro-

ouada tng SO(3). ) ‘\
Me Ay ovufoirilovue to kavovikd €t-
K0GAEdPO, To omoio €xel 12 kopveéc, 30 ‘ q

okpée kol 20 €0peg mov eivar 1GOTAELPO
Tpiyova.
H opdda coppetpiog tov Ay divertal A
and 20
[:A®=B?*=C°=ABC=1 Syiua 27

H I ovoudleton eikoooedpixn oudda,
éyer taén 60, tepiéyet v T kau giva voopdda g SO(3).

Amopévouy 300 Kavovikd moAvedpa to e&dedpo (kuPog) s kon to
dmwdekdedpo Ou Ouwmg o k0Pog g kon to oxtddepo Ag givar SLIKa (av T0

éva eyypapel og oeaipa, TOTE T0 GAAO oyNUOTICETAL OO T EPATTOUEVO. ETH-
TESOL TG OPAIPUG OTIG KOPVPEG TOV), KATA GUVETELN EYOVV TIG 016G OpAdES
ocvppetpiog. Opoimg Ou Ko Ay tvan Svikd Ko 1o A4 givar aVTodLIKO.

&

12
Zynuo. 28 2ynuo 29

Onwg pnopel va anodeydei, kdbe memepacuévn vmooudda Tov
SO(3) elvan pio KUKAIKT, O1EQPIKT), TETPAESPIKN N EKOCAESPIKT] OUAOA.
Av V0 memepacpéveg vtoopnades Tov SO(3) eivar 16OHOPPES, TOTE AVTEC
givan ovluyeic oty SO(3).
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2ovortTIKOG PirfAoypa@ikog 00nYyo0g
Yo T1) XTEPEONETPIO,

Extog and m ['evikr| BifAioypagic, mov copuminpovet to £pyo, ov-
GLOOTIK OTNV ovAyvoon e Ztepeouetpiog sivor n Bipioypoagio wov
axorovBel. Xt ouvéyetn, ta Pipiio mov ypnoorombnkay, Ttopovsiélo-
VIOl GOVTOUE KOTA OEUaTIKEG EVOTNTES Kol EIOTKOTEPO EVOLUPEPOV.

Kioown moapapéver n €kdoon twv 2roryeiov and tov Heiberg, mov
oto, EAAnvid éyetl amodobel amd tov E. Ztaudt (1952). H ayyikn €xdoon
TV 2roryeiov and tov Sir Thomas L. Heath mepiéyet mhodola oydia 16to-
PIKOD Ko PoONUOTIKOD EVOOPEPOVTOG KoL, AP TO OTTOL0L KEVE, TOPOUEVEL
péxpt onuepa oemépaotn. Xtotyelo and v 6Topio TV apyoimv pabnupo-
TIKOV TTEPEYOVTUL 6N povoypapio tov B. L. van der Waerden (1954), 1ion
uetoppoouévn ota EAAnviké amd tov I'. Xpiotiavion (2000).

Me 1 Aoyikn aitioAdynon o€ apyoio podnuatikd Keipevo aoyo-
Agiton o Pipiio tov Netz (1999), evd 1 Aoyikr aAiniovyio Twv mTpoTd-
ocewVv ota 2roryeio mtapovstaleton de&oducd oto Mueller (1981). Kdmoteg
Tapovclicel; Oepdtov pe cUYYPOVES TPOEKTAGELS EMLYELPOVVIOL OTA
Artmann (1999) kot Anglin and Lambek (1995).

M mpototuan Ekbeon Ospdtmv LTeEpeoUETPias, UE IGTOPIKES OVOL-
OPOUEG, eVOLOPEPOVTEG BE®PNTIKEG JOTPAYUATEDCELS EMIKEVIPOUEVES OTO
TOADEDPO, KO LUE EUPOOT OTO KavoviKa oteped eivar to Cromwell (1997).

H pérpnon ot l'ewpetpio kKor n pérpnon tov otepedv e1dkdTeP,
amotelel mavta éva emikopo Béua. Ot epyaciec Tov Apyundn ol GYETL-
KEG LLE TN HETPNOT TV SYNUATOV EXOVV Tapovclochel oe HeTdEpaoT Kot
oyoAacud tov Sir Thomas L. Heath. H cuvBetikn Oewpia, oto mvedua
TV Zroieiowv, Yo T0 gufadov Kol Tov O0yko tébnke amd tov Hilbert
(1902) ko éxtote amoTeELEl AVOTOOTAGTO TUNO TOV CUYYPOV®Y TOPOV-
ocudoemv ™G Eukleidelag ['eopetpiag, 0mmg eivar yia mapadetypa ta Eves
(1972), Effimov (1968), Forder (1927), kax Moise (1963).

H uébodoc e eéaviinons pe i 1otopikéc e pileg kan ™ oyéon
mg ue T pétpnon kot Tic Bewpieg ohokAnpmong, mapovstdleTor 6T
povoypaeio Tov Boyer (1949) kaBmg kot oto Edwards Jr. (1979). Apketd
Aemtopepég ot mopovcioon g eEEMENC TV YEMUETPIK®DY HEBOdwV &i-
vau kan to Coolidge (1940).

H pobnpotikn dtompaypdtevon e YE®UETPIKNG COUUETPIOG Kot 1|
€VT0&N TOV KOVOVIK®OV GTEPEDY GTO TAAICLO avtd umopel va avalntOei
ka1 ota Yale (1968), Rees (1983), Wolf (1963) kot GAAa.
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